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Preface

Nature-inspired optimization algorithms have become increasingly popular in recent 
years, and most of these metaheuristic algorithms, such as particle swarm opti-
mization and firefly algorithms, are often based on swarm intelligence. Swarm-
intelligence-based algorithms such as cuckoo search and firefly algorithms have been 
found to be very efficient.

The literature has expanded significantly in the last 10 years, intensifying the need 
to review and summarize these optimization algorithms. Therefore, this book strives 
to introduce the latest developments regarding all major nature-inspired algorithms, 
including ant and bee algorithms, bat algorithms, cuckoo search, firefly algorithms, 
flower algorithms, genetic algorithms, differential evolution, harmony search, simu-
lated annealing, particle swarm optimization, and others. We also discuss hybrid 
methods, multiobjective optimization, and the ways of dealing with constraints.

Organization of the book's contents follows a logical order so that we can introduce 
these algorithms for optimization in a natural way. As a result, we do not follow the 
order of historical developments. We group algorithms and analyze them in terms  
of common criteria and similarities to help readers gain better insight into these 
algorithms.

This book's emphasis is on the introduction of basic algorithms, analysis of key 
components of these algorithms, and some key steps in implementation. However, we 
do not focus too much on the exact implementation using programming languages, 
though we do provide some demo codes in the Appendices.

The diversity and popularity of nature-inspired algorithms do not mean there is no 
problem that needs urgent attention. In fact, there are many important questions that 
remain open problems. For example, there are some significant gaps between theory 
and practice. On one hand, nature-inspired algorithms for optimization are very suc-
cessful and can obtain optimal solutions in a reasonably practical time. On the other 
hand, mathematical analysis of key aspects of these algorithms, such as convergence, 
balance of solution accuracy and computational efforts, is lacking, as is the tuning 
and control of parameters.

Nature has evolved over billions of years, providing a rich source of inspiration. 
Researchers have drawn various inspirations to develop a diverse range of algorithms 
with different degrees of success. Such diversity and success do not mean that we 
should focus on developing more algorithms for the sake of algorithm developments, 
or even worse, for the sake of publication. We do not encourage readers to develop new 
algorithms such as grass, tree, tiger, penguin, snow, sky, ocean, or Hobbit algorithms.  



xii Preface

These new algorithms may only provide distractions from the solution of really 
challenging and truly important problems in optimization. New algorithms may be 
developed only if they provide truly novel ideas and really efficient techniques to 
solve challenging problems that are not solved by existing algorithms and methods.

It is highly desirable that readers gain some insight into the nature of different 
nature-inspired algorithms and can thus take on the challenges to solve key problems 
that need to be solved. These challenges include the mathematical proof of conver-
gence of some bio-inspired algorithms, the theoretical framework of parameter tuning 
and control; statistical measures of performance comparison; solution of large-scale, 
real-world applications; and real progress on tackling nondeterministic polynomial 
(NP)-hard problems. Solving these challenging problems is becoming more important 
than ever before.

It can be expected that highly efficient, truly intelligent, self-adaptive, and self-
evolving algorithms may emerge in the not-so-distant future so that challenging prob-
lems of crucial importance (e.g., the traveling salesman problem and protein structure 
prediction) can be solved more efficiently.

Any insight gained or any efficient tools developed will no doubt have a huge 
impact on the ways that we solve tough problems in optimization, computational 
intelligence, and engineering design applications.

Xin-She Yang
London, 2013



1 Introduction to Algorithms

Optimization is paramount in many applications, such as engineering, business activ-
ities, and industrial designs. Obviously, the aims of optimization can be anything—to
minimize the energy consumption and costs, to maximize the profit, output, perfor-
mance, and efficiency. It is no exaggeration to say that optimization is needed every-
where, from engineering design to business planning and from Internet routing to
holiday planning. Because resources, time, and money are always limited in real-
world applications, we have to find solutions to optimally use these valuable resources
under various constraints. Mathematical optimization or programming is the study of
such planning and design problems using mathematical tools. Since most real-world
applications are often highly nonlinear, they require sophisticated optimization tools
to tackle. Nowadays, computer simulations become an indispensable tool for solving
such optimization problems with various efficient search algorithms.

Behind any computer simulation and computational methods, there are always some
algorithms at work. The basic components and the ways they interact determine how
an algorithm works and the efficiency and performance of the algorithm.

This chapter introduces algorithms and analyzes the essence of the algorithm. Then
we discuss the general formulation of an optimization problem and describe modern
approaches in terms of swarm intelligence and bio-inspired computation. A brief history
of nature-inspired algorithms is reviewed.

1.1 What is an Algorithm?

In essence, an algorithm is a step-by-step procedure of providing calculations or
instructions. Many algorithms are iterative. The actual steps and procedures depend on
the algorithm used and the context of interest. However, in this book, we mainly concern
ourselves with the algorithms for optimization, and thus we place more emphasis on
iterative procedures for constructing algorithms.

For example, a simple algorithm of finding the square root of any positive number
k > 0 or x , can be written as

xt+1 = 1

2

(
xt + k

xt

)
, (1.1)

starting from a guess solution x0 �= 0, say, x0 = 1. Here, t is the iteration counter or
index, also called the pseudo-time or generation counter.
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This iterative equation comes from the rearrangement of x2 = k in the following
form:

x

2
= k

2x
, =⇒ x = 1

2

(
x + k

x

)
. (1.2)

For example, for k = 7 with x0 = 1, we have

x1 = 1

2

(
x0 + 7

x0

)
= 1

2

(
1 + 7

1

)
= 4. (1.3)

x2 = 1

2

(
x1 + 7

x1

)
= 2.875, x3 ≈ 2.654891304, (1.4)

x4 ≈ 2.645767044, x5 ≈ 2.6457513111. (1.5)

We can see that x5 after just five iterations (or generations) is very close to the true
value of

√
7 = 2.64575131106459 . . . , which shows that this iteration method is very

efficient.
The reason that this iterative process works is that the series x1, x2, . . . , xt converges

to the true value
√

k due to the fact that

xt+1

xt
= 1

2

(
1 + k

x2
t

)
→ 1, xt → √

k (1.6)

as t → ∞. However, a good choice of the initial value x0 will speed up the convergence.
A wrong choice of x0 could make the iteration fail; for example, we cannot use x0 = 0
as the initial guess, and we cannot use x0 < 0 either since

√
k > 0 (in this case, the

iterations will approach another root:
√

k).
So a sensible choice should be an educated guess. At the initial step, if x2

0 < k, x0
is the lower bound and k/x0 is upper bound. If x2

0 > k, then x0 is the upper bound
and k/x0 is the lower bound. For other iterations, the new bounds will be xt and k/xt .
In fact, the value xt+1 is always between these two bounds xt and k/xt , and the new
estimate xt+1 is thus the mean or average of the two bounds. This guarantees that the
series converges to the true value of

√
k. This method is similar to the well-known

bisection method.
It is worth pointing out that the final result, though converged beautifully here, may

depend on the starting (initial) guess. This is a very common feature and disadvantage
of deterministic procedures or algorithms. We will come back to this point many times
in different contexts in this book.

Careful readers may have already wondered why x2 = k was converted to Eq. (1.1)?
Why not write the iterative formula as simply the following:

xt = k

xt
, (1.7)

starting from x0 = 1? With this and k = 7, we have

x1 = 7

x0
= 7, x2 = 7

x1
= 1, x3 = 7, x4 = 1, x5 = 7, . . . , (1.8)
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which leads to an oscillating feature at two distinct stages, 1 and 7. You might wonder
that it could be the problem of initial value x0. In fact, for any initial value x0 �= 0,
this formula will lead to the oscillations between two values: x0 and k. This clearly
demonstrates that the way to design a good iterative formula is very important.

From a mathematical point of view, an algorithm A tends to generate a new and
better solution xt+1 to a given problem from the current solution xt at iteration or time
t . That is,

xt+1 = A(xt ), (1.9)

where A is a mathematical function of xt . In fact, A can be a set of mathematical
equations in general. In some literature, especially those in numerical analysis, n is
often used for the iteration index. In many textbooks, the upper index form x (t+1) or
xt+1 is commonly used. Here, xt+1 does not mean x to the power of t + 1. Such
notations will become useful and no confusion will occur when used appropriately. We
use such notations when appropriate in this book.

1.2 Newton’s Method

Newton’s method is a widely used classic method for finding the zeros of a nonlinear
univariate function of f (x) on the interval [a, b]. It was formulated by Newton in 1669,
and later Raphson applied this idea to polynomials in 1690. This method is also referred
to as the Newton-Raphson method.

At any given point xt , we can approximate the function by a Taylor series for
�x = xt+1 − xt about xt ,

f (xt+1) = f (xt + �x) ≈ f (xt ) + f ′(xt )�x, (1.10)

which leads to

xt+1 − xt = �x ≈ f (xt+1) − f (xt )

f ′(xt )
, (1.11)

or

xt+1 ≈ xt + f (xt+1) − f (xt )

f ′(xt )
. (1.12)

Since we try to find an approximation to f (x) = 0 with f (xt+1), we can use the
approximation f (xt+1) ≈ 0 in the preceding expression. Thus we have the standard
Newton iterative formula

xt+1 = xt − f (xt )

f ′(xt )
. (1.13)

The iteration procedure starts from an initial guess x0 and continues until a certain
criterion is met.
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A good initial guess will use fewer number of steps; however, if there is no obvious,
good, initial starting point, any point on the interval [a, b] can be used as the starting
point. But if the initial value is too far away from the true zero, the iteration process
may fail. So it is a good idea to limit the number of iterations.

Newton’s method is very efficient and is thus widely used. For nonlinear equations,
there are often multiple roots, and the choice of initial guess may affect the root into
which the iterative procedure could converge. For some initial guess, the iteration
simply does not work. This is better demonstrated by an example.

We know that the following nonlinear equation

xx = ex , x ∈ [0,∞),

has two roots x∗
1 = 0 and x∗

2 = e = 2.718281828459. Let us now try to solve it using
Newton’s method. First, we rewrite it as

f (x) = xx − exp (x) = 0.

If we start from x0 = 5, we have f ′(x) = xx ( ln x + 1) − ex , and

x1 = 5 − 55 − e5

55( ln 5 + 1) − e5
= 4.6282092.

x2 = 5.2543539, x3 ≈ 3.8841063, . . . ,

x7 = 2.7819589, . . . , x10 = 2.7182818.

The solution x10 is very close to the true solution e. However, if we start from x0 =
10 as the initial guess, it will take about 25 iterations to get x25 ≈ 2.7182819. The
convergence is very slow.

On the other hand, if we start from x0 = 1 and the iterative formula

xt+1 = xt − xxt
t − ext

x xt
t ( ln xt + 1) − ext

, (1.14)

we get

x1 = 1 − 11 − e1

11( ln 1 + 1) − e1 = 0,

which is the exact solution for the other root x∗ = 0, though the expression may become
singular if we continue the iterations.

Furthermore, if we start from the initial guess x0 = 0 or x0 < 0, this formula does
not work because of the singularity in logarithms. In fact, if we start from any value
from 0.01 to 0.99, this will not work either; neither does the initial guess x0 = 2. This
highlights the importance of choosing the right initial starting point.

On the other hand, the Newton-Raphson method can be extended to find the maxi-
mum or minimum of f (x), which is equivalent to finding the critical points or roots of
f ′(x) = 0 in a d-dimensional space. That is,

xt+1 = xt − f ′(xt )

f ′′(xt )
= A(xt ). (1.15)
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Here x = (x1, x2, . . . , xd)T is a vector of d variables, and the superscript T means the
transpose to convert a row vector into a column vector. This current notation makes it
easier to extend from univariate functions to multivariate functions since the form is
identical and the only difference is to convert a scalar x into a vector x (in bold font
now). It is worth pointing out that in some textbooks x can be interpreted as a vector
form, too. However, to avoid any possible confusion, we will use x in bold font as our
vector notation.

Obviously, the convergence rate may become very slow near the optimal point where
f ′(x) → 0. In general, this Newton-Raphson method has a quadratic convergence rate.
Sometimes the true convergence rate may not be as quick as it should be; it may have
nonquadratic convergence property.

A way to improve the convergence in this case is to modify the preceding formula
slightly by introducing a parameter p so that

xt+1 = xt − p
f ′(xt )

f ′′(xt )
. (1.16)

If the optimal solution, i.e., the fixed point of the iterations, is x∗, then we can take p as

p = 1

1 − A′(x∗)
. (1.17)

The previous iterative equation can be written as

xt+1 = A(xt , p). (1.18)

It is worth pointing out that the optimal convergence of Newton-Raphson’s method
leads to an optimal parameter setting p, which depends on the iterative formula and
the optimality x∗ of the objective f (x) to be optimized.

1.3 Optimization

Mathematically speaking, it is possible to write most optimization problems in the
generic form

minimize
x∈�d fi (x), (i = 1, 2, . . . , M), (1.19)

subject to h j (x) = 0, ( j = 1, 2, . . . , J ), (1.20)

gk(x) ≤ 0, (k = 1, 2, . . . , K ), (1.21)

where fi (x), h j (x) and gk(x) are functions of the design vector

x = (x1, x2, . . . , xd)T . (1.22)

Here the components xi of x are called design or decision variables, and they can be
real continuous, discrete, or a mix of these two.
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The functions fi (x) where i = 1, 2, . . . , M are called the objective functions or
simply cost functions, and in the case of M = 1, there is only a single objective. The
space spanned by the decision variables is called the design space or search space �d ,
whereas the space formed by the objective function values is called the solution space
or response space. The equalities for h j and inequalities for gk are called constraints.
It is worth pointing out that we can also write the inequalities in the other way, ≥0, and
we can also formulate the objectives as a maximization problem.

In a rare but extreme case where there is no objective at all, there are only constraints.
Such a problem is called a feasibility problem because any feasible solution is an optimal
solution.

If we try to classify optimization problems according to the number of objec-
tives, then there are two categories: single objective M = 1 and multiobjective M > 1.
Multiobjective optimization is also referred to as multicriteria or even multiattribute
optimization in the literature. In real-world problems, most optimization tasks are mul-
tiobjective. Though the algorithms we discuss in this book are equally applicable to
multiobjective optimization with some modifications, we mainly place the emphasis
on single-objective optimization problems.

Similarly, we can also classify optimization in terms of number of constraints J +K .
If there is no constraint at all, J = K = 0, then it is called an unconstrained optimization
problem. If K = 0 and J ≥ 1, it is called an equality-constrained problem, whereas
J = 0 and K ≥ 1 become an inequality-constrained problem.

It is worth pointing out that in some formulations in the optimization literature,
equalities are not explicitly included, and only inequalities are included. This is because
an equality can be written as two inequalities. For example, h(x) = 0 is equivalent to
h(x) ≤ 0 and h(x) ≥ 0. However, equality constraints have special properties and
require special care. One drawback is that the volume of satisfying an equality is
essentially zero in the search space, thus it is very difficult to get sampling points that
satisfy the equality exactly. Some tolerance or allowance is used in practice.

We can also use the actual function forms for classification. The objective functions
can be either linear or nonlinear. If the constraints h j and gk are all linear, it becomes
a linearly constrained problem. If both the constraints and the objective functions are
all linear, it becomes a linear programming problem. Here “programming” has nothing
to do with computing programming, it means planning and/or optimization. However,
generally speaking, if all fi , h j , and gk are nonlinear, we have to deal with a nonlinear
optimization problem.

1.3.1 Gradient-Based Algorithms

Newton’s method introduced earlier is for single-variable functions. Now let us extend
it to multivariate functions.

For a continuously differentiable function f (x) to be optimized, we have the Taylor
expansion about a known point x = xt and �x = x − xt :

f (x) = f (xt ) + (∇ f (xt ))
T �x + 1

2
�xT ∇2 f (xt )�x + . . . ,
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which is written as a quadratic form. f (x) is minimized near a critical point when �x
is the solution to the following linear equation:

∇ f (xt ) + ∇2 f (xt )�x = 0. (1.23)

This leads to

x = xt − H−1∇ f (xt ), (1.24)

where H = ∇2 f (xt ) is the Hessian matrix, which is defined as

H(x)≡≡∇2 f (x)≡≡

⎛
⎜⎜⎜⎝

∂2 f
∂x2

1
. . .

∂2 f
∂x1∂xd

...
...

∂2 f
∂x1∂xd

. . .
∂2 f
∂xd

2

⎞
⎟⎟⎟⎠ . (1.25)

This matrix is symmetric due to the fact that

∂2 f

∂xi∂x j
= ∂2 f

∂x j∂xi
. (1.26)

If the iteration procedure starts from the initial vector x(0), usually a guessed point
in the feasible region of decision variables, Newton’s formula for the t th iteration can
be written as

x(t+1) = x(t) − H−1(x(t)) f (x(t)), (1.27)

where H−1(x(t)) is the inverse of the Hessian matrix. It is worth pointing out that if
f (x) is quadratic, the solution can be found exactly in a single step. However, this
method is not efficient for nonquadratic functions.

To speed up the convergence, we can use a smaller step size α ∈ (0, 1] and we have
the modified Newton’s method

x(t+1) = x(t) − αH−1(x(t)) f (x(t)). (1.28)

Sometimes it might be time-consuming to calculate the Hessian matrix for second
derivatives. A good alternative is to use an identity matrix H = I so that H−1 = I,
and we have the quasi-Newton method

x(t+1) = x(t) − αI∇ f (x(t)), (1.29)

which is essentially the steepest descent method.
The essence of the steepest descent method is to find the lowest possible objective

function f (x) from the current point x(t). From the Taylor expansion of f (x) about
x(t), we have

f (x(t+1)) = f (x(t) + �s) ≈ f (x(t) + (∇ f (x(t)))T �s, (1.30)
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where �s = x(t+1) − x(t) is the increment vector. Since we are trying to find a better
approximation to the objective function, it requires that the second term on the right
side be negative. So,

f (x(t) + �s) − f (x(t)) = (∇ f )T �s < 0. (1.31)

From vector analysis, we know that the inner product uT v of two vectors u and v is the
largest when they are parallel but in opposite directions, so as to make their dot product
negative. Therefore, we have

�s = −α∇ f (x(t)), (1.32)

where α > 0 is the step size. This the case when the direction �s is along the steepest
descent in the negative gradient direction. In the case of finding maxima, this method
is often referred to as hill climbing.

The choice of the step size α is very important. A very small step size means
slow movement toward the local minimum, whereas a large step may overshoot and
subsequently makes it move far away from the local minimum. Therefore, the step
size α = α(t) should be different at each iteration and should be chosen so that it
minimizes the objective function f (x(t+1)) = f (x(t), α(t)). Therefore, the steepest
descent method can be written as

f (x(t+1)) = f (x(t)) − α(t)(∇ f (x(t)))T ∇ f (x(t)). (1.33)

In each iteration, the gradient and step size will be calculated. Again, a good initial
guess of both the starting point and the step size is useful.

Let us minimize the function

f (x1, x2) = 10x2
1 + 5x1x2 + 10(x2 − 3)2,

where (x1, x2) ∈ [−10, 10] × [−15, 15]. Using the steepest descent method, starting
with a corner point as the initial guess, x(0) = (10, 15)T . We know that the gradient is

∇ f = (20x1 + 5x2, 5x1 + 20x2 − 60)T ;
therefore, ∇ f (x(0)) = (275, 290)T . In the first iteration, we have

x(1) = x(0) − α0

(
275
290

)
.

The step size α0 should be chosen such that f (x(1)) is at the minimum, which means
that

f (α0) = 10(10 − 275α0)
2

+5(10 − 275α0)(15 − 290α0) + 10(12 − 290α0)
2

should be minimized. This becomes an optimization problem for a single independent
variable α0. All the techniques for univariate optimization problems such as Newton’s
method can be used to find α0. We can also obtain the solution by setting

d f

dα0
= −159725 + 3992000α0 = 0,
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whose solution is α0 ≈ 0.04001. At the second step, we have

∇ f (x(1)) = (−3.078, 2.919)T , x(2) = x(1) − α1

( −3.078
2.919

)
.

The minimization of f (α1) gives α1 ≈ 0.066, and the new location is

x(2) ≈ (−0.797, 3.202)T .

At the third iteration, we have

∇ f (x(2)) = (0.060, 0.064)T , x(3) = x(2) − α2

(
0.060
0.064

)
.

The minimization of f (α2) leads to α2 ≈ 0.040, and thus

x(3) ≈ (−0.8000299, 3.20029)T .

Then the iterations continue until a prescribed tolerance is met.
From the basic calculus, we know that first partial derivatives are equal to zero:

∂ f

∂x1
= 20x1 + 5x2 = 0,

∂ f

∂x2
= 5x1 + 20x2 − 60 = 0.

We know that the minimum occurs exactly at

x∗ = (−4/5, 16/5)T = (−0.8, 3.2)T .

We see that the steepest descent method gives almost the exact solution after only three
iterations.

In finding the step size αt in the preceding steepest descent method, we used
d f (αt )/dαt = 0. You may say that if we can use this stationary condition for f (α0),
why not use the same method to get the minimum point of f (x) in the first place? There
are two reasons here. The first is that this is a simple example for demonstrating how
the steepest descent method works. The second reason is that even for complicated
functions of multiple variables f (x1, . . . , xd) (say, d = 500), f (αt ) at any step t is
still a univariate function, and the optimization of such f (αt ) is much simpler com-
pared with the original multivariate problem. Furthermore, this optimal step size can
be obtained by using a simple and efficient optimization algorithm.

It is worth pointing out that in our example, the convergence from the second iteration
to the third iteration is slow. In fact, the steepest descent is typically slow once the local
minimization is near. This is because near the local minimization the gradient is nearly
zero, and thus the rate of descent is also slow. If high accuracy is needed near the local
minimum, other local search methods should be used.

In some cases, the maximum or minimum may not exist at all; however, in this
book we always assume they exist. Now the task becomes how to find the maximum
or minimum in various optimization problems.
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1.3.2 Hill Climbing with Random Restart

The problems discussed in the previous sections are relatively simple. Sometimes even
seemingly simple problems may be difficult to solve.

For example, the following function,

f (x, y) = (x − y)2 exp (−x2 − y2), (1.34)

has two global maxima at (1/
√

2,−1/
√

2) and (−1/
√

2, 1/
√

2) with fmax = 2/e ≈
0.735758882.

If we use the gradient-based methods such as hill climbing, the final results may
depend on the initial guess x0 = (x0, y0). In fact, you can try many algorithms and
software packages, and you will observe that the final results can largely depend on
where you start. This maximization problem is equivalent to climbing onto two equal
peaks, where you can reach only one peak at a time. In other words, the peak you
reach will largely depend on where you start. There is some luck or randomness in the
final results. To make reaching both peaks equally likely, the starting points must be
distributed randomly in the search space. If we draw a biased sample as the starting
point in one region, the other peak may never be reached.

A common strategy to ensure that all peaks are reachable is to carry out the hill
climbing with multiple random restarts. This leads to a so-called hill climbing with
random restart. It is a simple but very effective strategy.

A function with multiple peaks or valleys is a multimodal function, and its landscape
is multimodal. With the hill climbing with random restart, it seems that the problem is
solved. Suppose that, a function has k peaks, and if run the hill climbing with random
restart n times. If n � k and the samples are drawn from various search regions, it
is likely to reach all the peaks of this multimodal function. However, in reality, things
are not so simple. First, we may not know how many peaks and valleys a function has,
and often there is no guarantee that all peaks are sampled. Second, most real-world
problems do not have analytical or explicit forms of the function at all. Third, many
problems may take continuous and discrete values, and their derivatives might not exist.

For example, even for continuous variables, the following function

g(x, y) = (|x | + |y|) exp (−x2 − y2) (1.35)

has a global minimum fmin = 0 at (0, 0). However, the derivative at (0, 0) does not
exist (due to the absolute functions). In this case, all the gradient-based methods will
not work.

You may wonder what would happen if we smoothed a local region near (0, 0).
The approximation by a quadratic function can solve the problem. In fact, trust-region
methods are based on the local smoothness and approximation in an appropriate region
(trust region), and these methods work well in practice.

In reality, optimization problems are far more complicated, under various complex
constraints, and the calculation of derivatives may be either impossible or too compu-
tationally expensive. Therefore, gradient-free methods are preferred. In fact, modern
nature-inspire algorithms are almost all gradient-free optimization methods.
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1.4 Search for Optimality

After an optimization problem is formulated correctly, the main task is to find the
optimal solutions by some solution procedure using the right mathematical techniques.

Figuratively speaking, searching for the optimal solution is like treasure hunting.
Imagine we are trying to hunt for a hidden treasure in a hilly landscape within a time
limit. In one extreme, suppose we are blindfolded without any guidance. In this case,
the search process is essentially a pure random search, which is usually not efficient.
In another extreme, if we are told the treasure is placed at the highest peak of a known
region, we will then directly climb up to the steepest cliff and try to reach the highest
peak. This scenario corresponds to the classic hill-climbing techniques. In most cases,
our search is between these extremes. We are not blindfolded, and we do not know
where to look. It is a silly idea to search every single square inch of an extremely large
hilly region so as to find the treasure.

The most likely scenario is that we will do a random walk while looking for some
hints. We look someplace almost randomly, then move to another plausible place, then
another, and so on. Such a random walk is a main characteristic of modern search algo-
rithms. Obviously, we can either do the treasure hunting alone, so that the whole path is
a trajectory-based search. I simulated annealing is such a kind of search. Alternatively,
we can ask a group of people to do the hunting and share the information (and any
treasure found). This scenario uses the so-called swarm intelligence and corresponds
to the algorithms such as particle swarm optimization and a firefly algorithm, as we
discuss later in detail. If the treasure is really important and if the area is extremely
large, the search process will take a very long time. If there is no time limit and if any
region is accessible (for example, no islands in a lake), it is theoretically possible to
find the ultimate treasure (the global optimal solution).

Obviously, we can refine our search strategy a little bit further. Some hunters are
better than others. We can only keep the better hunters and recruit new ones. This
is something similar to the genetic algorithms or evolutionary algorithms where the
search agents are improving. In fact, as we will see in almost all modern metaheuristic
algorithms, we try to use the best solutions or agents, and we randomize (or replace)
the not-so-good ones, while evaluating each individual’s competence (fitness) in com-
bination with the system history (use of memory). With such a balance, we intend to
design better and efficient optimization algorithms.

Classification of an optimization algorithm can be carried out in many ways. A
simple way is to look at the nature of the algorithm, which divides the algorithms
into two categories: deterministic algorithms and stochastic algorithms. Deterministic
algorithms follow a rigorous procedure, and the path and values of both design variables
and the functions are repeatable. For example, hill climbing is a deterministic algorithm,
and for the same starting point, the algorithm will follow the same path whether you run
the program today or tomorrow. On the other hand, stochastic algorithms always have
some randomness. Genetic algorithms are a good example. The strings or solutions in
the population will be different each time you run a program, since the algorithms use
some pseudo-random numbers, though the final results may be no big difference, but
the paths of each individual are not exactly repeatable.
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There is a third type of algorithm that is a mixture or hybrid of deterministic and
stochastic algorithms. Hill climbing with random restart is a good example. The basic
idea is to use the deterministic algorithm but start with different initial points. This
approach has certain advantages over a simple hill-climbing technique that may be
stuck in a local peak. However, since there is a random component in this hybrid
algorithm, we often classify it as a type of stochastic algorithm in the optimization
literature.

1.5 No-Free-Lunch Theorems

A common question asked by many researchers, especially young researchers, is: There
are so many algorithms for optimization, so what is the best one?

It is a simple question, but unfortunately there is no simple answer. There are many
reasons that we cannot answer this question simply. One reason is that the complexity
and diversity of real-world problems often mean that some problems are easier to solve,
whereas others can be extremely difficult to solve. Therefore, it is unlikely to have a
single method that can cope with all types of problems. Another reason is that there is
a so-called no-free-lunch (NFL) theorem that states that there is no universal algorithm
for all problems.

1.5.1 NFL Theorems

As for the NFL theorem, there are, in fact, a few such theorems, as proved by Wolpert
and Macready in 1997 [23]. However, the main theorem states as follows: If any algo-
rithm A outperforms another algorithm B in the search for an extremum of an objective
function, then algorithm B will outperform A over other objective functions. In princi-
ple, NFL theorems apply to the scenario, either deterministic or stochastic, where a set
of continuous (or discrete or mixed) parameters θ maps the objective or cost function
into a finite set.

Let nθ be the number of values of θ (either due to discrete values or the finite
machine precisions) and n f be the number of values of the objective function. Then the
number of all the possible combinations of the objective functions is N = nnθ

f , which
is finite (but usually extremely large). The NFL theorem suggests that the average
performance over all possible objective functions is the same for all search algorithms.
Mathematically speaking, if P(sy

m
∣∣ f, m, A) denotes the performance in the statistical

sense of an algorithm A iterated m times on an objective function f over the sample
set sm , then we have the following statements about the averaged performance for two
algorithms:

∑
f

P(sy
m
∣∣ f, m, A) =

∑
f

P(sy
m
∣∣ f, m, B), (1.36)

where sm = {(sx
m(1), sy

m(2)), . . . , (sx
m(m), sy

m(m))} is a time-ordered set of m distinct
visited points with a sample size of m.
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The proof by induction can be sketched as follows: The search space is finite (though
quite large). Thus the space of possible “objective” values is also finite. Objective
function f : X �→ Y gives F = YX the space of all possible problems. The main
assumptions here are that the search domain is finite, there is no revisiting of visited
points, and the finite set is closed under permutation (c.u.p).

For the case when m = 1, s1 = {sx
1 , sy

1 }, so the only possible value of sy
1 is f (sx

1 ),
and thus δ(sy

1 , f (sx
1 )) where δ is the Dirac delta function. This means

∑
f

P(sy
1 | f, m = 1, A) =

∑
f

δ(sy
1 , f (sx

1 )) = |Y||X |−1, (1.37)

which is independent of algorithm A. Here |Y| is the size or cardinality of Y .
If it is true for m, or

∑
f P(d y

m | f, m, A) is independent of A, then for m + 1, we

have sm+1 = sm ∪ {x, f (x)} with sx
m+1(m + 1) = x and sy

m+1(m + 1) = f (x). Thus,
we have (using the Bayesian approach)

P(sy
m+1| f, m + 1, A) = P(sy

m+1(m + 1)|sm, f, m + 1, A)

× P(sy
m | f, m + 1, A). (1.38)

So we have∑
f

P(sy
m+1| f, m + 1, A) =

∑
f,x

δ(sm
m+1(m + 1), f (x))

× P(x |d y
m, f, m + 1, A)P(d y

m | f, m + 1, A). (1.39)

Using P(x |dm, A) = δ(x, A(sm)) and P(sm | f, m + 1, A) = P(sm | f, m, A), the
preceding expression leads to

∑
f

P(sy
m+1| f, m + 1, A) = 1

|Y|
∑

f

P(d y
m | f, m, A), (1.40)

which is also independent of A.
In other words, the performance is independent of algorithm A itself. That is to say,

all algorithms for optimization will give the same average performance when averaged
over all possible functions, which means that the universally best method does not exist
for all optimization problems. In common language, it also means that any algorithm
is as good (or bad) as a random search.

Well, you might say that there is no need to formulate new algorithms because all
algorithms will perform equally. But this is not what the NFL theorem really means.
The keywords here are average performance and over all possible functions/problems,
measured in the statistical sense over a very large finite set. This does not mean that all
algorithms perform equally well over some specific functions or over a specific set of
problems. The reality is that no optimization problems require averaged performance
over all possible functions.

Even though the NFL theorem is valid mathematically, its impact on optimization
is limited. For any specific set of objective functions, some algorithms can perform
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much better than others. In fact, for a given specific problem set with specific objective
functions, there usually exist some algorithms that are more efficient than others, if we
do not need to measure their average performance. The main task is probably how to
find these better algorithms for a given particular type of problem.

It is worth pointing out that the so-called NFL theorems have been proved for single
objective optimization problems, and for multiobjective problems their extension is
still under research.

Some recent studies suggest that the basic assumptions of the NFL theorems might
not be valid for continuous domains. For example, Auger and Teytaud in 2010 suggested
that continuous problems can be free [1]. In addition, Marshall and Hinton suggested
that the assumption that time-ordered sets have m distinct points (a nonrevisiting con-
dition) is not valid for realistic algorithms and thus violates the basic assumptions of
nonrevisiting and close under permutation [15].

On the other hand, for coevolutionary systems such as a set of players coevolving to
produce a champion, free lunches do exist, as proved by the original NFL researchers
[24]. In this case, a single player (or both) tries to produce the next best move, and
thus the fitness landscape depends on the moves by both players. Furthermore, for
multiobjective optimization, Corne and Knowles proved that some algorithms are better
than others [2].

1.5.2 Choice of Algorithms

Putting these theorems aside, how do we choose an algorithm, and what problems do
we solve? Here, there are two choices and thus two relevant questions:

• For a given type of problem, what is the best algorithm to use?
• For a given algorithm, what kinds of problems can it solve?

The first question is harder than the second question, though it is not easy to answer
either one. For a given type of problem, there may be a set of efficient algorithms to
solve such problems. However, in many cases, we might not know how efficient an
algorithm can be before we try it. In some cases, such algorithms may still need to be
developed. Even for existing algorithms, the choice largely depends on the expertise of
the decision maker, the available resources, and the type of problem. Ideally, the best
available algorithms and tools should be used to solve a given problem; however, the
proper use of these tools may still depend on the experience of the user. In addition,
the resources such as computational costs, software availability, and time allowed to
produce the solution will also be important factors in deciding what algorithms and
methods to use.

On the other hand, for a given algorithm, the type of problem it can solve can be
explored by using it to solve various kinds of problems and then comparing and ranking
so as to find out how efficient it may be. In this way, the advantages and disadvantages
can be identified, and such knowledge can be used to guide the choice of algorithm(s)
and the type of problems to tackle. The good thing is that the majority of the literature
(including hundreds of books) places tremendous emphasis on answering this question.
Therefore, for traditional algorithms such as gradient-based algorithms and simplex
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methods, we know what types of problems they usually can solve. However, for new
algorithms, as in the case of most nature-inspired algorithms, we have to carry out
extensive studies to validate and test their performance. One of the objectives of this
book is to introduce and review the recent algorithms and their diverse applications.

It is worth pointing out that any specific knowledge about a particular problem is
always helpful for the appropriate choice of the best and most efficient methods for
the optimization procedure. After all, subject knowledge and expertise have helped in
many applications. For example, we try to use any tool to design an airplane from a
table, even though it might not be feasible; however, if the design starts from the shape
of a fish or a bird, the design will be more likely to be useful. From the algorithm
development point of view, how to best incorporate problem-specific knowledge is still
an ongoing and challenging question.

1.6 Nature-Inspired Metaheuristics

Most conventional or classic algorithms are deterministic. For example, the simplex
method in linear programming is deterministic. Some deterministic optimization algo-
rithms used the gradient information; they are called gradient-based algorithms. For
example, the well-known Newton-Raphson algorithm is gradient-based, since it uses
the function values and their derivatives, and it works extremely well for smooth uni-
modal problems. However, if there is some discontinuity in the objective function, it
does not work well. In this case, a nongradient algorithm is preferred. Nongradient-
based or gradient-free algorithms do not use any derivative, only the function val-
ues. Hooke-Jeeves pattern search and Nelder-Mead downhill simplex are examples of
gradient-free algorithms.

For stochastic algorithms, in general we have two types: heuristic and metaheuristic,
though their difference is small. Loosely speaking, heuristic means “to find” or “to
discover by trial and error.” Quality solutions to a tough optimization problem can be
found in a reasonable amount of time, but there is no guarantee that optimal solutions
will be reached. It can be expected that these algorithms work most but not all the
time. This is good when we do not necessarily want the best solutions but rather good
solutions that are easily reachable.

Further development of heuristic algorithms is the so-called metaheuristic algo-
rithms. Here meta means “beyond” or “higher level,” and these algorithms generally
perform better than simple heuristics. In addition, all metaheuristic algorithms use cer-
tain tradeoffs of randomization and local search. It is worth pointing out that no agreed
definitions of heuristics and metaheuristics exist in the literature; some use the terms
heuristics and metaheuristics interchangeably. However, the recent trend tends to name
all stochastic algorithms with randomization and local search as metaheuristic. Here
we also use this convention. Randomization provides a good way to move away from
local search to search on a global scale. Therefore, almost all metaheuristic algorithms
tend to be suitable for global optimization.

Heuristics is a way, by trial and error, to produce acceptable solutions to a complex
problem in a reasonably practical time. The complexity of the problem of interest
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makes it impossible to search every possible solution or combination. The aim is to
find good, feasible solutions in an acceptable timescale. There is no guarantee that the
best solutions can be found, and we even do not know whether an algorithm will work
and why it works, if it does. The idea is to have an efficient but practical algorithm
that will work most the time and that is able to produce good-quality solutions. Among
the found quality solutions, we expect some to be nearly optimal, though there is no
guarantee for such optimality.

Two major components of any metaheuristic algorithms are intensification and diver-
sification, or exploitation and exploration. Diversification means to generate diverse
solutions so as to explore the search space on a global scale. Intensification means
to focus on the search in a local region by exploiting the information that a current
good solution is found in this region. This is in combination with the selection of the
best solutions. The selection of the best ensures that the solutions will converge to the
optimality, whereas the diversification via randomization avoids the solutions being
trapped at local optima and, at the same time, increases the diversity of the solutions.
The good combination of these two major components will usually ensure that the
global optimality is achievable.

Metaheuristic algorithms can be classified in many ways. One way is to classify
them as population-based or trajectory-based. For example, genetic algorithms are
population-based because they use a set of strings; so are particle swarm optimization
(PSO), the firefly algorithm (FA), and cuckoo search, which all use multiple agents or
particles.

On the other hand, simulated annealing uses a single agent or solution that moves
through the design space or search space in a piecewise style. A better move or solu-
tion is always accepted, whereas a not-so-good move can be accepted with a certain
probability. The steps or moves trace a trajectory in the search space, with a nonzero
probability that this trajectory can reach the global optimum.

Before we introduce all popular metaheuristic algorithms in detail, let us look briefly
at their history.

1.7 A Brief History of Metaheuristics

Throughout history, especially at the early periods of human history, we humans’
approach to problem solving has always been heuristic or metaheuristic—by trial and
error. Many important discoveries were made by “thinking outside the box,” and often
by accident; that is heuristics. Archimedes’s “Eureka!” moment was a heuristic triumph.
In fact, humans’ daily learning experience (at least as children) is dominantly heuristic.

Despite its ubiquitous nature, metaheuristics as a scientific method to problem solv-
ing is indeed a modern phenomenon, though it is difficult to pinpoint when the meta-
heuristic method was first used. Mathematician Alan Turing was probably the first
to use heuristic algorithms during the Second World War when he was breaking the
Enigma ciphers at Bletchley Park. Turing called his search method heuristic search,
since it could be expected it worked most of time, but there was no guarantee of finding
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the correct solution; however, his method was a tremendous success. In 1945, Tur-
ing was recruited to the National Physical Laboratory (NPL), UK, where he set out
his design for the Automatic Computing Engine (ACE). In an NPL report on Intelli-
gent Machinery in 1948, he outlined his innovative ideas of machine intelligence and
learning, neural networks, and evolutionary algorithms.

The 1960s and 1970s were the two important decades for the development of evo-
lutionary algorithms. First, scientist and engineer John Holland and his collaborators
at the University of Michigan developed genetic algorithms in 1960s and 1970s. As
early as 1962, Holland studied the adaptive system and was the first to use crossover
and recombination manipulations for modeling such systems. His seminal book sum-
marizing the development of genetic algorithms was published in 1975 [9]. In the same
year, computer scientist Kenneth De Jong finished his important dissertation showing
the potential and power of genetic algorithms for a wide range of objective functions,
noisy, multimodal, or even discontinuous [4].

In essence, a genetic algorithm (GA) is a search method based on the abstraction
of Darwinian evolution and natural selection of biological systems and representing
them in the mathematical operators: crossover or recombination, mutation, fitness, and
selection of the fittest. Genetic algorithms have become very successful in solving
a wide range of optimization problems, and several thousand research articles and
hundreds of books have been written on this subject. Some statistics shows that a
vast majority of Fortune 500 companies are now using them routinely to solve tough
combinatorial optimization problems such as planning, data mining, and scheduling.

During the same period, Ingo Rechenberg and Hans-Paul Schwefel, both then stu-
dents at the Technical University of Berlin, developed a search technique for solving
optimization problems in aerospace engineering, called evolutionary strategy, in 1963.
Later, fellow student Peter Bienert joined them and began to construct an automatic
experimenter using simple rules of mutation and selection. There was no crossover
in this technique; only mutation was used to produce an offspring, and an improved
solution was kept at each generation. This was essentially a simple trajectory-style hill-
climbing algorithm with randomization. As early as 1960, aerospace engineer Lawrence
J. Fogel intended to use simulated evolution as a learning process as a tool to study
artificial intelligence. Then, in 1966, Fogel, together with A. J. Owen and M. J. Walsh,
developed the evolutionary programming technique by representing solutions as finite-
state machines and randomly mutating one of these machines [6]. These innovative
ideas and methods have evolved into a much wider discipline, called evolutionary
algorithms or evolutionary computation[10,18].

Although our focus in this book is metaheuristic algorithms, other algorithms can be
thought of as heuristic optimization techniques. These methods include artificial neu-
ral networks, support vector machines, and many other machine learning techniques.
Indeed, they all intend to minimize their learning errors and prediction (capability)
errors via iterative trial and error.

Artificial neural networks are now routinely used in many applications. In 1943,
neurophysiologist and cybernetician Warren McCulloch and logician Walter Pitts pro-
posed the artificial neurons as simple information-processing units. The concept of a
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neural network was probably first proposed by Alan Turing in his 1948 NPL report,
Intelligent Machinery [3,21]. Significant developments were carried out in the neural
network area from the 1940s and 1950s to the 1990s [19].

The support vector machine as a classification technique dates back to earlier work
by Vladimir Vapnik in 1963 on linear classifiers; the nonlinear classification with kernel
techniques were developed by Vapnik and his collaborators in the 1990s. A systematical
summary in was published Vapnik’s book, The Nature of Statistical Learning Theory,
in 1995 [22].

The decades of the 1980s and 1990s were the most exciting time for metaheuristic
algorithms. The next big step was the development of simulated annealing (SA) in
1983, an optimization technique pioneered by Scott Kirkpatrick, C. Daniel Gellat, and
Mario P. Vecchi, inspired by the annealing process of metals [13]. It is a trajectory-
based search algorithm starting with an initial guess solution at a high temperature and
gradually cooling down the system. A move or new solution is accepted if it is better;
otherwise, it is accepted with a probability, which makes it possible for the system to
escape any local optima. It is then expected that if the system is cooled down slowly
enough, the global optimal solution can be reached.

The actual first use of memory in modern metaheuristics is probably due to Fred
Glover’s Tabu search in 1986, though his seminal book on Tabu search was published
later, in 1997 [8].

In 1992, Marco Dorigo finished his Ph.D. thesis on optimization and natural algo-
rithms [5], in which he described his innovative work on ant colony optimization
(ACO). This search technique was inspired by the swarm intelligence of social ants
using pheromone as a chemical messenger. Then, in 1992, computer scientist John
R. Koza of Stanford University published a treatise on genetic programming that laid
the foundation of a whole new area of machine learning, revolutionizing computer
programming [14]. As early as 1988, Koza applied his first patent on genetic program-
ming. The basic idea is to use the genetic principle to breed computer programs so as
to gradually produce the best programs for a given type of problem.

Slightly later in 1995, more significant progress came with the development of the
particle swarm optimization (PSO) by American social psychologist James Kennedy,
and engineer Russell C. Eberhart [12]. Loosely speaking, PSO is an optimization algo-
rithm inspired by swarm intelligence of fish and birds and even by human behavior. The
multiple agents, called particles, swarm around the search space, starting from some
initial random guess. The swarm communicates the current best and shares the global
best so as to focus on the quality solutions. Since its development, there have been
about 20 different variants of particle swarm optimization techniques, which have been
applied to almost all areas of tough optimization problems. There is some strong evi-
dence that PSO is better than traditional search algorithms and even better than genetic
algorithms for many types of problems, though this point is far from conclusive.

In around 1996 and later in 1997, Rainer Storn and Kenneth Price developed their
vector-based evolutionary algorithm called differential evolution (DE) [20], which
proves more efficient than genetic algorithms in many applications.

In 1997, the publication of No Free Lunch Theorems for Optimization,” by David
H. Wolpert and William G. Macready, sent out a shock wave to the optimization
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community [23,24]. Researchers had always been trying to find better algorithms,
or even universally robust algorithms, for optimization, especially for tough NP-hard
optimization problems. However, these theorems state that if algorithm A performs
better than algorithm B for some optimization functions, then B will outperform A for
other functions. That is to say, if averaged over all possible function space, both algo-
rithms A and B will perform, on average, equally well. Alternatively, no universally
better algorithms exist. That is disappointing, right? Then people realized that we do
not need the average over all possible functions for a given optimization problem. What
we want is to find the best solutions, which has nothing to do with average over all
possible function space. In addition, we can accept the fact that there is no universal
or magical tool, but we do know from our experience that some algorithms do indeed
outperform others for given types of optimization problems. So the research may now
focus on finding the best and most efficient algorithm(s) for a given set of problems.
The objective is to design better algorithms for most types of problems, not for all
problems. Therefore, the search is still on.

At the turn of the 21st century, things became even more exciting. First, in 2001 Zong
Woo Geem et al. developed the harmony search (HS) algorithm [7], which has been
widely applied in solving various optimization problems such as water distribution,
transport modeling, and scheduling. In 2004, Sunil Nakrani and Craig Tovey proposed
the honeybee algorithm and its application for optimizing Internet hosting centers [16],
which was followed by the development of the virtual bee algorithm by Xin-She Yang
in 2005. At the same time, the bees algorithm was developed by D. T. Pham et al. in
2005 [17], and the artificial bee colony (ABC) was developed by Dervis Karaboga in
2005 [11].

In late 2007 and early 2008, the firefly algorithm (FA) was developed by Xin-She
Yang [25,26]; this algorithm has generated a wide range of interest, with more than 800
publications to date, as shown by a quick October 2013 search in Google Scholar. In
2009, Xin-She Yang at Cambridge University, UK, and Suash Deb at Raman College of
Engineering, India, proposed an efficient cuckoo search (CS) algorithm [27,28]; it has
been demonstrated that CS can be far more effective than most existing metaheuristic
algorithms, including particle swarm optimization.1 In 2010, the bat algorithm was
developed by Xin-She Yang for continuous optimization, based on the echolocation
behavior of microbats [29]. In 2012, the flower pollination algorithm was developed
by Xin-She Yang, and its efficiency is very promising.

The literature is expanding rapidly, and the number of nature-inspired algorithms has
increased dramatically. The brief survey by Iztok Fister Jr. et al. indicated that there are
more than 40 nature-inspired algorithms.2 As we can see, more and more metaheuristic
algorithms are being developed. Such a diverse range of algorithms necessitates a sys-
tematic summary of various metaheuristic algorithms, and this book is such an attempt
to introduce all the latest nature-inspired metaheuristics with diverse applications.

1Novel cuckoo search “beats” particle swarm optimization, Science Daily, news article (28 May 2010),
www.sciencedaily.com.

2I. Fister Jr., X. S. Yang, I. Fister, J. Brest, D. Fister, A brief review of nature-inspire algorithms for opti-
mization, http://arxiv.org/abs/1307.4186 (Accessed on 20 Aug 2013).

http://www.sciencedaily.com
http://arxiv.org/abs/1307.4186
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We discuss all major modern metaheuristic algorithms in the remainder of this book,
including simulated annealing (SA), genetic algorithms (GA), ant colony optimization
(ACO), bat algorithms (BA), bee algorithms, differential evolution (DE), particle swarm
optimization (PSO), harmony search (HS), the firefly algorithm (FA), cuckoo search
(CS), and the flower pollination algorithm (FPA), and others.
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2 Analysis of Algorithms

Swarm intelligence (SI) and bio-inspired computation have received great interest
and attention in the literature. In the communities of optimization, computational
intelligence, and computer science, bio-inspired algorithms, especially those SI-based
algorithms, have become very popular. In fact, these nature-inspired metaheuristic
algorithms are now among the most widely used algorithms for optimization and com-
putational intelligence. SI-based algorithms such as ant and bee algorithms, particle
swarm optimization, cuckoo search, and firefly algorithms can possess many advan-
tages over conventional algorithms.

In this chapter, we analyze the key components of these nature-inspired algorithms
in terms of their evolutionary operators and functionalities. We do not intend to provide
a detailed introduction to each algorithm, because these algorithms will be introduced
one by one in later chapters. The main aim here is to provide an overview so that readers
can critically analyze each algorithm while reading each chapter later.

2.1 Introduction

As we discussed in Chapter 1, an optimization algorithm is an iterative procedure,
starting from an initial guess. After a certain (sufficiently large) number of iterations,
it may converge toward to a stable solution, ideally the optimal solution to a prob-
lem of interest [19,30]. This is essentially a self-organizing system with solutions as
states and the converged solutions as attractors. Such an iterative, self-organizing sys-
tem can evolve according to a set of rules or mathematical equations. As a result,
such a complex system can interact and self-organize into certain converged states,
showing some emergent characteristics of self-organization. In this sense, the proper
design of an efficient optimization algorithm is equivalent to finding efficient ways
to mimic the evolution of a self-organizing system, especially evolving biological
systems [1,16].

Alternatively, we can view an algorithm as Markov chains, and the behavior of an
algorithm is controlled by its solution states and transition moves. Indeed, different
views can help to analyze algorithms from different perspectives. We can also analyze
an algorithm in terms of its key components, such as exploration and exploitation, or the
ways that generate solutions using evolutionary operators. In this chapter, we review
and discuss the majority of nature-inspired algorithms from different perspectives.

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00002-6
© 2014 Elsevier Inc. All rights reserved.
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2.2 Analysis of Optimization Algorithms

An optimization algorithm can be analyzed from different perspectives. In this section,
we analyze it as an iterative procedure, a self-organization system, two conflicting
components, and three evolutionary operators.

2.2.1 Algorithm as an Iterative Process

Mathematically speaking, an algorithm A is an iterative process, that aims to generate a
new and better solution xt+1 to a given problem from the current solution xt at iteration
or time t . For example, the Newton-Raphson method to find the optimal value of f (x)

is equivalent to finding the critical points or roots of f ′(x) = 0 in a d-dimensional
space [28,25]. That is,

xt+1 = xt − f ′(xt )

f ′′(xt )
= A(xt ). (2.1)

Obviously, the convergence rate may become very slow near the optimal point where
f ′(xt ) → 0. Sometimes the true convergence rate may not be as quick as it should be.
A simple way to improve the convergence is to modify the previous formula slightly
by introducing a parameter p, as follows:

xt+1 = xt − p
f ′(xt )

f ′′(xt )
, p = 1

1 − A′(x∗)
. (2.2)

Here x∗ is the optimal solution, or a fixed point of the iterative formula. It is worth
pointing out that the optimal convergence of Newton-Raphson’s method leads to an
optimal parameter setting p, which depends on the iterative formula and the optimality
x∗ of the objective f (x) to be optimized.

In general, we can write the preceding iterative equation as

xt+1 = A(xt, p), (2.3)

which is valid for a deterministic method; however, in modern metaheuristic algorithms,
randomization is often used in an algorithm, and in many cases, randomization appears
in the form of a set of m random variables ε = (ε1, . . . , εm) in an algorithm. For
example, in simulated annealing, there is one random variable, while in particle swarm
optimization [17], there are two random variables. In addition, there are often a set
of k parameters in an algorithm. For example, in particle swarm optimization, there
are four parameters (two learning parameters, one inertia weight, and the population
size). In general, we can have a vector of parameters p = (p1, . . . , pk). Mathematically
speaking, we can write an algorithm with k parameters and m random variables as

xt+1 = A
(

xt , p(t), ε(t)
)
, (2.4)

where A is a nonlinear mapping from a given solution (a d-dimensional vector xt ) to a
new solution vector xt+1.
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It is worth pointing out that the preceding formula (2.4) is for a trajectory-based,
single-agent system. For population-based algorithms with a swarm of n solutions, we
can extend the preceding iterative formula to the following:

⎛
⎜⎜⎜⎝

x1
x2
...

xn

⎞
⎟⎟⎟⎠

t+1

= A
((

xt
1, xt

2, . . . , xt
n

)
; (p1, p2, . . . , pk); (ε1, ε2, . . . , εm)

)
⎛
⎜⎜⎜⎝

x1
x2
...

xn

⎞
⎟⎟⎟⎠

t

,

(2.5)

where p1, . . . , pk are k algorithm-dependent parameters and ε1, . . . , εm are m random
variables.

This view of algorithm (2.4) is mainly dynamical or functional. It considers the
functional (2.4) as a dynamical system, which will evolve toward equilibrium or attrac-
tor states. In principle, the behavior of the system can be described by the eigenvalues
of A and its parameters in terms of linear and/or weakly nonlinear dynamical system
theories. However, this does not provide sufficient insight into the diversity and com-
plex characteristics. Self-organization may provide better insight, as we can see in a
moment.

2.2.2 An Ideal Algorithm?

The number of iterations t needed to find an optimal solution for a given accuracy largely
determines the overall computational efforts and the performance of an algorithm. A
better algorithm should use less computation and fewer iterations.

In an extreme case for an iterative algorithm or formula (2.1), an ideal algorithm
should only take one iteration t = 1. You may wonder if such an algorithm exists
in practice. The answer is “Yes, it depends.” In fact, for a quadratic function such as
f (x) = ax2 where a > 0, the well-known Newton-Raphson method

xt+1 = xt − f ′(xt )

f ′′(xt )
(2.6)

is the ideal algorithm. If we start the iteration from any random guess x0 = b, we have

x1 = x0 − f ′(x0)

f ′′(x0)
= b − 2ab

2a
= 0, (2.7)

which gives the global optimal solution f∗(0) = 0 at x∗ = 0.
Obviously, we can extend this idea to the whole class of quadratic functions. It is even

possible to extend to more generalized convex functions. However, many problems are
not convex and certainly not quadratic. Therefore, the so-called ideal algorithm does
not exist in general. As we mentioned earlier, there is no good algorithm for solving
NP-hard problems.

There are many optimization algorithms in the literature, and no single algorithm
is suitable for all problems. Even so, the search for efficient algorithms still forms a
major effort among researchers. This search for the “Holy Grail” will continue unless
some proves analytically otherwise.
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Table 2.1 Similarity between self-organization and an optimization algorithm.

Self-Organization Features Algorithm Characteristics

Noise, perturbations Diversity Randomization Escape local optima
Selection mechanism Structure Selection Convergence
Reorganization State changes Evolution Solutions

2.2.3 A Self-Organization System

A complex system may be self-organizing under the right conditions: when the size of
the system is sufficiently large with a sufficiently high number of degrees of freedom
or possible states S. In addition, the system must be allowed to evolve over a long
time away from noise and far from equilibrium states. Most important, a selection
mechanism must be in place to ensure that self-organization is possible. That is, the
main conditions for self-organization in a complex system are:

• The system size is large with a sufficient number of degrees of freedom or states.
• There is enough diversity in the system, such as perturbations, noise, or edge of

chaos, or it is far from the equilibrium.
• The system is allowed to evolve over a long time.
• A selection mechanism or an unchanging law acts in the system.

In other words, a system with states S will evolve toward the self-organized state S∗
driven by a mechanism α(t) with a set of parameters α. That is,

S
α(t)−→ S∗. (2.8)

From the self-organization point of view, algorithm (2.4) is a self-organization system
starting from many possible states xt and tries to converge to the optimal solution/state
x∗, driven by the algorithm A in the following schematic representation:

f (xt )
A−→ fmin(x∗). (2.9)

By comparing the conditions for self-organization and characteristics of algorithms,
we can carry out the comparison as shown in Table 2.1.

However, there are some significant differences between a self-organizing system
and an algorithm. For self-organization, the avenues to the self-organized states may
not be clear, and time is not an important factor. On the other hand, for an algorithm, the
way that makes an algorithm converge is very important, and the speed of convergence
is crucial so that the minimum computational cost is needed to reach truly global
optimality.

2.2.4 Exploration and Exploitation

Nature-inspired optimization algorithms can also be analyzed from the ways they
explore the search space. In essence, all algorithms should have two key components:
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exploitation and exploration, which are also referred to as intensification and diversi-
fication [4].

Exploitation uses any information obtained from the problem of interest to help
generate new solutions that are better than existing solutions. However, this process is
typically local, and information (such as gradient) is also local. Therefore, it is for local
search. For example, hill climbing is a method that uses derivative information to guide
the search procedure. In fact, new steps always try to climb up the local gradient. The
advantage of exploitation is that it usually leads to very high convergence rates, but its
disadvantage is that it can get stuck in a local optimum because the final solution point
largely depends on the starting point.

On the other hand, exploration makes it possible to explore the search space more
efficiently, and it can generate solutions with enough diversity and far from the current
solutions. Therefore, the search is typically on a global scale. The advantage of explo-
ration is that it is less likely to get stuck in a local mode, and the global optimality can
be more accessible. However, its disadvantages are slow convergence and the waste
of some computational efforts because many new solutions can be far from the global
optimality.

Therefore, final balance is required so that an algorithm can achieve good perfor-
mance. Too much exploitation and too little exploration mean the system may converge
more quickly, but the probability of finding the true global optimality may be low. On
the other hand, too little exploitation and too much exploration can cause the search
path to wander around with very slow convergence. The optimal balance should mean
the right amount of exploration and exploitation, which may lead to the optimal per-
formance of an algorithm. Therefore, balance is crucially important.

However, finding the way to achieve such balance is still an open problem. In fact, no
algorithm can claim to have achieved such balance in the current literature. In essence,
the balance itself is a hyperoptimization problem because it is the optimization of an
optimization algorithm. In addition, such balance may depend on many factors, such as
the working mechanism of an algorithm, its setting of parameters, tuning and control
of these parameters, and even the problem to be considered. Furthermore, such balance
may not universally exist, and it may vary from problem to problem.

These unresolved problems and mysteries can motivate more research in this area.
We can expect that the amount of relevant literature will increase in the near future.

2.2.5 Evolutionary Operators

By directly looking at the operations of an algorithm, it is also helpful to see how it
works. Let us take genetic algorithms as an example. Genetic algorithms (GA) are
a class of algorithms based on the abstraction of Darwinian evolution of biological
systems, pioneered by J. Holland and his collaborators in the 1960s and 1970s. Genetic
algorithms use genetic operators such as crossover and recombination, mutation, and
selection [14]. It has been shown that genetic algorithms have many advantages over
traditional algorithms. Three advantages are distinct: gradient-free, highly explorative,
and parallelism. No gradient/derivative information is needed in GA, and thus GA can
deal with complex, discontinuous problems. The stochastic nature of crossover and
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mutation make GA explore the search space more effectively and the global optimality
is more likely to be reached. In addition, genetic algorithms are population-based with
multiple chromosomes, and thus it is possible to implement them in a parallel manner
[29,30].

The three key evolutionary operators in genetic algorithms can be summarized as
follows:

• Crossover. The recombination of two parent chromosomes (solutions) by exchanging
part of one chromosome with a corresponding part of another so as to produce
offsprings (new solutions).

• Mutation. The change of part of a chromosome (a bit or several bits) to generate
new genetic characteristics. In binary encoding, mutation can be achieved simply
by flipping between 0 and 1. Mutation can occur at a single site or multiple sites
simultaneously.

• Selection. The survival of the fittest, which means the highest quality chromosomes
and/characteristics will stay within the population. This often takes some form of
elitism, and the simplest form is to let the best genes pass on to the next generations
in the population.

Mathematically speaking, crossover is a mixing process with extensive local search
in a subspace [2,3]. This can be seen by an example. For a problem with eight
dimensions with a total search space � = �8, if the parent solutions are drawn
from x1 = [aaaaaabb], x2 = [aaaaaaaa] where a and b can be binary digits
or a real value for the i th component/dimension of a solution to a problem. What-
ever the crossover may be, the offsprings will be one of the four possible combina-
tions: [aaaaaaba], [aaaaaaab], [aaaaaaaa], or [aaaaaabb]. In any case, the first
six variables are always [aaaaaa]. This means that the crossover or recombination
will lead to a solution in a subspace where only the 7th and 8th variables are different.
No solution will be in the subspace in which the first 6 variables will be different.
In other words, the crossover operator will only create solutions within a subspace
S = [aaaaaa] ∪ �2 ⊂ � in the present case. Therefore, crossover is a local search
operator, though it can also become a global operator if the subspace is sufficiently
large.

On the other hand, mutation provides a mechanism for global exploration. In the
preceding example, if we mutate one of the solutions in the first dimension, it will
generate a solution that may not be in the subspace. For example, for a solution x1 =
[aaaaaabb] ∈ S, if its first a becomes b, then it generates a new solution xq =
[baaaaabb] /∈ S. In fact, xq can be very difficult from the existing solutions and
jump out of any previous subspace. For this reason, the mutation operator is a global
operator. However, mutation can be local if the mutation rate is sufficiently low and
the step sizes are very small. Therefore, the boundary between local or global can be
vague and relative.

Both crossover and mutation will provide the diversity for new solutions. However,
crossover provides good mixing, and its diversity is mainly limited in the subspace.
Mutation can provide better diversity, though far-away solutions may drive the popu-
lation away from converged/evolved characteristics.
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It is worth pointing out that selection is a special operator that has a dual role:
to choose the best solutions in a subspace and to provide a driving force for self-
organization or convergence. Without selection, there is no driving force to choose what
is best for the system, and therefore selection enables a system to evolve with a goal.
With a proper selection mechanism, only the fitter solutions and desired stages may be
allowed to gradually pass on, while unfit solutions in the population will gradually die
out. Selection can be as simple as a high-degree elitism, and only the best is selected.
Obviously, other forms of selection mechanisms, such as fitness-proportional crossover,
can be used.

The role and main functions of three evolutionary operators can be categorized as
follows:

• Crossover is mainly for mixing within a subspace. It will help make the system
converge.

• Mutation provides a main mechanism for global search, and it can be generalized as
a randomization technique.

• Selection provides a driving force for the system to evolve toward the desired states.
It is essentially intensive exploitation.

Mutation can also take different forms, and one way is to simply use stochastic
moves or randomization. For example, the traditional Hooke-Jeeves pattern search
(PS) is also a gradient-free method, which has inspired many new algorithms. The
key step in pattern search is the consecutive increment of one dimension followed by
the increment along the other dimensions. The steps will be tried and shrunk when
necessary [10].

Nowadays the pattern search idea can be generated by the following equation:

xi = xi + δxi = xi + (xnewmove − xi ), i = 1, 2, . . . , d. (2.10)

This can be written as a vector equation

x = x + δx = x + (xnewmove − x). (2.11)

In essence, δx acts as a mutation operator in 2d directions in a d-dimensional space.
As we will see shortly, differential evolution uses this kind of mutation in higher
dimensions.

In the rest of this chapter, we first briefly introduce the key steps of a few nature-
inspired algorithms and then analyze them in terms of evolutionary operators and their
ways for exploration and exploitation.

2.3 Nature-Inspired Algorithms

There are over a dozen popular, nature-inspired algorithms for optimization. In the
rest of this chapter, we analyze each algorithm in terms of the previously mentioned
evolutionary operators as well as exploration and exploitation.
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2.3.1 Simulated Annealing

The simplest stochastic algorithm is probably the so-called simulated annealing,
developed by Kirkpatrick et al. in 1983 [18] based on the characteristics of the metal
annealing process. From the current solution or state xi , a new solution x j is accepted
with a probability

p
(
xi → x j |x(t) = xi

) = 1

Z
exp

[
− 1

T (t)
max{0, f (x j ) − f (xi )}

]
, (2.12)

where f is the objective function to be minimized. Here, Z is a normalization factor.
The original article by Kirkpatrick et al. demonstrated how to solve very challenging

problems. However, generating new solutions x j from the current solution may depend
on the implementation and problem of interest. Whatever the ways of generation might
be, such generations of new solutions form a Markov chain, or more specifically, a
random walk.

Therefore, the main operator is to generate new solutions by random walks, and con-
sequently randomization acts as a mutation or explorative search mechanism. Selection
is achieved by testing whether a solution is getting better (smaller for a minimization
problem). Strictly speaking, simulated annealing is not an evolutionary algorithm, and
thus there is no crossover operator in this algorithm. In addition, exploitation is rela-
tively weak because the acceptance is carried out by a probability condition. That is
why simulated annealing often converges very slowly in practice, though it is good
at exploration and often has a good property of finding the global optimality at the
expense of a large number of function evaluations.

2.3.2 Genetic Algorithms

Genetic algorithms (GA), developed by John Holland [14], essentially form the founda-
tions of modern evolutionary computing. GA has three key genetic operators: crossover,
mutation, and selection, as discussed earlier. Though there are no explicit mathematical
equations in the original genetic algorithm, it did provide detailed procedures and steps
on how to generate offspring from parent solutions/strings.

Crossover helps exploit and enhance the convergence. From empirical results and
theoretical studies, all suggest a relatively higher probability pc for crossover in the
range of 0.6 to 0.95, whereas the mutation probability pm is typically very low, around
0.001 to 0.05. These values correspond to a high degree of mixing and exploitation and
a relatively lower degree of exploration. In practice, this means that genetic algorithms
can often converge well and in many cases the global optimality can be achieved easily.
The selection or survival of the fittest provides a good mechanism to select the best
solution; elitism can guarantee that the best solution will remain in the population,
which will enhance the convergence of the algorithm. However, the global optimality
will be reachable under certain conditions, and mutation can be considered a double-
edged sword; it can increase the probability of finding the global optimality while at
the same time slowing down the convergence.
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2.3.3 Differential Evolution

Differential evolution (DE) was developed by R. Storn and K. Price in 1996 and 1997
[23,24]. In fact, modern DE has strong similarity to the traditional mutation operator
in the traditional pattern search. In fact, the mutation in DE can be viewed as the
generalized pattern search in any random direction (xp − xq ) by

xi = xr + F(xp − xq), (2.13)

where F is the differential weight in the range of [0, 2]. Here r, p, q, i are four different
integers generated by random permutation.

In addition, DE also has a crossover operator that is controlled by a crossover
probability Cr ∈ [0, 1], and the actual crossover can be carried out in two ways:
binomial and exponential. Selection is essentially the same as that used in genetic
algorithms. It is to select the most fit, and, for the minimization problem, the minimum
objective value. Therefore, we have

xt+1
i =

{
ut+1

i if f (ut+1
i ) ≤ f (xt

i ),

xt
i otherwise.

(2.14)

Most studies have focused on the choice of F, Cr , and the population size n as well
as the modification of the mutation scheme. In addition, it can be clearly seen that
selection is also used when the condition in the preceding equation is checked. Almost
all variants of DE use crossover, mutation, and selection, and the main differences are in
the step of mutation and crossover. For example, DE/Rand/1/Bin use the three vectors
for mutation and binomial crossover. There are more than 10 different variants [22].

2.3.4 Ant and Bee Algorithms

Ant algorithms, especially the ant colony optimization developed by M. Dorigo [5,6],
mimic the foraging behavior of social ants. Primarily, all ant algorithms use pheromone
as a chemical messenger and the pheromone concentration as the indicator of quality
solutions to a problem of interest. From an implementation point of view, solutions
are related to the pheromone concentration, leading to routes and paths marked by
the higher pheromone concentrations as better solutions to questions such as discrete
combinatorial problems.

Looking closely at ant colony optimization, we see that random route generation
is primarily mutation, whereas pheromone-based selection provides a mechanism for
selecting shorter routes. There is no explicit crossover in ant algorithms. However,
mutation is not as simple an action as flipping digits in genetic algorithms; the new
solutions are essentially generated by fitness-proportional mutation. For example, the
probability of ants in a network problem at a particular node i to choose the route from
node i to node j is given by

pi j = φα
i j d

β
i j∑n

i, j=1 φα
i j d

β
i j

, (2.15)
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where α > 0 and β > 0 are the influence parameters, φi j is the pheromone concen-
tration on the route between i and j , and di j is the desirability of the same route. The
selection is subtly related to some a priori knowledge about the route, such as the
distance si j is often used so that di j ∝ 1/si j .

On the other hand, bee algorithms do not usually use pheromone [20]. For example,
in the artificial bee colony (ABC) optimization algorithm [15], the bees in a colony
are divided into three groups: employed bees (forager bees), onlooker bees (observer
bees), and scouts. Randomization is carried out by scout bees and employed bees, and
both are mainly mutation. Selection is related to honey or objective. Again, there is no
explicit crossover.

Both ACO and ABC use only mutation and fitness-related selection, and they can
have good global search ability. In general, they can explore the search space relatively
effectively, but convergence may be slow because it lacks crossover, and thus the
subspace exploitation ability is very limited. In fact, the lack of crossover is very
common in many metaheuristic algorithms.

In terms of exploration and exploitation, both ant and bee algorithms have strong
exploration ability, but their exploitation ability is comparatively low. This may explain
why they can perform reasonably well for some tough optimization, but the computa-
tional efforts, such as the number of function evaluations, can be very high.

2.3.5 Particle Swarm Optimization

Particle swarm optimization (PSO) was developed by Kennedy and Eberhart in 1995
[17] based on swarm behavior, such as fish and bird schooling in nature. In essence, the
position and velocity of a particle, xi and vi , respectively, can be updated as follows:

vt+1
i = vt

i + αε1[g∗ − xt
i ] + βε2[x∗

i − xt
i ], (2.16)

xt+1
i = xt

i + vt+1
i , (2.17)

where ε1 and ε2 are two random vectors and with each entry taking the values between
0 and 1. The parameters α and β are the learning parameters or acceleration constants,
which can typically be taken as, say, α ≈ β ≈ 2.

By comparing the previous equations with the pattern search in Section 2.3, we
can see that the new position is generated by a pattern-search-type mutation, whereas
selection is implicitly done by using the current global best solution g∗ found so far as
well as through the individual best x∗

i . However, the role of individual best is not quite
clear, though the current global best seems very important for selection, as is shown in
the accelerated particle swarm optimization [17,29,37].

Therefore, PSO consists of mainly mutation and selection. There is no crossover in
PSO, which means that PSO can have high mobility in particles with a high degree
of exploration. However, the use of g∗ seems strongly selective, which may be like a
double-edged sword. Its advantage is that it helps speed up the convergence by drawing
toward the current best g∗, while at the same time it may lead to premature convergence,
even though this may not be the true optimal solution of the problem of interest.
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2.3.6 The Firefly Algorithm

The firefly algorithm (FA) was developed by Xin-She Yang in 2008 [29,32,33] and is
based on the flashing patterns and behaviour of tropical fireflies. FA is simple, flexible,
and easy to implement.

The movement of a firefly i is attracted to another, more attractive (brighter) firefly
j as determined by

xt+1
i = xt

i + β0e−γ r2
i j (xt

j − xt
i ) + α εt

i , (2.18)

where the second term is due to the attraction, and β0 is the attractiveness at zero
distance r = 0. The third term is randomization, with α being the randomization
parameter, and εt

i is a vector of random numbers drawn from a Gaussian distribution
at time t . Other studies also use the randomization in terms of εt

i that can easily be
extended to other distributions, such as Lévy flights [32,33]. A comprehensive review
of the firefly algorithm and its variants has been carried out by Fister et al. [8].

From the preceding equation, we can see that mutation is used for both local and
global search. When εt

i is drawn from a Gaussian distribution and Lévy flights, it
produces mutation on a larger scale. On the other hand, if α is chosen to be a very small
value, then mutation can be very small and thus limited to a subspace. Interestingly,
there is no explicit selection in the formula because g∗ is not used in FA. However,
during the update in the two loops in FA, ranking as well as selection is used.

One novel feature of FA is that attraction is used, the first of its kind in any SI-
based algorithm. Since local attraction is stronger than long-distance attraction, the
population in FA can automatically subdivide into multiple subgroups, and each group
can potentially swarm around a local mode. Among all the local modes, there is always
a global best solution that is the true optimality of the problem. FA can deal with
multimodal problems naturally and efficiently.

From Eq. (2.18), we can see that FA degenerates into a variant of differential evo-
lution when γ = 0 and α = 0. In addition, when β0 = 0, it degenerates into simulated
annealing (SA). Further, when xt

j is replaced by g∗, FA also becomes the accelerated
PSO. Therefore, DE, accelerated particle swarm optimization (APSO), and SA are
special cases of the firefly algorithm, and thus FA can have the advantages of all these
three algorithms. It is no surprise that FA can be versatile and efficient and can perform
better than other algorithms such as GA and PSO.

2.3.7 Cuckoo Search

Cuckoo search (CS) is one of the latest nature-inspired metaheuristic algorithms, devel-
oped in 2009 by Xin-She Yang and Suash Deb [39]. CS is based on the brood parasitism
of some cuckoo species. In addition, this algorithm is enhanced by the so-called Lévy
flights [21] rather than by simple isotropic random walks. Recent studies show that CS
is potentially far more efficient than PSO and genetic algorithms [11,12,40,41,26].

CS uses a balanced combination of a local random walk and the global explorative
random walk, controlled by a switching parameter pa . The local random walk can be
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written as

xt+1
i = xt

i + αs ⊗ H(pa − ε) ⊗ (xt
j − xt

k), (2.19)

where xt
j and xt

k are two different solutions selected randomly by random permutation,
H(u) is a Heaviside function, ε is a random number drawn from a uniform distribution,
and s is the step size. Here, the ⊗ means the entry-wise product.

On the other hand, the global random walk is carried out by using Lévy flights [21]:

xt+1
i = xt

i + αL(s, λ), (2.20)

where

L(s, λ) = λ�(λ) sin (πλ/2)

π

1

s1+λ
, (s  s0 > 0). (2.21)

Here α > 0 is the step size scaling factor, which should be related to the scales of the
problem of interest.

CS has two distinct advantages over other algorithms such as GA and SA: efficient
random walks and balanced mixing. Since Lévy flights are usually far more efficient
than any other random-walk-based randomization techniques, CS can be very efficient
in global search. In fact, recent studies show that CS can have guaranteed global conver-
gence [27]. In addition, the similarity between eggs can produce better new solutions,
which is essentially fitness-proportional generation with a good mixing ability. In other
words, CS has varying mutation realized by Lévy flights, and the fitness-proportional
generation of new solutions based on similarity provides a subtle form of crossover.
In addition, selection is carried out by using pa where the good solutions are passed
on to next generations, whereas not-so-good solutions are replaced by new solutions.
Furthermore, simulations also show that CS can have autozooming ability in the sense
that new solutions can automatically zoom into the region where the promising global
optimality is located.

In addition, Eq. (2.20) is essentially the generalized simulated annealing in the
framework of Markov chains. In Eq. (2.19), if pa = 1 and αs ∈ [0, 1], CS can
degenerate into a variant of differential evolution. Furthermore, if we replace xt

j by
the current best solution g∗, then (2.19) can further degenerate into accelerated particle
swarm optimization (APSO) [37]. This means that SA, DE, and APSO are special cases
of CS, and that is one of the reasons that CS is so efficient.

In essence, CS has strong mutation at both local and global scales, while good
mixing is carried out by using solution similarity, which also plays the role of equivalent
crossover. Selection is done by elitism, that is, a good fraction of solutions will be passed
on to the next generation. Without the explicit use of g∗, we may also overcome the
premature convergence drawback, as observed in particle swarm optimization.

2.3.8 The Bat Algorithm

The metaheuristic bat algorithm (BA) was developed by Xin-She Yang in 2010 [34].
It was inspired by the echolocation behavior of microbats. It is the first algorithm of its
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kind to use frequency tuning. Each bat is associated with a velocity vt
i and a location

xt
i , at iteration t , in a d-dimensional search or solution space. Among all the bats, there

exists a current best solution x∗. Therefore, the preceding three rules can be translated
into the updating equations for xt

i and velocities vt
i :

fi = fmin + ( fmax − fmin)β, (2.22)

vt
i = vt−1

i +
(

xt−1
i − x∗

)
fi , (2.23)

xt
i = xt−1

i + vt
i , (2.24)

where β ∈ [0, 1] is a random vector drawn from a uniform distribution.
The loudness and pulse emission rates are regulated by the following equations:

At+1
i = αAt

i , (2.25)

and

r t+1
i = r0

i [1 − exp (−γ t)], (2.26)

where 0 < α < 1 and γ > 0 are constants. In essence, here α is similar to the cooling
factor of a cooling schedule in simulated annealing.

BA has been extended to the multiobjective bat algorithm (MOBA) by Yang [36,38],
and preliminary results suggest that it is very efficient.

In BA, frequency tuning essentially acts as mutation, whereas selection pressure is
relatively constant via the use of the current best solution x∗ found so far. There is no
explicit crossover; however, mutation varies due to the variations of loudness and pulse
emission. In addition, the variations of loudness and pulse emission rates also provide
an autozooming ability so that exploitation becomes intensive as the search approaches
the global optimality.

2.3.9 Harmony Search

Harmony search (HS) is a music-inspired algorithm developed by Zong Woo Geem
et al. in 2001 [13]. It is not swarm-intelligence-based, but it is a metaheuristic algo-
rithm [31]. In the standard HS, solutions are represented in terms of a population of
harmonies, using the following three choices or rules (of a musician playing a piece of
music): (1) play any famous piece of music from memory, (2) play something similar
to a known piece (pitch adjustment), and (3) compose new or random notes. HS uses
mainly mutation and selection, whereas crossover is not explicitly used. The first rule
corresponds to selection or elitism, and the second and third rules are mutation.

Mutation can be local and global in HS. For example, pitch adjustment (the second
rule) uses the following equation:

xnew = xold + bwε, (2.27)

where bw is the bandwidth of the pitch adjustment, whereas ε is a random number
drawn from [−1, 1]. This is a local random walk, and the distance of the random walk
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is controlled by the bandwidth. This part can be considered a local mutation action
with an equivalent mutation rate of 0.1 to 0.3.

The third rule is essentially mutation on a larger scale, which is essentially equivalent
to random walks. The selection is controlled by the probability of choosing a harmony
from harmony memory. Similar to genetic algorithms, this choice of harmonies from
the population is high, with a typical value of 0.9, which enables the system to converge
in a subspace. However, this may be at the expense of reduced probability of finding
the global optimality in some highly nonlinear problems.

2.3.10 The Flower Algorithm

The flower pollination algorithm (FPA) was developed by Xin-She Yang in 2012 [42],
inspired by the flower pollination process of flowering plants. It has been extended to
multiobjective optimization problems and found to be very efficient [43]. For simplicity,
we use the following four rules:

1. Biotic and cross-pollination can be considered global pollination process, and pollen-
carrying pollinators move in a way that obeys Lévy flights (Rule 1).

2. For local pollination, abiotic pollination and self-pollination are used (Rule 2).
3. Pollinators such as insects can develop flower constancy, which is equivalent to a

reproduction probability that is proportional to the similarity of two flowers involved
(Rule 3).

4. The interaction or switching of local pollination and global pollination can be con-
trolled by a switch probability p ∈ [0, 1], with a slight bias toward local pollination
(Rule 4).

To formulate updating formulae, we must convert these rules into updating equa-
tions. For example, in the global pollination step, flower pollen gametes are carried by
pollinators such as insects, and pollen can travel over a long distance because insects
can often fly and move in a much longer range. Therefore, Rule 1 and flower constancy
can be represented mathematically as

xt+1
i = xt

i + γ L(λ)
(
g∗ − xt

i

)
, (2.28)

where xt
i is the pollen i or solution vector xi at iteration t , and g∗ is the current best

solution found among all solutions at the current generation/iteration. Here γ is a
scaling factor to control the step size.

Here L(λ) is the parameter that corresponds to the strength of the pollination, which
essentially is also a step size. Since insects may move over a long distance with various
distance steps, we can use a Lévy flight to mimic this characteristic efficiently. That is,
we draw L > 0 from a Lévy distribution

L ∼ λ�(λ) sin (πλ/2)

π

1

s1+λ
, (s  s0 > 0). (2.29)

Here �(λ) is the standard gamma function, and this distribution is valid for large steps
s > 0. This step is essentially a global mutation step, which enables us to explore the
search space more efficiently.



Analysis of Algorithms 37

For the local pollination, both Rules 2 and 3 can be represented as

xt+1
i = xt

i + ε
(

xt
j − xt

k

)
, (2.30)

where xt
j and xt

k are pollen from different flowers of the same plant species. This
essentially mimics the flower constancy in a limited neighborhood. Mathematically, if
xt

j and xt
k come from the same species or are selected from the same population, this

equivalently becomes a local random walk if we draw ε from a uniform distribution in
[0,1]. In essence, this is a local mutation and mixing step, which can help to converge
in a subspace.

In principle, flower pollination activities can occur at all scales, both local and global.
But in reality, adjacent flower patches or flowers in the not-so-far-away neighborhood
are more likely to be pollinated by local flower pollen than by those far away. To mimic
this feature, we can effectively use a switch probability (Rule 4) or a proximity prob-
ability p to switch between common global pollination to intensive local pollination.
To start with, we can use a naïve value of p = 0.5 as an initial value. A preliminary
parametric showed that p = 0.8 may work better for most applications.

Selection is achieved by choosing the best solutions and passing them on to the
next generation. It also explicitly uses g∗ to find the best solution as both selection and
elitism. There is no explicit crossover, which is also true for many other algorithms
such as particle swarm optimization and harmony search.

2.3.11 Other Algorithms

Many other algorithms have appeared in the literature. Fister Jr. et al. provided a brief
survey [9], which may require more extensive analysis and comparisons. However,
because this is not the main focus of this book, we will not go into more detail about
these algorithms.

One thing we may notice by analyzing these algorithms is that mutation and selection
are always used, whereas crossover is not used in most of these algorithms. This may
raise the question and further need to analyze what exactly is the role of crossover. As
we discussed earlier, crossover provides good mixing and convergence enhancement in
a subspace, but if the crossover rate is too high, it may lead to premature convergence.
On the other hand, too much exploration by mutation may slow down the convergence.
The lack of explicit crossover in many algorithms may explain the observations or fact
that many new algorithms can indeed provide better guarantee of the global optimality,
but the number of iterations is not significantly reduced compared with those used in
genetic algorithms and differential evolution. The only exception is the eagle strategy
and coevolutionary algorithms.

Therefore, there is a strong need to further investigate how the two-stage eagle
strategy and coevolutionary methods can work better. In addition, systematic tuning of
parameters in algorithms and careful control of these algorithm-dependent parameters
may be very useful in understanding how these algorithms behave and how to improve
them in practice.
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2.4 Parameter Tuning and Parameter Control

All nature-inspired algorithms have algorithm-dependent parameters. The setting of
these parameters can largely influence the behavior and performance of an algorithm.
How to best tune and control these algorithms is still a very challenging problem [7].

2.4.1 Parameter Tuning

In order to tune A(, p) (for a given problem  and algorithm A with a set of parameters
p) so as to achieve its best performance, a parameter-tuning tool, i.e., a tuner, is needed.
As with tuning a high-precision machinery, sophisticated tools are required. For tuning
parameters in an algorithm, what tool can we use? One way is to use a better, existing
tool (say, algorithm B) to tune an algorithm A. Now the question may become: How
do you know B is better? Is B well tuned? If yes, how do you tune B in the first place?
Naïvely, if we use another tool (say, algorithm C) to tune B. Now, again the question
becomes, how has algorithm C been tuned? This can go on and on until the end of a
long chain, say, algorithm Q. In the end, we need some tool/algorithm to tune this Q,
which again comes back to the original question: How do we tune an algorithm A so
that it can perform best?

It is worth pointing out that even if we have good tools to tune an algorithm, the
best parameter setting and thus performance all depend on the performance measures
used in the tuning. Ideally, the parameters should be robust enough to handle minor
parameter changes, random seeds, and even problem instance [7]. However, in practice,
they may not be achievable. According to Eiben [7], parameter tuning can be divided
into iterative and noniterative tuners, single-stage and multistage tuners. The meanings
of these terms are self-explanatory. In terms of the actual tuning methods, existing
methods include sampling methods, screening methods, model-based methods, and
metaheuristic methods. These methods’ success and effectiveness can vary, and thus
there are no well-established methods for universal parameter tuning.

2.4.2 Hyperoptimization

From our earlier observations and discussions, it is clear that parameter tuning is the
process of optimizing the optimization algorithm; therefore, it is a hyperoptimization
problem. In essence, a tuner is a meta-optimization tool for tuning algorithms.

For a standard unconstrained optimization problem, the aim is to find the global
minimum f∗ of a function f (x) in a d-dimensional space. That is,

Minimize f (x), x = (x1, x2, . . . , xd). (2.31)

Once we choose an algorithm A to solve this optimization problem, the algorithm will
find a minimum solution fmin that may be close to the true global minimum f∗. For a
given tolerance δ, this may require tδ iterations to achieve | fmin − f∗| ≤ δ. Obviously,
the actual tδ will largely depend on both the problem objective f (x) and the parameters
p of the algorithm used.
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The main aim of algorithm tuning is to find the best parameter setting p∗ so that
the computational cost or the number of iterations tδ is the minimum. Thus, parameter
tuning as a hyperoptimization problem can be written as

Minimize tδ = A( f (x), p), (2.32)

whose optimality is p∗.
Ideally, the parameter vector p∗ should be sufficiently robust. For different types

of problems, any slight variation in p∗ should not much affect the performance of A,
which means that p∗ should lie in a flat range rather than at a sharp peak in the parameter
landscape.

2.4.3 Multiobjective View

If we look at the algorithm-tuning process from a different perspective, it is possible to
construct it as a multiobjective optimization problem with two objectives: one objective
f (x) for the problem  and one objective tδ for the algorithm. That is,

Minimize f (x) and Minimize tδ = A( f (x), p), (2.33)

where tδ is the (average) number of iterations needed to achieve a given tolerance δ so
that the found minimum fmin is close enough to the true global minimum f∗, satisfying
| fmin − f∗| ≤ δ.

This means that for a given tolerance δ, there will be a set of best parameter settings
with a minimum tδ . As a result, the bi-objectives will form a Pareto front. In principle,
this bi-objective optimization problem (2.33) can be solved by any methods that are
suitable for multiobjective optimization. But as δ is usually given, a natural way to
solve this problem is to use the so-called ε-constraint or δ-constraint methods. The
naming may be dependent on the notations; however, we will use δ-constraints here in
this chapter.

For a given δ ≥ 0, we change one of the objectives (i.e.. f (x)) into a constraint, and
thus the preceding problem (2.33) becomes a single-objective optimization problem
with a constraint. That is,

Minimize tδ = A( f (x), p), (2.34)

subject to

f (x) ≤ δ. (2.35)

Though the idea becomes clearer in this framework, we still need to choose a good
tool to solve this multiobjective problem. Recently, Xin-She Yang et al. proposed a
method for a self-tuning algorithm, which is outlined in detail in a later chapter in this
book. Briefly speaking, this bi-objective optimization problem can be solved by using
the algorithm A itself in an iterative manner, which essentially achieves parameter
tuning and problem solving simultaneously.
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2.4.4 Parameter Control

Related to parameter tuning, there is another issue of parameter control. Parameter
values after parameter tuning are often fixed during iterations, whereas parameters
should vary during iterations for the parameter control purpose. The idea of parameter
control is to vary the parameters so that the algorithm of interest can provide the best
convergence rate and thus may achieve the best performance. Again, parameter control
is another tough optimization problem to be resolved. In the bat algorithm (BA), some
basic form of parameter control has been attempted and found to be very efficient [34].
By controlling the loudness and pulse emission rate, BA can automatically switch from
explorative moves to local exploitation that focuses on the promising regions when the
global optimality may be nearby. Similarly, the cooling schedule in simulated annealing
can be considered a form of basic parameter control.

On the other hand, eagle strategy (ES) is a two-stage iterative strategy with iterative
switches [35]. ES starts with a population of agents in the explorative mode, then
switches to the exploitation stage for local intensive search. Then it starts again with
another set of explorative moves and subsequently turns into a new exploitation stage.
This iterative, restart strategy has been found to be very efficient.

Both parameter tuning and parameter control are under active research. More effi-
cient methods are strongly needed for this purpose.

2.5 Discussions

Many optimization algorithms are based on the so-called swarm intelligence and use
population-based approaches. Most use some sort of three-key evolutionary opera-
tors: crossover, mutation, and selection. However, almost all algorithms use mutation
and selection, whereas crossover may appear in some subtle way in some algorithms.
Crossover is efficient in exploitation and can often provide good convergence in a local
subspace. If this subspace is where the global optimality lies, then crossover with elitism
can almost guarantee achievement of global optimality. However, if the subspace of
crossover is not in the region where the global optimality lies, there is a danger of
premature convergence.

The extensive use of mutation and selection can typically enable a stochastic algo-
rithm to have a high ability of exploration. Since the exploitation is relatively low,
the convergence rate is usually low compared with that of traditional methods such as
Newton-Raphson. As a result, most metaheuristic algorithms can usually perform well
for nonlinear problems, including relatively tough optimization. However, the number
of function evaluations can be very high.

The role of crossover and mutation in exploration is rather subtle, whereas selection
as an exploitation mechanism can be simple and yet effective. However, it is still not
clear how the combination of crossover, mutation, and selection can directly link to
the balance of exploration and exploitation. In fact, this is still an open question. For
example, in genetic algorithms, the probability of crossover can be as high as 0.95,
whereas the mutation can be typically low, in the range of 0.01 to 0.05. In comparison
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with other algorithms, exploration seems low, but genetic algorithms have been proven
very effective. On the other hand, mutation-related Lévy flights in cuckoo search can
have a high exploration ability, yet cuckoo search can converge very quickly. At the
same time, it is not clear what percentage of the search is in exploration in the standard
firefly algorithm, yet it has been shown that the firefly algorithm is very effective in
dealing with multimodal, highly nonlinear problems.

Even in the standard particle swarm optimization, it is not clear what percentage
of the search iterations is in the exploration. The use of the current global best can be
advantageous and disadvantageous as well. The current global best may help speed up
the convergence, but it may also lead to the wrong optimality if the current global best
is obtained from a biased set of samples drawn from a subspace where a local optimum
(not the global optimum) is located. All these points suggest that it is unknown how to
achieve optimal balance of exploration and exploitation by tuning the combination of
evolutionary operators.

In fact, fine balance cannot be achieved by putting together all evolutionary operators
in a good way without tuning parameters. From experience, we know that the setting
or values of any algorithm-dependent parameters can significantly affect the perfor-
mance of an algorithm. To get good performance, we need to find the right values for
parameters. In other words, parameters need to be fine-tuned so that the algorithm can
perform to the best degree. Parameter tuning is still an active area of research [7].

Despite the importance of these problems, little progress has been made. On the
contrary, there is some diversion in research efforts away from important problems in
the current literature. Nature has evolved into millions of diverse species with a diverse
range of characteristics, but this does not mean that researchers should develop millions
of different algorithms, such as a grass algorithm, leaves algorithm, beatles algorithm,
sky algorithm, universe algorithm, or hooligan algorithm. Emphasis should focus on
solving important problems.

However, this does not mean that new algorithms should not be developed. The
research community should encourage truly novel and efficient algorithms in terms of
better evolutionary operators and better balance of exploration and exploitation.

2.6 Summary

Optimization algorithms based on swarm intelligence can have some distinct advan-
tages over traditional methods. By using theories of dynamical systems and self-
organization as well as the framework of Markov chains, we have provided a critical
analysis of some recently nature-inspired algorithms. The analysis has focused on the
way of achieving exploration and exploitation and the basic components of evolutionary
operators such as crossover, mutation, and selection of the fittest.

Through analysis, it is found that most SI-based algorithms use mutation and selec-
tion to achieve exploration and exploitation. Some algorithms use crossover as well, but
most do not. Mutation helps us explore on a global scale, whereas crossover explores in
a subspace and thus is more likely to lead to convergence. Selection provides a driving
mechanism to select the promising states or solutions.
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The analysis also implies that there is room for improvement. Some algorithms such
as PSO may lack mixing and crossover, and therefore hybridization may be useful to
enhance their performance.

It is worth pointing out that the preceding analysis is based on the system behavior
for continuous optimization problems, and it can be expected that these results are
still valid for combinatorial optimization problems. However, care should be taken
in combinatorial problems where neighborhood may have a different meaning, and
therefore the subspace concept may also be different. Further analysis may help provide
more elaborate insight.
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3 Random Walks and Optimization

By analyzing the main characteristics of metaheuristic algorithms, we know that ran-
domization plays an important role in both exploration and exploitation, or diversifi-
cation and intensification. In most cases, randomization is achieved by simple random
numbers that are drawn from either a uniform distribution or a Gaussian normal dis-
tribution. In other cases, more sophisticated randomization techniques such as random
walks and Lévy flights are used. This chapter provides a brief review of the basic ideas
and theory of random walks, Lévy flights, and Markov chains. We also discuss initial-
ization, step sizes, the efficiency of an algorithm, and eagle strategy. This helps us gain
insight into the working mechanisms of nature-inspired metaheuristic algorithms.

3.1 Random Variables

Randomization is usually realized by using pseudorandom numbers, based on some
common stochastic processes. The probability density distributions for random vari-
ables are commonly uniform distributions, Gaussian distributions, power-law distribu-
tion, and Lévy distributions.

A random variable can be considered an expression whose value is the realization
or outcome of events associated with a random process such as noise level on a street.
The values of random variables are real, though for some variables, such as the number
of cars on a road, they can only take discrete values. Such random variables are called
discrete random variables. If a random variable such as noise at a particular location
can take any real values in an interval, it is called continuous. If a random variable
can have both continuous and discrete values, it is called a mixed type. Mathematically
speaking, a random variable is a function that maps events to real numbers. The domain
of this mapping is called the sample space.

For each random variable, a probability density function can be used to express its
probability distribution. For example, the number of phone calls per minute and the
number of users of a Web server per day all obey the Poisson distribution

p(n; λ) = λne−λ

n! , (n = 0, 1, 2, . . . ), (3.1)

where λ > 0 is a parameter that is the mean or expectation of the occurrence of the
event during a unit interval.
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Various random variables have different distributions. Gaussian distribution or nor-
mal distribution is by far the most popular because many physical variables, including
light intensity, errors/uncertainty in measurements, and many other processes, obey the
normal distribution:

p(x;μ, σ 2) = 1

σ
√

2π
exp

[
− (x − μ)2

2σ 2

]
, −∞ < x <∞, (3.2)

where μ is the mean and σ > 0 is the standard deviation. This normal distribution is
often denoted by N(μ, σ 2). In the special case when μ = 0 and σ = 1, it is called a
standard normal distribution, denoted by N(0, 1).

In the context of metaheuristics, another important distribution is the so-called Lévy
distribution, which is a distribution of the sum of N identically and independently
distribution random variables whose Fourier transform takes the following form:

FN (k) = exp[−N |k|β ]. (3.3)

The inverse to get the actual distribution L(s) is not straightforward, since the integral

L(s) = 1

π

∫ ∞
0

cos (τ s)e−α τβ

dτ , (0 < β ≤ 2), (3.4)

does not have analytical forms, except for a few special cases. Here L(s) is called
the Lévy distribution with an index β. For most applications, we can set α = 1 for
simplicity. Two special cases are β = 1 and β = 2. When β = 1, the preceding integral
becomes the Cauchy distribution. When β = 2, it becomes the normal distribution. In
this case, Lévy flights become the standard Brownian motion.

Mathematically speaking, we can express the integral (3.4) as an asymptotic series,
and its leading-order approximation for the flight length results in a power-law distri-
bution

L(s) ∼ |s|−1−β, (3.5)

which is heavy-tailed. The variance of such a power-law distribution is infinite for
0 < β < 2. The moments diverge (or are infinite) for 0 < β < 2, which is a stumbling
block for mathematical analysis.

3.2 Isotropic Random Walks

A random walk is a random process that consists of taking a series of consecutive
random steps. Mathematically speaking, let SN denote the sum of each consecutive
random step Xi ; then SN forms a random walk

SN =
N∑

i=1

Xi = X1 + · · · + X N , (3.6)
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where Xi is a random step drawn from a random distribution. This relationship can
also be written as a recursive formula

SN =
N−1∑
i=1

Xi + X N = SN−1 + X N , (3.7)

which means the next state SN will only depend on the current existing state SN−1 and
the motion or transition X N from the existing state to the next state. This is typically
the main property of a Markov chain, introduced later.

Here the step size or length in a random walk can be fixed or varying. Random
walks have many applications in physics, economics, statistics, computer sciences,
environmental science, and engineering.

Consider a scenario: a drunkard walks on a street, and at each step he can randomly
go forward or backward. This forms a random walk in one dimension. If this drunkard
walks on a football pitch, he can walk in any direction randomly, which becomes a
two-dimensional random walk. Mathematically speaking, a random walk is given by
the following equation:

St+1 = St + wt , (3.8)

where St is the current location or state at t , and wt is a step or random variable with a
known distribution.

If each step or jump is carried out in the d-dimensional space, the random walk
discussed earlier,

SN =
N∑

i=1

Xi , (3.9)

becomes a random walk in higher dimensions. In addition, there is no reason why
each step length should be fixed. In fact, the step size can also vary according to a
known distribution. If the step length obeys the Gaussian distribution, the random walk
becomes the Brownian motion (see Figure 3.1).

Figure 3.1 Brownian motion in 2D: A random walk with a Gaussian step-size distribution and
the path of 50 steps starting at the origin (0, 0) (marked with •).
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In theory, as the number of steps N increases, the central limit theorem implies that
the random walk (3.9) should approach a Gaussian distribution. Because the mean of
particle locations shown in Figure 3.1 is obviously zero, their variance will increase
linearly with N , as shown later in this section.

Under the simplest assumptions, we know that a Gaussian distribution is stable. For
a particle starting with an initial location x0, its final location xN after N time steps is

xN = x0 +
N∑

i=1

αi si , (3.10)

where αi > 0 is a parameter controlling the step sizes or scalings. If si is drawn from
a normal distribution N (μi , σ

2
i ), then the conditions of stable distributions lead to a

combined Gaussian distribution

xN ∼ N (μ∗, σ 2∗ ), (3.11)

where

μ∗ =
N∑

i=1

αiμi , σ 2∗ =
N∑

i=1

αi [σ 2
i + (μ∗ − μi )

2]. (3.12)

We can see that the mean location changes with N and the variances increases as N
increases, this makes it possible to reach any areas in the search space if N is large
enough.

In the special case when μ1 = μ2 = · · · = μN = 0 (zero mean), σ1 = · · · = σN =
σ , and α1 = · · · = αN = α, the above equations become

μ∗ = 0, σ 2∗ = αNσ 2. (3.13)

A diffusion process can be viewed as a series of Brownian motions, and the motion
obeys the Gaussian distribution. For this reason, standard diffusion is often referred
to as the Gaussian diffusion. Since the mean of particle locations is obviously zero if
μi = 0, their variance will increase linearly with time t = N or the number of steps.
In general, in the d-dimensional space, the variance of Brownian random walks can be
written as

σ 2(t) = |v0|2t2 + (2d D)t, (3.14)

where v0 is the drift velocity of the system. Here D = s2/(2τ) is the effective diffusion
coefficient, which is related to the step length s over a short time interval τ during
each jump. If the motion at each step is not Gaussian, the diffusion is called non-
Gaussian diffusion. If the step length obeys other distributions, we have to deal with
more generalized random walks. A very special case is when the step length obeys the
Lévy distribution. Such a random walk is called Lévy flight or Lévy walk.
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3.3 Lévy Distribution and Lévy Flights

Loosely speaking, Lévy flights are random walks whose step length is drawn from
the Lévy distribution, often in terms of a simple power-law formula L(s) ∼ |s|−1−β

where 0 < β ≤ 2 is an index. Mathematically speaking, a simple version of a Lévy
distribution can be defined as

L(s, γ , μ) =
⎧⎨
⎩

√
γ

2π
exp

[
− γ

2(s−μ)

]
1

(s−μ)3/2 , 0 < μ < s <∞
0 otherwise,

(3.15)

where μ > 0 is a minimum step and γ is a scale parameter. Clearly, as s → ∞, we
have

L(s, γ , μ) ≈
√

γ

2π

1

s3/2 . (3.16)

This is a special case of the generalized Lévy distribution.
In general, Lévy distribution should be defined in terms of Fourier transform

F(k) = exp[−α|k|β ], 0 < β ≤ 2, (3.17)

where α is a scale parameter. The inverse of this integral is not easy, since it does not
have analytical form except for a few special cases.

For the case of β = 2, we have

F(k) = exp[−αk2], (3.18)

whose inverse Fourier transform corresponds to a Gaussian distribution. Another spe-
cial case is β = 1, and we have

F(k) = exp[−α|k|], (3.19)

which corresponds to a Cauchy distribution

p(x, γ , μ) = 1

π

γ

γ 2 + (x − μ)2 , (3.20)

where μ is the location parameter while γ controls the scale of this distribution.
For the general case, the inverse integral

L(s) = 1

π

∫ ∞
0

cos (ks) exp[−α|k|β ]dk (3.21)

can be estimated only when s is large. We have

L(s)→ αβ	(β) sin (πβ/2)

π |s|1+β
, s →∞. (3.22)

Here 	(z) is the Gamma function

	(z) =
∫ ∞

0
t z−1e−t dt . (3.23)

In the case when z = n is an integer, we have 	(n) = (n − 1)!.
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Figure 3.2 Lévy flights in 50 consecutive steps starting at the origin (0, 0) (marked with •).

Lévy flights are more efficient than Brownian random walks in exploring unknown,
large-scale search spaces. There are many reasons to explain this efficiency, one of
which is due to the fact that the variance of Lévy flights

σ 2(t) ∼ t3−β, 1 ≤ β ≤ 2, (3.24)

increases much faster than the linear relationship (i.e., σ 2(t) ∼ t) of Brownian random
walks [7].

Figure 3.2 shows the path of Lévy flights of 50 steps starting from (0, 0) with β = 1.
It is worth pointing out that a power-law distribution is often linked to some scale-free
characteristics, and Lévy flights can thus show self-similarity and fractal behavior in
the flight patterns.

From the implementation point of view, the generation of random numbers with Lévy
flights consists of two steps: the choice of a random direction and the generation of steps
that obey the chosen Lévy distribution. The generation of a direction should be drawn
from a uniform distribution, whereas the generation of steps is quite tricky. There are a
few ways of achieving this, one of the most efficient and yet straightforward of which
is to use the so-called Mantegna algorithm for a symmetric Lévy stable distribution.
Here symmetric means that the steps can be positive and negative.

A random variable U and its probability distribution can be called stable if a linear
combination of its two identical copies (or U1 and U2) obeys the same distribution.
That is, aU1+ bU2 has the same distribution as cU + d, where a, b > 0 and c, d ∈ 
.
If d = 0, it is called strictly stable. Gaussian, Cauchy, and Lévy distributions are all
stable distributions.

In Mantegna’s algorithm, the step length s can be calculated by

s = u

|v|1/β
, (3.25)

where u and v are drawn from normal distributions. That is,

u ∼ N (0, σ 2
u ), v ∼ N (0, σ 2

v ), (3.26)

where

σu =
{ 	(1+ β) sin (πβ/2)

	[(1+ β)/2]β2(β−1)/2

}1/β

, σv = 1. (3.27)
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This distribution (for s) obeys the expected Lévy distribution for |s| ≥ |s0|, where s0
is the smallest step. In principle, |s0| � 0, but in reality s0 can be taken as a sensible
value, such as s0 = 0.1 to 1.

Studies show that Lévy flights can maximize the efficiency of resource searches in
uncertain environments. In fact, Lévy flights have been observed among foraging pat-
terns of albatrosses, fruit flies, and spider monkeys. Even humans such as the Ju/’hoansi
hunter-gatherers can trace paths of Lévy-flight patterns. In addition, Lévy flights have
many applications. Many physical phenomena, such as the diffusion of fluorescent
molecules, cooling behavior, and noise, could show Lévy-flight characteristics under
the right conditions [1,11–15,17].

3.4 Optimization as Markov Chains

In every aspect, a simple random walk we discussed earlier can be considered as a
Markov chain.

3.4.1 Markov Chain

Briefly speaking, a random variable ζ is a Markov process if the transition probability,
from state ζt = Si at time t to another state ζt+1 = S j , depends only on the current
state ζi . That is,

P(i, j) ≡ P(ζt+1 = S j |ζ0 = Sp, . . . , ζt = Si )

= P(ζt+1 = S j |ζt = Si ), (3.28)

which is independent of the states before t . In addition, the sequence of random variables
(ζ0, ζ1, . . . , ζn) generated by a Markov process is subsequently called a Markov chain.
The transition probability P(i, j) ≡ P(i → j) = Pi j is also referred to as the
transition kernel of the Markov chain.

If we rewrite the random walk relationship (3.7) with a random move governed by
wt , which depends on the transition probability P , we have

St+1 = St + wt , wt ∼ P, (3.29)

which indeed has the properties of a Markov chain. Here wt ∼ P means the random
variable wt obeys the probability distribution P , i.e., wt is drawn from P . Therefore, a
random walk is a Markov chain. In fact, simulated annealing is one of the well-known
Markov chain algorithms [9].

We use πi (t) to denote the probability of the chain in the state i (or more accurately,
Si ) at time t . This means that π(t) = (π1, . . . , πm)T is a vector of the state space. At
time t = 0,π(0) is the initial vector.

The k-step transition probability P(k)
i j from state i to state j can be calculated by

P(k)
i j = P(ζt+k = S j |ζt = Si ), (3.30)
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where k > 0 is an integer. The matrix P = [P(1)
i j ] = [Pi j ] is the transition matrix,

which is a right stochastic matrix. A right stochastic matrix is defined as a probability
(square) matrix whose entries are nonnegative, with each row summing to 1. That is,

Pi j > 0,

m∑
j=1

Pi j = 1, i = 1, 2, . . . , m. (3.31)

It is worth pointing out that the left transition matrix, though less widely used, is a
stochastic matrix with each column summing to 1.

A Markov chain is regular if some power of the transition matrix P has only positive
elements. That is, there exists a positive integer K such that P(K )

i j > 0 for ∀i, j . This
means that there is a nonzero probability to go from any state i to another state j . In
other words, every state is accessible in a finite number of steps (not necessarily a few
steps). If the number of steps K is not a multiple of some integer, the chain is called
aperiodic. This means that there is no fixed-length cycle between certain states of the
chain. In addition, a Markov chain is said to be ergodic or irreducible if it is possible
to go from every state to every state [4,5].

In general, for a Markov chain starting with an initial π0 and a transition matrix P,
we have after k steps

πk = π0Pk, or πk = πk−1P, (3.32)

where πk is a vector whose j th entry is the probability that the chain is in state S j after
k steps.

There is a fundamental theorem about a regular Markov chain. That is,

lim
k→∞Pk = W, (3.33)

where W is a matrix with all rows equal and all entries strictly positive.
As the number of steps k increases, it is possible for a Markov chain to reach a

stationary distribution π∗ defined by

π∗ = π∗P. (3.34)

From the definition of eigenvalues of a matrix A,

Au = λu, (3.35)

we know that the previous equation implies that π∗ is the eigenvector (of P) associated
with the eigenvalue λ = 1 that is also the largest eigenvalue. The unique stationary
distribution requires the following detailed balance of transition probabilities:

Pi jπ
∗
i = Pjiπ

∗
j , (3.36)

which is often referred to as the reversibility condition. A Markov chain that satisfies
this reversibility condition is said to be reversible.
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This discussion mainly relates to the case when the states are discrete. We can
generalize the preceding results to a continuous-state Markov chain with a transition
probability P(u, v) and the corresponding stationary distribution

π∗(v) =
∫

�

π∗(u)P(u, v)dv, (3.37)

where � is the probability state space.
There are many ways to choose the transition probabilities, and different choices

will result in different behavior of the Markov chain. In essence, the characteristics of
the transition kernel largely determine how the Markov chain of interest behaves, which
also determines the efficiency and convergence of Markov chain Monte Carlo (MCMC)
sampling. There are several widely used sampling algorithms, including Metropolis
algorithms, Metropolis-Hasting algorithms, independence sampling, random walk, and
of course Gibbs sampler. Interested readers can refer to more advanced literature for
details [5].

3.4.2 Optimization as a Markov Chain

To solve an optimization problem, we can search the solution by performing a random
walk starting from a good initial but random-guess solution. However, simple or blind
random walks are not efficient. To be computationally efficient and effective in search-
ing for new solutions, we have to keep the best solutions found so far and increase the
mobility of the random walk so as to explore the search space more effectively. Most
important, we have to find a way to control the walk in such a way that it can move
toward the optimal solutions more quickly rather than wander away from the potential
best solutions. These are the challenges for most metaheuristic algorithms.

Further research along the route of Markov chains is the development of the Markov
chain Monte Carlo (MCMC) method, which is a class of sample-generating methods.
MCMC attempts to directly draw samples from some highly complex multidimensional
distribution using a Markov chain with known transition probability. Since the 1990s,
the MCMC method has become a powerful tool for Bayesian statistical analysis, Monte
Carlo simulations, and potentially optimization with high nonlinearity.

An important link between MCMC and optimization is that some heuristic and
metaheuristic search algorithms such as simulated annealing (introduced later) use a
trajectory-based approach. They start with some initial (random) state and propose a
new state (solution) randomly. Then, the move is accepted or not, depending on some
probability. This is strongly similar to a Markov chain. In fact, the standard simulated
annealing is a random walk [9].

Mathematically speaking, a great leap in understanding metaheuristic algorithms is
to view MCMC as an optimization procedure. If we want to find the minimum of an
objective function f (θ) at θ = θ∗ so that f∗ = f (θ∗) ≤ f (θ), we can convert it to a
target distribution for a Markov chain

π(θ) = e−γ f (θ), (3.38)

where γ > 0 is a parameter that acts as a normalized factor. γ value should be chosen
so that the probability is close to 1 when θ → θ∗. At θ = θ∗, π(θ) should reach a
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Markov Chain Algorithm for Optimization

Start with ζ0 ∈ S, at t = 0
while (criterion)

Propose a new solution Yt+1;
Generate a random number 0 ≤ Pt ≤ 1;

ζt+1 =
Yt+1 with probability Pt

ζt with probability 1 − Pt
(3.39)

end

Figure 3.3 Optimization as a Markov chain.

maximum π∗ = π(θ∗) ≥ π(θ). This requires that the formulation of L(θ) should
be nonnegative, which means that some objective functions can be shifted by a large
constant A > 0 such as f ← f + A, if necessary.

By constructing a MCMC, we can formulate a generic framework as outlined by
Ghate and Smith in 2008 [6], as shown in Figure 3.3. In this framework, simulated
annealing and its many variants are simply a special case with

Pt =
{

exp
[
− f

Tt

]
if ft+1 > ft

1 if ft+1 ≤ ft
.

In this case, only the difference  f between the function values is important.
Algorithms such as simulated annealing discussed in this book use a single Markov

chain, which may not be very efficient. In practice, it is usually advantageous to use
multiple Markov chains in parallel to increase the overall efficiency. In fact, the algo-
rithms such as particle swarm optimization and the firefly algorithm can be viewed
as multiple interacting Markov chains, though such theoretical analysis remains very
challenging. The theory of interacting Markov chains is complicated and yet still under
development, and any progress in such areas will play a central role in understanding
how population- and trajectory-based metaheuristic algorithms perform under vari-
ous conditions. However, even though we do not fully understand why metaheuristic
algorithms work, this does not hinder us from using these algorithms efficiently. On
the contrary, such mysteries can drive and motivate us to pursue further research and
development in metaheuristics.

3.5 Step Sizes and Search Efficiency

3.5.1 Step Sizes, Stopping Criteria, and Efficiency

As random walks are widely used for randomization and local search in metaheuristic
algorithms [19,21], a proper step size is very important. Typically, we use the following
generic equation:

xt+1 = xt + sεt , (3.40)
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where εt is drawn from a standard normal distribution with zero mean and unity standard
deviation. Here, the step size s determines how far a random walker (e.g., an agent or a
particle in metaheuristics) can go for a fixed number of iterations. Obviously, if s is too
large, the new solution xt+1 that is generated will be too far away from the old solution
(or more often the current best). Then such a move is unlikely to be accepted. If s is
too small, the change is too small to be significant, and consequently such search is
not efficient. So, a proper step size is important to maintain the search as efficiently as
possible.

From the theory of simple isotropic random walks [7,10–12,14], we know that the
average distance r (i.e., standard deviation) traveled in the d-dimension space is

r2 = 2d Dt, (3.41)

where D = s2/2τ is the effective diffusion coefficient. Here s is the step size or distance
traveled at each jump, and τ is the time taken for each jump. The preceding equation
implies that

s2 = τ r2

td
. (3.42)

For a typical scale L of dimensions of interest, the local search is typically limited in
a region of L/10. That is, r = L/10. Because the iterations are discrete, we can take
τ = 1. Typically in metaheuristics, we can expect that the number of generations is
usually t = 100 to 1000, which means that

s ≈ r√
td
= L/10√

td
. (3.43)

For d = 1 and t = 100, we have s = 0.01L , whereas s = 0.001L for d = 10 and
t = 1000. Because step sizes could differ from variable to variable, a step size ratio
s/L is more generic. Therefore, we can use s/L = 0.001 to 0.01 for most problems.

Let us suppose that we want to achieve an accuracy of δ = 10−5. Then we can
estimate the number of steps or iterations Nmax needed by pure random walks. This is
essentially the upper bound for Nmax:

Nmax ≈ L2

δ2d
. (3.44)

For example, for L = 10 and d = 10, we have

Nmax ≈ 102

(10−5)2 × 10
≈ 1011, (3.45)

which is a huge number that is not easily achievable in practice. However, this number is
still far smaller than that needed by a uniform or brute-force search method. It is worth
pointing out that the previous estimate is the upper limit for the worst-case scenarios.
In reality, most metaheuristic algorithms require far fewer numbers of iterations.
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On the other hand, the preceding formula implies another interesting fact that the
number of iterations will not affect much by dimensionality. In fact, higher-dimensional
problems do not necessarily significantly increase the number of iterations. This may
lead to a rather surprising possibility that random walks may be efficient in higher
dimensions if the optimization is highly multimodal. This provides some hints for
designing better algorithms by cleverly using random walks and other randomization
techniques.

3.5.2 Why Lévy Flights are More Efficient

If we use Lévy flights instead of Gaussian random walks, we have an estimate

Nmax ≈
( L2

δ2d

)1/(3−β)

. (3.46)

If we use β = 1.5, we have

Nmax ≈ 2× 107. (3.47)

We can see that Lévy flights can reduce the number of iterations by about 4 orders
[O(104)] from O(1011) to O(107). Obviously, if other values of β are used, reduction
can be even more. As we will see later in this chapter, eagle strategy in combination
with Lévy flights can reduce the number of iterations more significantly, from O(1011)

to O(103).
However, before we further discuss search strategies, let us see how the modality

of the objective landscape can affect the strategies used for finding the optimality in a
vast search space.

3.6 Modality and Intermittent Search Strategy

Even if there is no guideline in practice, some preliminary work on the very limited
cases exists in the literature and may provide some insight into the possible choice of
parameters so as to balance these components. Ideally, the search strategy used for an
optimization process should employ the knowledge of the modality of the objective
landscape so that the optimality can be reached with the minimum computational
effort. However, too much problem-specific knowledge may limit the usefulness of an
algorithm. An algorithm that is flexible enough and able to cope with a diverse range of
problems requires minimum input from the problem-specific settings and can almost
treat the problems as the black-box type. This leads to various challenges, and there
are no guidelines concerning them.

There have been various attempts in designing search strategies. One of these strate-
gies is the so-called intermittent search strategy, which concerns the possibly optimal
way to search for an unknown target in a vast search landscape. This strategy is iterative
and consists of a slow detection phase and a fast search phase [2]. Here the slow phase
is the detection phase via slowing down and intensive, static local search techniques.
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The fast phase is the search without detection and can be considered an exploration
technique. For example, the static target detection with a small region of radius a in a
much larger domain of radius R, where a � R, can be modeled as a slow diffusive
process in terms of random walks with a diffusion coefficient D.

It is worth pointing out that the following results assume that the targets are local
optima or modes and the objective functions are multimodal. For unimodal functions,
there is no need to balance exploration and exploitation because exploitation should
be used mainly in the search process. For convex unimodal, any found local optimality
is also the global optimal solution; therefore, intensive local search exploiting local
information and update is preferred. Intermittent switch between exploration stage and
exploitation stage can be optimal for multimodal functions where the areas/volumes of
the local modes are small, compared with the area/volume of the search domain. Thus,
we are dealing with target modes with sparsity.

Let τa and τR be the mean times spent in intensive detection stage and the time spent
in the exploration stage, respectively, in the 2D case [2]. The diffusive search process
is governed by the mean first-passage time, satisfying the following equations:

D∇2
r t1 + 1

2πτa

∫ 2π

0
[t2(r)− t1(r)]dθ + 1 = 0, (3.48)

u · ∇r t2(r)− 1

τR
[r2(r)− t1(r)] + 1 = 0, (3.49)

where t2 and t1 are times spent during the search process at slow and fast stages,
respectively, and u is the search speed [2].

After some lengthy mathematical analysis [2], the optimal balance of these two
stages can be estimated as

roptimal = τa

τ 2
R

≈ D

a2

1[
2− 1

ln (R/a)

]2 . (3.50)

Assuming that the search steps have a uniform velocity u at each step on average, the
minimum times required for each phase can be estimated as

τmin
a ≈ D

2u2

ln2 (R/a)

[2 ln (R/a)− 1] (3.51)

and

τmin
R ≈ a

u

√
ln (R/a)− 1

2
. (3.52)

When u →∞, these relationships lead to the previous optimal ratio of two stages. An
interesting observation is that the preceding results depend weakly on the domain size
R, and thus balancing these two key components can lead to very efficient performance
of the algorithm used [2]. In addition, increasing the global exploration velocity u can
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also reduce the overall search time and thus implicitly enhance the search efficiency
of the algorithm. It should be emphasized that the previous result is only valid for 2D
cases, and there is no general results for higher dimensions except in some special
3D cases. Now let us use this limited result to help choose the possible values of
algorithm-dependent parameters in the eagle strategy [19] as an example.

Let us first use a multimodal test function to see how to find the fine balance between
exploration and exploitation in an algorithm for a given task. Xin-She Yang’s standing-
wave test function can be a good example [18,8]:

f (x) = 1+
{

exp

[
−

d∑
i=1

(
xi

σ
)10

]
− 2 exp

[
−

d∑
i=1

x2
i

]}
·

d∏
i=1

cos2 xi , (3.53)

which is multimodal with many local peaks and valleys. It has a unique global minimum
at fmin = 0 at (0, 0, . . . , 0) in the domain −20 ≤ xi ≤ 20, where i = 1, 2, . . . , d and
σ = 15. In this case, we can estimate that R = 20 and a ≈ π/2, which means that
R/a ≈ 12.7, and we have in the case of d = 2

pe ≈ τoptimal ≈ 1

2[2− 1/ ln (R/a)]2 ≈ 0.19. (3.54)

This indicates that the algorithm should spend 80% of its computational effort on global
explorative search and 20% of its effort on local intensive search.

However, it is worth pointing out that the optimal ratio between exploitation and
exploration here is landscape-based or landscape-dependent. That is, the actual value
will vary from problem to problem, and there is no universally optimal ratio. One
special case is that when R � a or R/a � 1, Eq. (3.54) gives

toptimal(R→∞)→ 1/8. (3.55)

This optimal ratio is valid only for multimodal problems in a vast region where the
modal size is relatively small compared with the size of the search space. Furthermore,
this is only for multimodal problems with unknown landscapes. Obviously, if we know
a problem is unimodal, we should focus on exploitation without much exploration, and
there are efficient algorithms such as Newton-Raphson methods that can converge very
quickly.

On the other hand, there is another optimality that concerns the setting of parameters
in an algorithm. Such optimality of algorithm-dependent parameters can be said to
be algorithm-based or algorithm-dependent. Ideally, efficiency will become truly the
highest when the landscape-based optimality matches the algorithm-based optimality.
However, such a match itself is another higher-level optimization problem.

Even with the best possible setting of algorithm-dependent parameters with a known
ratio between exploitation and exploration, the ways that sample the search space are
also important, as we address in the next section.
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3.7 Importance of Randomization

3.7.1 Ways to Carry Out Random Walks

Randomization is a way of enabling an algorithm to explore more in the search space,
and it can be considered as a way of diversification as well as intensification, depending
on the exact details of how the randomization is realized. There are many ways of
carrying out intensification and diversification. In fact, each algorithm and its variants
use different ways of achieving the balance between exploration and exploitation [3,
19,20].

By analyzing all the metaheuristic algorithms, we can categorically say that the way
to achieve exploration or diversification is mainly by random walks in combination with
a deterministic procedure. This ensures that the newly generated solutions distribute as
diversely as possible in the feasible search space.

One of the simplest and yet most commonly used randomization techniques is to
use a uniformly distributed random variable to sample the search space in terms of

xnew = L+ (U− L)∗εu, (3.56)

where L and U are the lower-bound and upper-bound vectors, respectively. εu is a
uniformly distributed random variable in [0, 1]. This is often used in many algorithms
such as harmony search, particle swarm optimization, and bat algorithm. Obviously,
the use of a uniform distribution is not the only way to achieve randomization. In fact,
random walks such as Lévy flights on a global scale are more efficient.

A more elaborate way to obtain diversification is to use mutation and crossover.
Mutation makes sure that new solutions are as far or different as possible from their
parents or existing solutions, whereas crossover provides good mixing and yet limits
the degree of overdiversification, since new solutions are generated by swapping parts
of the existing solutions.

The generation of new solutions can be carried out around a promising or better
solution locally and more intensively. This goal can be easily achieved by a local
random walk

xnew = xold + s w, (3.57)

where w is a random vector, typically drawn from a Gaussian distribution with zero
mean. Here s is the scaling factor for the step size of the random walk. In general, the
step size should be small enough so that only the local neighborhood is visited. If s
is too large, the region visited can be too far away from the region of interest, which
will increase diversification significantly but reduce intensification greatly. Therefore,
a proper step size should be much smaller than (and be linked with) the scale of the
problem. For example, the pitch adjustment in a harmony search and the move in
simulated annealing are typically local random walks.

If we want to increase the efficiency of this random walk (and thus increase the
efficiency of exploration as well), we can use other forms of random walks, such as
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Lévy flights, where s is drawn from a Lévy distribution with large step sizes. In fact,
any distribution with a long tail will help increase the step size and distance of such
random walks.

On the other hand, the main way to achieve the exploitation is to generate new
solutions around the most promising region, often around the current best solution,
locally and more intensively. Even with the standard random walk, we can use a more
selective or controlled walk around the current best xbest rather than any good solution.
That is,

xnew = xbest + s w. (3.58)

Some intensification techniques are not easy to decode but may be equally effective.
The crossover operator in evolutionary algorithms is a good example because as it uses
the solutions or strings from parents to form offsprings or new solutions. In many algo-
rithms, there is no clear distinction or explicit differentiation between intensification
and diversification. These two steps are often intertwined and interactive, which may,
in some cases, become an advantage. Good examples of such interaction are the genetic
algorithms, harmony search, cuckoo search, and the bat algorithm. Readers can analyze
any chosen algorithm to see how these components are implemented.

In addition, the selection of the best solutions is a crucial component for the success
of an algorithm. Simple, blind exploration and exploitation may not be effective without
the proper selection of the solutions of good quality. Simply choosing the best may be
effective for optimization problems with a unique global optimum. Elitism and keeping
the best solutions are efficient for multimodal and multi-objective problems. Elitism in
genetic algorithms and selection of harmonics are good examples of the selection of
the fittest.

In contrast with the selection of the best solutions, an efficient metaheuristic algo-
rithm should have a way to discard the worse solutions so as to increase the overall
quality of the populations during evolution. This is often achieved by some form of
randomization and probabilistic selection criteria. For example, mutation in genetic
algorithms acts as a way to do this. Similarly, in the cuckoo search, the castaway of a
nest/solution is another good example.

Another important issue is the randomness reduction. Randomization is mainly used
to explore the search space diversely on a global scale and to some extent, the exploita-
tion on a local scale. As better solutions are found and as the system converges, the
degree of randomness should be reduced; otherwise, it will slow down the convergence.
For example, in particle swarm optimization, randomness is automatically reduced as
the particles swarm together. This is because the distance between each particle and
the current global best is getting smaller and smaller.

In other algorithms, randomness is not reduced but is controlled and selected. For
example, the mutation rate is usually small so as to limit the randomness, whereas in
simulated annealing, the randomness during iterations may remain the same, but the
solutions or moves are selected and acceptance probability becomes smaller.

Finally, from the implementation point of view, the actual implementation does
vary, even though the pseudo code should give a good guide and should not in principle
lead to ambiguity. However, in practice, the actual way of implementing the algorithm
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does affect the performance to some degree. Therefore, validation and testing of any
algorithm implementation are important.

3.7.2 Importance of Initialization

Ideally, the final results should be independent of the starting points for a good algo-
rithm. However, the reality is that the results can largely depend on the initial start
points for almost all stochastic algorithms. If the objective landscape is hilly and if the
global optimality lies in an isolated small region, the initialization of the population is
very important. If the random initialization does not produce any solution in the neigh-
borhood of the global optimality the initial population, the chance that this population
converges to the true optimality may be low. On the other hand, if the initial seeding
produces a high number of solutions in the initial population that may lie in the neigh-
borhood of the global optimum, the chance of the population that converges toward the
true global optimality is very high. Therefore, the initialization of the population can
be very important. Ideally, initialization should use importance sampling techniques,
like those used in Monte Carlo methods, so that the solutions can be sampled according
to the objective landscape. However, this requires sufficient knowledge of the problem
and might not be suitable for any algorithm.

The ways to remedy these drawbacks are to run the algorithm many times with
different initial configurations and population for each run, which can lead to some
meaningful statistics, such as the mean and standard deviation. Alternatively, we should
run the algorithm long enough so that it “forgets” the initial states and thus converge
to the true global optimality, independent of the initial population. This is achievable
from the Markov chain point of view. The main disadvantage is that the convergence
rate may be slow and thus requires a very large number of iterations, thus leading to
high computational costs.

In practice, most algorithms tend to use some sort of initialization to ensure that
the newly generated solutions distribute as diversely as possible in the feasible search
space, as we discussed earlier.

3.7.3 Importance Sampling

The techniques used in Monte Carlo methods, such as importance sampling, can be
used to initialize the population in metaheuristic algorithms. For example, suppose the
problem is to minimize an integral

minimize
∫ b

a
f (u)du (3.59)

by choosing the right form of f (u), which is essentially the optimization of a function.
For this kind of problem, we can use the importance sampling technique.

For an integrand that varies rapidly in a narrow region, such as a sharp peak (e.g.,
f (x) = e−(100x)2

), the only sampling points that are important are near the peaks; the
sampling points far outside will contribute less. Thus, it seems that a lot of unnecessary
sampling points are wasted. There are two main ways to use the sampling points more



62 Nature-Inspired Optimization Algorithms

effectively: change of variables and importance sampling. The change of variables uses
the integrand itself so that it can be transformed to a more uniform (flat) function. For
example, the integral

I =
∫ b

a
f (u)du (3.60)

can be transformed using a known function u = g(v):

I =
∫ bv

av

f [g(v)]dg

dv
dv. (3.61)

The idea is to make sure that the new integrand is (or is close to) a constant A:

φ(v) = f [g(v)]dg(v)

v
= A, (3.62)

where v = g−1(u). This means that the uniform sampling can be used for φ. The new
integration limits are av = g−1(a) and bv = g−1(b).

3.7.4 Low-Discrepancy Sequences

In generating initial solutions in the initial population, there is no constraint on the type
of randomness (at least in principle). Apart from the uniform and Gaussian distributions,
we can use low-discrepancy sequences, Sobol sequences, Latin hypercubes, and others.

One of the interesting techniques is the so-called low-discrepancy sequence like
those used in quasi-Monte Carlo methods. Quasi-random numbers are designed to have
a high level of uniformity in multidimensional space; however, they are not statisti-
cally independent, which may counterintuitively lead to some advantages over standard
Monte Carlo methods. There are many ways of generating quasi-random numbers using
deterministic sequences, including radical inverse methods. Probably the most widely
used is the van der Corput sequence, developed by the Dutch mathematician J. G. van
der Corput in 1935. In this sequence, an arbitrary (decimal) integer n is expressed by
a unique expansion in terms of a prime base b in the form

n =
m∑

j=0

a j (n)b j , (3.63)

where the coefficients a j (n) can only take values {0, 1, 2, . . . , b − 1}. Here m is the
smallest integer that leads to a j (n) = 0 for all j > m. Then the expression in base b
is reversed or reflected,

φb(n) =
m∑

j=0

a j (n)
1

b j+1 , (3.64)

and the reflected decimal number is a low-discrepancy number whose distribution is
uniform in the interval [0, 1).
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For example, the integer n = 6 in base 2 can be expressed as 110 because 6 =
2 × 22 + 1 × 21 + 0 × 20, and m = 2. The expression 110 in base 2 is reversed or
reflected as 011. When expressed in terms of a decimal number, it becomes the van der
Corput number φ2(6) = 0 × 2−1 + 1× 2−2 + 1× 2−3 = 3/8. This number is in the
unit interval [0, 1]. For example, for the integers 0, 1, 2, . . . , 15, we have

0,
1

2
,

1

4
,

3

4
,

1

8
,

5

8
,

3

8
, . . . ,

15

16
. (3.65)

If we plot these points in the unit interval, we can see that these points seem to “fill the
gaps.”

Similarly, if we use base 3, the integer 5 can be expressed as 12, since 5 = 1× 31+
2 × 30. Now the reflection of the coefficients becomes 21. The number generated by
the van der Corput sequence becomes φ3(5) = 2× 3−1 + 1× 3−2 = 7

9 .
Low-discrepancy sequences, including the Halton sequence, Sobol sequence, Faure

sequence, and Niederreiter sequence, have been extended to higher dimensions. For
example, Sobol’s quasi-random sequence, developed in 1967, is among the most
widely used in quasi-Monte Carlo simulations [16]. However, the applications of these
sequences in nature-inspired algorithms still require more studies.

3.8 Eagle Strategy

3.8.1 Basic Ideas of Eagle Strategy

Eagle strategy (ES) is a recent metaheuristic strategy for optimization, developed in
2010 by Xin-She Yang and Suash Deb [19]. More extensive studies followed [20].
Eagle strategy uses a combination of crude global search and intensive local search,
employing different algorithms to suit different purposes. In essence, the strategy first
explores the search space globally using a Lévy flight random walk. If a promising
solution is found, an intensive local search is employed using a more efficient local
optimizer such as hill climbing, differential evolution, and/or cuckoo search. Then the
two-stage process starts again with new global exploration, followed by a local search
in a new region. The main steps are outlined in Figure 3.4.

The advantage of such a combination is to use a balanced tradeoff between global
search (which is often slow) and a fast local search. Some tradeoff and balance are
important. Another advantage of this method is that we can use any algorithms we like
at different stages of the search or even at different stages of iterations. This makes it
easy to combine the advantages of various algorithms so as to produce better results.

Here the only parameter is pe, which controls the switch between local and global
search. That is, it controls when to do exploitation and when to do exploration. It is worth
pointing out that this is a methodology or strategy, not an algorithm. In fact, we can
use different algorithms at different stages and at different times of the iterations. The
algorithm used for the global exploration should have enough randomness to explore
the search space diversely and effectively. This process is typically slow initially, and
should speed up as the system converges (or when no better solutions can be found after
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Eagle Strategy (ES)

Objective functions f1(x), ..., fN (x)
Initialize the population
while (stop criterion)

Global exploration by randomization
Evaluate the objectives and find promising solutions
if pe <rand,
Switch to an intensive, local search
Local search around the promising solutions via an efficient optimizer
if (better solution are found), update the current best; end
end

end
Post-process the results and visualization.

Figure 3.4 Pseudo code of the eagle strategy.

a certain number of iterations). On the other hand, the algorithm used for the intensive
local exploitation should be an efficient local optimizer. The idea is to reach the local
optimality as quickly as possible, with the minimal number of function evaluations.
This stage should be fast and efficient.

3.8.2 Why Eagle Strategy is So Efficient

In modern metaheuristic algorithms, the step sizes are controlled in such a way that
they will do local search more efficiently. To illustrate this point, let us split the search
process into two stages, like those in the efficient eagle strategy.

The first stage uses a crude/large step, say, δ1 = 10−2, and then in the second stage
we use the step size δ2 = 10−5 so as to achieve the same final accuracy as discussed in
the previous section. The first stage covers the whole region L1 = L; the second stage
covers local regions of size L2. Typically, L2 = O(L1/1000). Using the preceding
values and L1 = 1 and L2 = 0.01, we have N1,max ≈ 105 and N2,max ≈ 105. In this
case, the number of iterations can be reduced by about 5 orders (105) from O(1010) to
O(105).

In addition, if we further use Lévy flights with the eagle strategy, these estimates
can be reduced to

N1,max ≈ N2,max ≈ 2× 103, (3.66)

which can be both practical and realistic. In fact, the good combination of Lévy flights
with ES can reduce the number of iterations from O(1010) to O(103), which works
almost like a magic.

Therefore, using a combination with good algorithms, ES can significantly reduce
the computational efforts and may thus dramatically increase the search efficiency.
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4 Simulated Annealing

One of the earliest and yet most popular metaheuristic algorithms is simulated annealing
(SA), which is a trajectory-based, random search technique for global optimization. It
mimics the annealing process in materials processing when a metal cools and freezes
into a crystalline state with the minimum energy and larger crystal sizes so as to reduce
the defects in metallic structures. The annealing process involves the careful control
of temperature and its cooling rate, often called the annealing schedule. SA has been
successfully applied in many areas.

4.1 Annealing and Boltzmann Distribution

Since the first development of simulated annealing by Kirkpatrick et al. [7], SA has
been applied in almost every area of optimization. The metaphor of SA came from
the annealing characteristics in metal processing; however, SA has, in essence, strong
similarity to the classic Metropolis algorithm by Metropolis et al. [8].

Unlike the gradient-based methods and other deterministic search methods that
have the disadvantage of being trapped into local minima, SA’s main advantage is
its ability to avoid being trapped in local minima. In fact, it has been proved that
simulated annealing will converge to its global optimality if enough randomness is
used in combination with very slow cooling. Essentially, SA is a search algorithm as a
Markov chain, which converges under appropriate conditions.

Metaphorically speaking, this is equivalent to dropping some bouncing balls over
a landscape, and as the balls bounce and lose energy, they settle down to some local
minima. If the balls are allowed to bounce enough times and lose energy slowly enough,
some of the balls will eventually fall into the globally lowest locations; hence the global
minimum can be reached.

The basic idea of the SA algorithm is to use random search in terms of a Markov
chain, which not only accepts changes that improve the objective function but also keeps
some changes that are not ideal. In a minimization problem, for example, any better
moves or changes that decrease the value of the objective function f will be accepted;
however, some changes that increase f will also be accepted with a probability p. This
probability p, also called the transition probability, is determined by

p = exp

[
− �E

kB T

]
, (4.1)

where kB is the Boltzmann’s constant, and for simplicity, we can set kB = 1. T is
the temperature for controlling the annealing process. �E is the change of the energy

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00004-X
© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-416743-8.00004-X


68 Nature-Inspired Optimization Algorithms

level. This transition probability is based on the Boltzmann distribution in statistical
mechanics.

The simplest way to link �E with the change of the objective function � f is to use

�E = γ� f, (4.2)

where γ is a real constant. For simplicity without losing generality, we can use kB = 1
and γ = 1. Thus, the probability p simply becomes

p(� f, T ) = e−�f /T . (4.3)

Whether or not a change is accepted, a random number r is usually used as a threshold.
Thus, if p > r , or

p = exp

[
−�f

T

]
> r, (4.4)

the move is accepted. In most cases, r can be drawn from a uniform distribution in [0,1].

4.2 Parameters

Here the choice of the right initial temperature is crucially important. For a given
change �f , if T is too high (T → ∞), then p → 1, which means almost all the
changes will be accepted. If T is too low (T → 0), then any � f > 0 (worse solution)
will rarely be accepted as p → 0, and thus the diversity of the solution is limited, but
any improvement � f will almost always be accepted. In fact, the special case T → 0
corresponds to the gradient-based method because only better solutions are accepted,
and the system is essentially climbing up or descending along a hill. Therefore, if T
is too high, the system is at a high energy state on the topological landscape, and the
minima are not easily reached. If T is too low, the system may be trapped in a local
minimum (not necessarily the global minimum), and there is not enough energy for the
system to jump out the local minimum to explore other minima, including the global
minimum. So, a proper initial temperature should be calculated.

Another important issue is how to control the annealing or cooling process so that
the system cools down gradually from a higher temperature to ultimately freeze to
a global minimum state. There are many ways of controlling the cooling rate or the
decrease of the temperature.

Two commonly used annealing schedules (or cooling schedules) are linear and
geometric. For a linear cooling schedule, we have

T = T0 − βt, (4.5)

or T → T −δT , where T0 is the initial temperature and t is the pseudo time for iterations.
β is the cooling rate, and it should be chosen in such a way that T → 0 when t → t f

(or the maximum number N of iterations), which usually gives β = (T0 − T f )
/

t f .
On the other hand, a geometric cooling schedule essentially decreases the temper-

ature by a cooling factor 0 < α < 1 so that T is replaced by αT or

T (t) = T0α
t , t = 1, 2, . . ., t f . (4.6)
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The advantage of the second method is that T → 0 when t → ∞, and thus there is
no need to specify the maximum number of iterations. For this reason, we will use this
geometric cooling schedule. The cooling process should be slow enough to allow the
system to stabilize easily. In practice, α = 0.7∼0.99 is commonly used.

In addition, for a given temperature, multiple evaluations of the objective function
are needed. If there are too few evaluations, there is a danger that the system will
not stabilize and subsequently will not converge to its global optimality. If there are
too many evaluations, it is time-consuming, and the system will usually converge too
slowly, because the number of iterations to achieve stability might be exponential to
the problem size.

Therefore, there is a fine balance between the number of evaluations and solution
quality. We can either do many evaluations at a few temperature levels or do few
evaluations at many temperature levels. There are two major ways to set the number of
iterations: fixed or varied. The first uses a fixed number of iterations at each temperature;
the second intends to increase the number of iterations at lower temperatures so that
the local minima can be fully explored.

4.3 SA Algorithm

The simulated annealing algorithm can be summarized as the pseudo code shown in
Figure 4.1.

To find a suitable starting temperature T0, we can use any information about the
objective function. If we know the maximum change max (� f ) of the objective func-
tion, we can use this to estimate an initial temperature T0 for a given probability p0.
That is,

T0 ≈ −max (� f )

ln p0
.

Simulated Annealing Algorithm

Objective function f(x), x = (x1, ..., xd)T

Initialize the initial temperature T0 and initial guess x(0)
Set the final temperature Tf and the max number of iterations N
Define the cooling schedule T αT , (0 < α < 1)
while ( T > Tf and t < N )

Drawn from a Gaussian distribution
Move randomly to a new location: xt+1 = xt + (random walk)
Calculate Δf = ft+1(xt+1) − ft(xt)
Accept the new solution if better
if not improved

Generate a random number r
Accept if p = exp[−Δf/T ] > r

end if
Update the best x∗ and f∗
t = t + 1

end while

Figure 4.1 Simulated annealing algorithm.
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If we do not know the possible maximum change of the objective function, we can use
a heuristic approach. We can start evaluations from a very high temperature (so that
almost all changes are accepted) and reduce the temperature quickly until about 50% or
60% of the worse moves are accepted, and then use this temperature as the new initial
temperature T0 for proper and relatively slow cooling.

For the final temperature, it should be zero in theory so that no worse move can be
accepted. However, if T f → 0, more unnecessary evaluations are needed. In practice,
we simply choose a very small value, say, T f = 10−10∼10−5, depending on the
required quality of the solutions and time constraints.

4.4 Unconstrained Optimization

Based on the guidelines of choosing the important parameters such as the cooling rate,
initial and final temperatures, and the balanced number of iterations, we can implement
the simulated annealing using both Matlab and Octave.

For Rosenbrock’s banana function

f (x, y) = (1 − x)2 + 100(y − x2)2,

we know that its global minimum f∗ = 0 occurs at (1,1) (see Figure 4.2). This is
a standard test function and quite tough for most algorithms. However, by using our
implemented SA, we can find this global minimum easily, and the last 500 evaluations
during annealing are shown in Figure 4.3.

This banana function is still relatively simple because it has a curved narrow valley.
We should validate SA against a wide range of test functions, especially those that are
strongly multimodal and highly nonlinear.

-2 -1 0 1 2
-2

-1

0

1

2

Figure 4.2 Rosenbrock’s function with the global minimum f∗ = 0 at (1,1).
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Figure 4.3 Five hundred evaluations during the annealing iterations. The final global best is
marked with •.

4.5 Basic Convergence Properties

There are relatively extensive studies of the convergence properties of simulated anneal-
ing and its variants [1,2,4]. The description in this section is largely based on the analysis
by Bertsimas and Tsitsiklis in 1993 [1].

We assume that the solutions in SA form a finite set S and that a real-valued objective
function f is defined on this finite set S. We also assume that there is a proper subset
S∗ of S so that S∗ ⊂ S and f achieves the global minima on S∗. The iteration starts
with an initial state x0 ∈ S.

For each i ∈ S, we can define a set of neighbors of i as Si ⊂ S − {i}. In addition, a
cooling schedule T (t) is defined as a nonincreasing function T so that the temperature
T (t) will approach zero when t is large. In this case, SA becomes a discrete-time
inhomogeneous Markov chain x(t). Starting from the current state i and randomly
choosing a neighbor j of i , the probability of selecting any j ∈ Si can be defined as qi j .

Furthermore, for every i , all the positive coefficients qi j for j ∈ Si satisfy
∑

j∈Si
qi j = 1. If we assume that the Markov chain x(t) is aperiodic as well as irreducible (i.e.,
qi j = q ji for all i, j), this Markov chain is also reversible. In this case, its corresponding
invariant probability can be given by the so-called Gibbs distribution

πT (i) = 1

QT
e− f (i)/T (4.7)

for i ∈ S. Here QT is a normalizing constant [1]. This relationship can be understood
if we let T (t) be held at a constant value T . It can be expected that this probability can
be concentrated on S∗ when T → 0.

One of the fundamental questions is, will the iterations or the Markov chain formed
by x(t) converge to the optimal set S∗? If yes, how fast is the convergence rate? If not,
what are the conditions needed to ensure the convergence takes place?
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Based on the studies by Hajek (1988) and Hajek and Sasaki (1989) [4,5], the SA
algorithm can converge in the statistical sense under the following conditions:

lim
t→∞ T (t) = 0,

∞∑
t=1

exp[−h̄/T (t)] → ∞, (4.8)

where h̄ > 0 is the smallest number such that every i ∈ S communicates with S∗ at
a height h̄. Here, the meaning of “state i communicates with S at height h̄” is defined
in the following sense: There exists a path in S in the consecutive neighbor of each
preceding element that starts at state i and finishes at some state in S∗, and along this
path, the largest value of f is f + h̄. It is worth pointing out that this convergence is
the convergence in probability P , not the almost sure convergence. That is,

lim
t→∞ P(x(t) ∈ S∗) → 1, (4.9)

which also requires implicitly that the Markov chain x(t) is aperiodic and irreducible,
as discussed previously.

To satisfy the two conditions, we can use one of the most widely used cooling
schedules:

T (t) = h

log t
, (4.10)

which gives

T (t) → 0 as t → ∞, (4.11)

and
∞∑

t=1

exp[−h̄/T (t)] =
∞∑

t=1

1

tθ
, θ = h̄

h
, (4.12)

which approaches ∞ if θ = h̄/h ≤ 1. That is, SA will converge if and only if h ≥ h̄.
In this case, the Markov chain becomes reversible and homogeneous. This also means
that the approximate schedule T̃ (t) to T (t) = h/ log t can be used:

T̃ (t) = 1

k
, for t ∈ [tk, tk+1], (4.13)

where

tk+1 = tk + exp (kh), (4.14)

starting with t1 = 1.
Now let us briefly analyze SA in terms of the eigenvalues of a Markov chain. The

first eigenvalue λ1 of a Markov chain is always λ1 = 1. The convergence rate is usu-
ally governed by the second-largest eigenvalue λ2. Chiang and Chow [3] showed that
the eigenvalues of the transition probability matrix in SA are real, and its relaxation
time is associated with λ2 [3]. In fact, in the case when the objective function f has
a unique global minimum, this relaxation time can be approximated by exp (kh̄). In
other words, the convergence condition h ≥ h̄ means that the interval [tk, tk+1] has a
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relaxation time exp[k(h̄ − h)] so that π(i)|tk+1 is very close to the invariant probability
πT =1/k(i) as k → ∞.

Another way of looking at why SA works is as follows: For a local minimum of
depth h, the probability of escaping from this local minimum along any particular path
is at most exp (−h/T ). Therefore, if the number of candidate paths is sufficiently high,
the overall escape probability can be significant. This is partly why the landscape of
the objective function and structure of the state space are important in determining the
search system behavior.

4.6 SA Behavior in Practice

Now we can discuss the real implications of such convergence results in practice. From
a practical point of view, if we run the SA for N steps, the probability P(x(N ) ∈ S∗)
may not give anything useful. In fact, we may be more concerned with the estimated
probability that no state in S∗ is visited during t ≥ N . According to Bertsimas and
Tsitsiklis [1], this probability for T (t) = h/ log t can be approximated by

max P
[
x(t) /∈ S∗

∣∣x(0)
] ≥ A

ta
, (4.15)

where A and a are positive constants that depend on the objective f and the structures
of the neighborhood. Obviously, this probability A/ta → 0 as t = N → ∞. In other
words, as the iterations proceed, the probability of not finding the global optimality
approaches zero.

Even though these theoretical results can be rigorous, the true implications may
not be so easy to interpret. In reality, it is not realistic to run an algorithm for a very
long time, certainly not t → ∞. In addition, the convergence rate also depends on the
landscape of the objective function and the structure of the neighborhood. Therefore,
when to stop the execution of an algorithm and how the algorithm actually behaves can
be a very different matter.

Various studies and numerous applications show that the performance of SA is quite
mixed. For some problems, SA can outperform the best known methods, whereas for
other problems, specialized heuristics can perform better than SA [1]. This is true
for applications such as graph partitioning problems, graph coloring problems, and
traveling salesman problems.

In addition, the computation time is usually extensive because SA usually requires
a high number of iterations. For some applications, such as image processing, the
computation times can be quite excessive.

On the other hand, a common question asked by many researchers is, what effect
do different cooling schedules have on performance? It was observed that about 10%
of computation efforts may be typical when cooling schedules are changed [9]. Other
studies show that about 40% of computational variations may be possible [11]. This
has motivated nonmonotonic cooling schedules and many other studies such as parallel
annealing and parallel tempering.
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f(x)

g(x)

Figure 4.4 The basic idea of stochastic tunneling by transforming f (x) to g(x), suppressing
some modes and preserving the locations of minima.

It is worth pointing out that SA’s performance is also linked to the mixing ability
of the Markov chain. At very high temperatures, rapid mixing in Markov chains can
occur, leading to a random walk. However, for much lower temperatures, providing
rapid mixing for SA Markov chains is still a very challenging task, despite the fact that
the behavior at small temperatures is most relevant to the SA algorithm.

4.7 Stochastic Tunneling

To ensure the global convergence of simulated annealing, a proper cooling schedule
must be used. When the functional landscape is complex, SA may become increasingly
difficult to escape the local minima if the temperature is too low. Raising the tempera-
ture, as in so-called simulated tempering, may solve the problem, but the convergence
is typically slow, and the computing time also increases.

Stochastic tunneling uses the tunneling idea to transform the objective function
landscape into a different but more convenient one [6,10]. The essence is to construct a
nonlinear transformation so that some modes of f (x) are suppressed and other modes
are amplified while preserving the loci of minima of f (x).

The standard form of such a tunneling transformation is

g(x) = 1 − exp[−γ ( f (x) − f0)], (4.16)

where f0 is the current lowest value of f (x) found so far. γ > 0 is a scaling parameter,
and g is the transformed new landscape. From this simple transformation, we can see
that g → 0 when f − f0 → 0, that is, when f0 is approaching the true global minimum.
On the other hand, if f � f0, then g → 1, which means that all the modes well above
the current minimum f0 are suppressed. For a simple one-dimensional function, it is
easy to see that such properties indeed preserve the loci of the function (see Figure 4.4).

As the loci of the minima are preserved, all the modes above the current lowest
value f0 are suppressed to some degree, while the modes below f0 are expanded or
amplified, which makes it easier for the system to escape local modes. Simulations
and studies suggest that it can significantly improve the convergence for functions with
complex landscape and modes.

The SA description is mainly for unconstrained problems. However, for constrained
problems, we need to find a practical way to deal with constraints, since most real-world
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optimization problems are constrained. Common methods such as penalty methods
can be used for constraint handling, and we discuss in detail the ways of incorporating
nonlinear constraints in a later chapter.
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5 Genetic Algorithms

Genetic algorithms are among the most popular evolutionary algorithms in terms of the
diversity of their applications. A vast majority of well-known optimization problems
have been tried by genetic algorithms. In addition, genetic algorithms are population-
based, and many modern evolutionary algorithms are directly based on genetic algo-
rithms or have some strong similarities.

5.1 Introduction

The genetic algorithm (GA), developed by John Holland and his collaborators in the
1960s and 1970s [11,4], is a model or abstraction of biological evolution based on
Charles Darwin’s theory of natural selection. Holland was probably the first to use the
crossover and recombination, mutation, and selection in the study of adaptive and artifi-
cial systems. These genetic operators form the essential part of the genetic algorithm as
a problem-solving strategy. Since then, many variants of genetic algorithms have been
developed and applied to a wide range of optimization problems, from graph coloring
to pattern recognition, from discrete systems (such as the traveling salesman problem)
to continuous systems (e.g., the efficient design of airfoil in aerospace engineering),
and from financial markets to multiobjective engineering optimization.

There are many advantages of genetic algorithms over traditional optimization algo-
rithms. Two of the most notable are. the ability to deal with complex problems and
parallelism. Genetic algorithms can deal with various types of optimization, whether
the objective (fitness) function is stationary or nonstationary (changes with time), lin-
ear or nonlinear, continuous or discontinuous, or with random noise. Because multiple
offsprings in a population act like independent agents, the population (or any subgroup)
can explore the search space in many directions simultaneously. This feature makes it
ideal to parallelize the algorithms for implementation. Different parameters and even
different groups of encoded strings can be manipulated at the same time.

However, genetic algorithms also have some disadvantages. The formulation of a
fitness function, the use of population size, the choice of important parameters such
as the rate of mutation and crossover, and the selection criteria of the new popula-
tion should be carried out carefully. Any inappropriate choice will make it difficult
for the algorithm to converge or it will simply produce meaningless results. Despite
these drawbacks, genetic algorithms remain one of the most widely used optimization
algorithms in modern nonlinear optimization.

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00005-1
© 2014 Elsevier Inc. All rights reserved.
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5.2 Genetic Algorithms

The essence of GA involves the encoding of an optimization function as arrays of bits
or character strings to represent chromosomes, the manipulation operations of strings
by genetic operators, and the selection according to their fitness, with the aim to find a
good (even optimal) solution to the problem concerned.

This is often done by the following procedure: (1) encoding the objectives or cost
functions; (2) defining a fitness function or selection criterion; (3) creating a popula-
tion of individuals; (4) carrying out the evolution cycle or iterations by evaluating the
fitness of all the individuals in the population, creating a new population by performing
crossover and mutation, fitness-proportionate reproduction, etc., and replacing the old
population and iterating again using the new population; (5) decoding the results to
obtain the solution to the problem. These steps can be represented schematically as the
pseudo code of genetic algorithms shown in Figure 5.1.

One iteration of creating a new population is called a generation. The fixed-length
character strings are used in most genetic algorithms during each generation, although
there is substantial research on the variable-length strings and coding structures. The
coding of the objective function is usually in the form of binary arrays or real-valued
arrays in the adaptive genetic algorithms. For simplicity, we use binary strings for
encoding and decoding in our discussion. The genetic operators include crossover,
mutation, and selection from the population.

The crossover of two parent strings is the main operator with a higher probability pc

and is carried out by swapping one segment of one chromosome with the corresponding
segment on another chromosome at a random position (see Figure 5.2). The crossover
carried out in this way is a single-point crossover. Crossover can also occur at multiple
sites, which essentially swap the multiple segments with those on their corresponding
chromosome. Crossover at multiple points is used more often in genetic algorithms to
increase the evolutionary efficiency of the algorithms.

The mutation operation is achieved by flopping the randomly selected bits (see
Figure 5.3), and the mutation probability pm is usually small. In addition, mutation can

Genetic Algorithm

Objective function f(x), x = (x1, ..., xd)T

Encode the solutions into chromosomes (strings)
Define fitness F (eg, F ∝ f(x) for maximization)
Generate the initial population
Initialize the probabilities of crossover (pc) and mutation (pm)

while ( t <Max number of generations )
Generate new solution by crossover and mutation
Crossover with a crossover probability pc

Mutate with a mutation probability pm

Accept the new solutions if their fitness increase
Select the current best for the next generation (elitism)
Update t = t + 1

end while
Decode the results and visualization

Figure 5.1 Pseudo code of genetic algorithms.
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1 0 1 1 0 1 0 1

0 1 1 0 0 0 1 1

Parent gene pair (before crossover)⇓

1 0 1 1 0 0 1 1

0 1 1 0 0 1 0 1

Child gene pair (after crossover)

Figure 5.2 Diagram of crossover at a random crossover point (location) in genetic algorithms.

1 1 0 1 1 0 0 1

Original gene (before mutation)⇓

1 1 0 0 1 0 0 1

New gene (after crossover)

Figure 5.3 Schematic representation of mutation at a single site by flipping a randomly selected
bit (1 → 0).

also occur at multiple sites simultaneously, which can be advantages in practice and
implementations.

The selection of an individual in a population is carried out by the evaluation of its
fitness, and it can remain in the new generation if a certain threshold of the fitness is
reached. In addition, selection can also be fitness-based so that the reproduction of a
population is fitness-proportionate. That is to say, the individuals with higher fitness
are more likely to reproduce.

5.3 Role of Genetic Operators

As introduced earlier, genetic algorithms have three main genetic operators: crossover,
mutation, and selection. Their roles can be very different.

• Crossover. Swaping parts of the solution with another in chromosomes or solution
representations. The main role is to provide mixing of the solutions and convergence
in a subspace.

• Mutation. The change of parts of one solution randomly, which increases the diversity
of the population and provides a mechanism for escaping from a local optimum.

• Selection of the fittest, or elitism. The use of the solutions with high fitness to pass
on to next generations, which is often carried out in terms of some form of selection
of the best solutions.

Obviously, in actual algorithms, the interactions between these genetic operators
make behavior very complex. However, the role of the individual components remains
the same.
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Crossover is mainly an action with a subspace. This point becomes clear for a binary
system where the strings consist of a and b. For example, for two strings S1 = [aabb]
and S2 = [abaa], whatever the crossover actions will be, their offsprings will always be
in the form [a. . .]. That is, crossover can only result in solutions in a subspace where the
first component is always a. Furthermore, two identical solutions will result in two iden-
tical offspring, no matter how the crossover has been applied. This means that crossover
works in a subspace, and the converged solutions/states will remain converged.

On the other hand, mutation usually leads to a solution outside the subspace. For the
previous example, if the mutation occurs on the first a and it flips to b, then the solution
S3 = [babb] does not belong to the previous subspace. In fact, mutation typically gener-
ates solutions that may be further from current solutions, thus increasing the diversity of
the population. This will enable the population to escape from a trapped local optimum.

One important issue is random selection among the population. For example, cross-
over requires two parents in the population. Do we choose them randomly or biased
toward the solutions with better fitness? One way is to use a roulette wheel to do the
selection; another is to use fitness-proportional selection. Obviously, there are other
forms of selection in use, including linear ranking selection, tournament selections,
and others.

Both crossover and mutation work without use of the knowledge of the objective
or fitness landscape. Selection of the fittest, or elitism, on the other hand, does use the
fitness landscape to guide what to choose and thus affects the search behavior of an algo-
rithm. What is selected and how solutions are selected depend on the algorithm as well
as the objective function values. This elitism ensures that the best solutions must survive
in the population. However, very strong elitism may lead to premature convergence.

It is worth pointing out that these genetic operators are fundamental. Other operators
may take different forms, and hybrid operators can also work. However, to understand
the basic behavior of genetic algorithms, we will focus on these key operators.

5.4 Choice of Parameters

An important issue is the formulation or choice of an appropriate fitness function that
determines the selection criterion in a particular problem. For the minimization of a
function using genetic algorithms, one simple way of constructing a fitness function is
to use the simplest form F = A − y, where A is a large constant (though A = 0 will
do if the fitness is not required to be nonnegative) and y = f (x). Thus, the objective
is to maximize the fitness function and subsequently minimize the objective function
f (x). Alternatively, for a minimization problem, one can define a fitness function
F = 1/ f (x), but it may have a singularity when f → 0. However, there are many
different ways of defining a fitness function. For example, we can use the individual
fitness assignment relative to the whole population,

F(xi ) = f (ξi )∑n
i=1 f (ξi )

, (5.1)

where ξi is the phenotypic value of individual i , and n is the population size.
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The appropriate form of the fitness function will make sure that the solutions with
higher fitness should be selected efficiently. Poor fitness function may result in incorrect
or meaningless solutions.

Another important issue is the choice of various parameters. The crossover proba-
bility pc is usually very high, typically in the range of 0.7 ∼ 1.0. On the other hand,
the mutation probability pm is usually small (usually 0.001 ∼ 0.05). If pc is too small,
then the crossover occurs sparsely, which is not efficient for evolution. If the mutation
probability is too high, the solutions could still “jump around,” even if the optimal
solution is approaching.

A proper criterion for selecting the best solutions is also important. How to select the
current population so that the best individuals with higher fitness should be preserved
and passed on to the next generation is a question that is still not fully answered.
Selection is often carried out in association with certain elitism. The basic elitism is to
select the fittest individual (in each generation) whose traits will be carried over to the
new generation without being modified by genetic operators. This ensures that the best
solution is achieved more quickly.

Other issues include the multiple sites for mutation and the use of various population
sizes. Mutation at a single site is not very efficient; mutation at multiple sites will
increase evolution efficiency. However, too many mutants will make it difficult for the
system to converge or can even make the system go astray to the wrong solutions. In
real ecological systems, if the mutation rate is too high under a high selection pressure,
the whole population might go extinct.

In addition, the choice of the right population size n is also very important. If the
population size is too small, there is not enough evolution going on, and there is a risk
for the whole population to go extinct. In the real world, for a species with a small
population, ecological theory suggests that there is a real danger of extinction for such
species. Even if the system carries on, there is still a danger of premature convergence.
In a small population, if a significantly more fit individual appears too early, it may
reproduce enough offspring that they overwhelm the whole (small) population. This
will eventually drive the system to a local optimum (not the global optimum). On
the other hand, if the population is too large, more evaluations of the objective func-
tion are needed, which will require extensive computing time. Studies and empirical
observations suggest that the population size n = 40 to 200 works for most problems.

Furthermore, for more complex problems, various GA variants can be used to suit
specific tasks. Variants such as adaptive genetic algorithms and hybrid genetic algo-
rithms can be found in the literature.

Using the basic procedure described, we can implement the genetic algorithms in
any programming language. From the implementation point of view, there are two main
ways to use encoded strings. We can either use a string (or multiple strings) for each
individual in a population or use a long string for all the individuals or variables, as
shown in Figure 5.4.

x1 y1 ... ... · · · xn yn ... ...

Figure 5.4 Encode all design variables into a single long string.
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Best estimate: x → π

Fitness: f(x) → 1

Figure 5.5 Typical outputs from a typical run. The best estimate will approach π ; the fitness
will approach fmax = 1.

The well-known Easom function

f (x) = − cos (x)e−(x−π)2
, x ∈ [−10, 10], (5.2)

has the global maximum fmax = 1 at x∗ = π . The outputs from a typical run are shown
in Figure 5.5, where the top figure shows the variations of the best estimates as they
approach to x∗ → π , and the lower figure shows the variations of the fitness function.

Genetic algorithms are widely used, and there are many software packages in almost
all programming languages. Efficient implementation can be found in both commercial
and free codes. For this reason, we do not provide any implementation here.

5.5 GA Variants

There are several dozen GA variants which collectively can be called genetic algo-
rithms. Numerous variants are based on the various modifications in basic genetic
operators.

For the crossover operator, in addition to the multisite or N-site crossover and uni-
form cross, shuffled crossover uses the random permutations for two parents at N-points,
and then shuffled offsprings are transformed back via an inverse permutation. Simi-
larly, mutation can be achieved by flipping randomly chosen bits; by bitwise inversion,
which inverts the whole string; or by random mutation, where the string is replaced by
a new (random) one with a probability pm . Again, elitism can also take many different
forms. All these methods introduce slight variations in forms and behavior of genetic
algorithms.

In all these variants, the length of the string/bits, the crossover and mutation proba-
bilities, and the popular size n are all fixed. There is no strong reason for such fixture.
On the other hand, if we allow the variations of these parameters, such as the population
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size and string length, we can have adaptive genetic algorithms. Mutation rate can also
change based on the variations of the population. For example, if the solutions in the
population do not improve for a certain number of iterations or generations, mutation
rate can be increased temporarily. A relatively comprehensive review was carried out
by Sharapov [15].

Genetic algorithms can be hybridized with other algorithms. For example, gradient-
based methods can be used to enhance the performance of genetic algorithms. The
global search capability of genetic algorithms is used to ensure a high probability of
finding global optimality, whereas the derivatives or local information can be used to
speed up local search. For this approach, genetic algorithms can be combined with
various other algorithms to use the advantage of both algorithms.

The basic genetic operators can be used to evolve computer codes and other prob-
lems, which form the more general evolutionary computation [5,13].

As we pointed out in earlier chapters, algorithms are self-organization, and the
parameters in the genetic algorithms can be tuned; some so-called self-organization
genetic algorithms can also be developed. In fact, there are many variants of the genetic
algorithms; interested readers can refer to more specialized literature.

5.6 Schema Theorem

One of the important theoretical results concerning genetic algorithms is probably
Holland’s schema theorem, derived from original work by John Holland [11].

Loosely speaking, a schema is a template string that consists of only 0, 1, or ∗.
Here, the symbol ∗ is a wildcard, which can take any allele value (0 or 1). Therefore,
H = 1∗0∗∗1∗ is a schema representing a chromosome set of 24 = 16 different gene
sequences, all in the form [1∗0∗∗1∗] where the four ∗s can be take 0 or 1 (thus 24

combinations). In this sense, a schema represents a subset of the space of all possible
genes with the template H .

The order of a schema is the number of non ∗ in the schema, usually noted as o(H). In
our example, o(H) = 3. In addition, the defining length δ(H) of a schema H is defined
as the distance between the first and last non ∗ gene in the schema. In our example, the
first is 1 and the last is also 1, so δ(H) = 5. It is worth pointing out that both 1 ∗ ∗1 and
10 ∗ 1 have the same defining length of 3, whereas 10 ∗ ∗ has a defining length of 1 and
∗1 ∗ ∗ has a defining length of 0. For a given length m of a schema string, the defining
length δ(H) is always less than or equal to the string length m. That is, δ(H) ≤ m.

Holland’s fitness-proportional selection operator can be defined as the probability
p that an individual h samples a schema H , and we have

p(h ∈ H) = kH,t f̄ (H, t)

n f̄ (t)
, (5.3)

where n is the population size and f̄ (t) is the average fitness at generation or time t ,

f̄ (t) = 1

n

n∑
i=1

fi . (5.4)
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Here, kH,t is the number of individuals matching schema H at t , and f̄ (H, t) is the
mean fitness of individuals or instances matching schema H at t .

Therefore, the expectation or expected number of instances of H becomes

E[kH,t+1] = n p(h ∈ H) = kH,t f̄ (H, t)

f̄ (t)
. (5.5)

The well-known schema theorem can be stated as follows:

E[kH,t+1] ≥ kH,t
f̄ (H, t)

f̄ (t)

[
1 − pc

δ(H)

m − 1

]
(1 − pm)o(H), (5.6)

where pc and pm are the crossover probability and mutation rate, respectively. This
inequality always holds for any schema H under the condition of single-point crossover
and gene-wise mutation.

If we assume pm � 1, the preceding formula can be approximately written as

E[kH,t+1] ≥ kH,t
f̄ (H, t)

f̄ (t)

[
1 − δ(H)

(m − 1)
pc − o(H)pm

]
. (5.7)

This theorem implies that lower-order schemas with above-average fitness will be more
likely to survive in the population. This is the so-called Goldberg’s building-block
hypothesis or conjecture [7]. Briefly speaking, the lower-order short schemas are often
referred to as building blocks, and this hypothesis suggests that better solutions will be
created in a stepwise manner by recombination or crossover, mutation of high fitness
but short and low-order building blocks. Further mathematical analysis and practical
implications still form an active research topic.

Despite the important results of this schema theorem, it has little information about
the convergence rate of the genetic algorithms. Therefore, in the rest of this chapter we
briefly outline some results concerning GA convergence.

5.7 Convergence Analysis

There are many studies of the convergence properties of genetic algorithms, and key
results can be found in over a few dozen theoretical papers [3,10,12,14–16]. However,
from an introductory point of view, we mainly introduce the results by Louis and
Rawlins [12] in the rest of this chapter, and their results provide some good insight into
the main characteristics of genetic algorithms.

Before we proceed, let us introduce the basic concept of Hamming distance, which
is a distance measure between two strings of equal length. In essence, the Hamming dis-
tance is the number of symbols or positions of two strings at which their corresponding
characters are different. In other words, if one starts with one string, it is the mini-
mum number of replacements or substitutions needed to change into another string.
For example, the Hamming distance between “theory” and “memory” is 3 because
only the first 3 characters are different. The Hamming distance between “1234567”
and “1122117” is 5.
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The main results by Louis and Rawlins can be summarized as follows. For a popula-
tion of n binary strings, each string has a fixed length of m, and there are n(n−1)/2 pairs
of samples. The average Hamming distance can be estimated by a normal distribution
with the mean H0 and the standard deviation σ0. That is,

H0 = m

2
, σ0 =

√
m

2
. (5.8)

The traditional single-point crossover by random pairing will not change the average
Hamming distance.

In a population that contains a proportion p j of a binary allele j , the probability of
k copies of allele j that can be created in the next generation can be approximated by
a binomial distribution(

n
k

)
pk

j (1 − p j )
(n−k). (5.9)

In principle, the probability of a particular frequency of allele occurrence can be esti-
mated, but the mathematical analysis is complicated. For the current purpose, this prob-
ability A(p, t) of the allele frequency taking value p at time t can be approximated by

A(p, t) = 6p0(1 − p0)

n

(
1 − 2

n

)t
, (5.10)

whose detailed derivations can be found in Gale [6].
Therefore, in a flat objective landscape (without selection pressure), the probability

that an allele remains fixed at time t is P(t) = 1− A(p, t). For a chromosome of length
m, the probability that all alleles remain fixed can be estimated by

P(t, m) =
[
1 − 6p0(1 − p0)

n

(
1 − 2

n

)t
]m

, (5.11)

which provides an upper bound for a flat function when the objective function is con-
stant. For example, for a population of n = 40 with a 100-bit chromosome and after 100
generations, we have t = 100, m = 100, n = 40, and p0 = 0.5 (binary). The initial
Hamming average distance is m/2. Thus, the preceding probability becomes

P(t, m) =
[
1 − 6 × 0.5(1 − 0.5)

40

(
1 − 2

40

)100
]100 ≈ 0.978. (5.12)

This corresponds to an upper bound of 97.8% for the probability. However, if we
increase the population size to n = 100 (keeping others constant), then the probability
P ≈ 0.819.

It is worth pointing out that this probability is essentially all alleles remaining fixed.
In other words, it is the probability for premature convergence. As was shown briefly,
increasing the population size can reduce this premature convergence probability, and
large population sizes indeed occur in nature.

Other studies have provided more specific results that can be very useful in prac-
tice [1,2,8,9]. For example, the number of iterations t(ζ ) in GA with a convergence
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probability of ζ can be estimated by

t(ζ ) ≤
⌈

ln (1 − ζ )

ln

{
1 − min[(1 − μ)Ln, μLn]

}
⌉
, (5.13)

where μ = mutation rate, L = string length, and n = population size. This is valid
for single objective optimization.

For multiobjective optimization, there are also some interesting results. For exam-
ple, Villalobos-Arias et al. suggested that the transition matrix P of a metaheuristic
algorithm has a stationary distribution π such that

|Pk
i j − π j | ≤ (1 − ξ)k−1, ∀i, j, (k = 1, 2, . . .), (5.14)

where ξ is a function of mutation probability μ, string length L , and population size. For
example, ξ = 2nLμnL , so μ < 0.5 [17]. It is worth pointing out that care must be taken
in dealing with multiobjective optimization. Some algorithm variants may satisfy the
preceding conditions, but they may not always converge in practice. This is due to the
fact that some theoretical results have strict (almost unrealistic) assumptions. However,
the previous conditions with certain elitism can usually lead to good convergence.
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6 Differential Evolution

Differential evolution (DE) is a vector-based metaheuristic algorithm that has good
convergence properties. There are many DE variants, and they have been applied in
a wide range of disciplines. This chapter provides a brief introduction to the basic
differential evolution and its main implementation details and variants. Fundamental
convergence properties in terms of population variance are also discussed.

6.1 Introduction

Differential evolution, or DE, was developed in R. Storn and K. Price in their nominal
papers in 1996 and 1997 [7,8]. DE is a vector-based metaheuristic algorithm, which
has some similarity to pattern search and genetic algorithms due to its use of crossover
and mutation. In fact, DE can be considered as a further development to genetic algo-
rithms with explicit updating equations, which make it possible to do some theoretical
analysis. DE is a stochastic search algorithm with self-organizing tendency and does
not use the information of derivatives. Thus, it is a population-based, derivative-free
method. In addition, DE uses real numbers as solution strings, so no encoding and
decoding is needed.

As in genetic algorithms, design parameters in a d-dimensional search space are
represented as vectors, and various genetic operators are operated over their bits of
strings. However, unlike genetic algorithms, differential evolution carries out opera-
tions over each component (or each dimension of the solution). Almost everything
is done in terms of vectors. For example, in genetic algorithms, mutation is carried
out at one site or multiple sites of a chromosome, whereas in differential evolu-
tion, a difference vector of two randomly chosen population vectors is used to per-
turb an existing vector. Such vectorized mutation can be viewed as a more efficient
approach from the implementation point of view. This kind of perturbation is carried
out over each population vector and thus can be expected to be more efficient. Similarly,
crossover is also a vector-based, component-wise exchange of chromosomes or vector
segments.

Apart from using mutation and crossover as differential operators, DE has explicit
updating equations. This also makes it straightforward to implement and to design new
variants.

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00006-3
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6.2 Differential Evolution

For a d-dimensional optimization problem with d parameters, a population of n solution
vectors are initially generated. We have xi , where i = 1, 2, . . . , n. For each solution
xi at any generation t , we use the conventional notation as

xt
i = (xt

1,i , xt
2,i , . . . , xt

d,i ), (6.1)

which consists of d-components in the d-dimensional space. This vector can be con-
sidered the chromosomes or genomes.

Differential evolution consists of three main steps: mutation, crossover, and selection.
Mutation is carried out by the mutation scheme. For each vector xi at any time or

generation t , we first randomly choose three distinct vectors xp, xq , and xr at t (see
Figure 6.1), and then we generate a so-called donor vector by the mutation scheme

vt+1
i = xt

p + F(xt
q − xt

r ), (6.2)

where F ∈ [0, 2] is a parameter, often referred to as the differential weight. This requires
that the minimum number of the population size is n ≥ 4. In principle, F ∈ [0, 2], but
in practice, a scheme with F ∈ [0, 1] is more efficient and stable. In fact, almost all
the studies in the literature use F ∈ (0, 1).

From Figure 6.1, we can see that the perturbation δ = F(xq − xr ) to the vector xp

is used to generate a donor vector vi , and such perturbation is directed.
The crossover is controlled by a crossover parameter Cr ∈ [0, 1], controlling the

rate or probability for crossover. The actual crossover can be carried out in two ways:
binomial and exponential. The binomial scheme performs crossover on each of the
d components or variables/parameters. By generating a uniformly distributed random
number ri ∈ [0, 1], the j th component of vi is manipulated as

ut+1
j,i =

{
v j,i if ri ≤ Cr ,

xt
j,i otherwise,

j = 1, 2, . . . , d. (6.3)

This way, it can be decided randomly whether to exchange each component with a
donor vector or not.

In the exponential scheme, a segment of the donor vector is selected, and this seg-
ment starts with a random integer k with a random length L , which can include many

xp

δ

vi
xr

xq

Figure 6.1 Schematic representation of mutation vectors in differential evolution with movement
δ = F(xq − xr ).
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Differential Evolution
Initialize the population x with randomly generated solutions
Set the weight F ∈ [0, 2] and crossover probability Cr ∈ [0, 1]
while (stopping criterion)

for i = 1 to n,
For each xi, randomly choose 3 distinct vectors xp, xr and xr

Generate a new vector v by DE scheme (6.2)
Generate a random index Jr ∈ {1, 2, ..., d} by permutation
Generate a randomly distributed number ri ∈ [0, 1]
for j = 1 to d,
For each parameter vj,i (jth component of vi), update

ut+1
j,i =

vt+1
j,i if ri ≤ Cr or j = Jr

xt
j,i if ri > Cr and j = Jr,

end
Select and update the solution by (6.5)
end

end
Post-process and output the best solution found

Figure 6.2 Pseudo code of differential evolution.

components. Mathematically, this is to choose k ∈ [0, d −1] and L ∈ [1, d] randomly,
and we have

ut+1
j,i =

{
vt

j,i for j = k, . . . , k − L + 1 ∈ [1, d],
xt

j,i otherwise.
(6.4)

Because the binomial is simpler to implement, we will use the binomial crossover in
our implementation.

Selection is essentially the same as that used in genetic algorithms. We select the
fittest and, for the minimization problem, the minimum objective value. Therefore,
we have

xt+1
i =

{
ut+1

i if f (ut+1
i ) ≤ f (xt

i ),

xt
i otherwise.

(6.5)

All three components can be seen in the pseudo code shown in Figure 6.2. It is worth
pointing out here that the use of J is to ensure that vt+1

i �= xt
i , which may increase the

evolutionary or exploratory efficiency. The overall search efficiency is controlled by
two parameters: the differential weight F and the crossover probability Cr .

6.3 Variants

Most studies have focused on the choice of F, Cr and n as well as the modifications
of (6.2). In fact, when generating mutation vectors, we can use many different ways
of formulating (6.2), and this leads to various schemes with the naming convention:
DE/x/y/z, where x is the mutation scheme (rand or best), y is the number of difference
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vectors, and z is the crossover scheme (binomial or exponential). So, DE/Rand/1/∗
means the basic DE scheme using random mutation and one difference vector with
either a binomial or exponential crossover scheme.

The basic DE/Rand/1/Bin scheme is given in (6.2). That is,

vt+1
i = xt

p + F(xt
q − xt

r ). (6.6)

If we replace the xt
p by the current best xbest found so far, we have the so-called

DE/Best/1/Bin scheme,

vt+1
i = xt

best + F(xt
q − xt

r ). (6.7)

There is no reason that we should not use more than three distinct vectors. For example.
if we use four different vectors plus the current best, we have the DE/Best/2/Bin scheme

vt+1
i = xt

best + F(xt
k1

+ xt
k2

− xt
k3

− xt
k4

). (6.8)

Furthermore, if we use five different vectors, we have the DE/Rand/2/Bin scheme

vt+1
i = xt

k1
+ F1(xt

k2
− xt

k3
) + F2(xt

k4
− xt

k5
), (6.9)

where F1 and F2 are differential weights in [0, 1]. Obviously, for simplicity, we can
also take F1 = F2 = F .

Following the similar strategy, we can design various schemes. For example, these
variants can be written in a generalized form

vt+1
i = xt

k1
+

m∑
s=1

Fs · (xt
k2(s)

− xt
k3(s)

), (6.10)

where m = 1, 2, 3, . . . and Fs(s = 1, . . . , m) are the scale factors. The number of
vectors involved on the right-hand side is 2m + 1. In the preceding variants, m = 1
and m = 2 are used [9,14].

On the other hand, there is another type of variant that uses an additional influence
parameter λ ∈ (0, 1). For example the DE/rand-to-best/1/∗ variant can be written as

vt+1
i = λxt

best + (1 − λ)xt
k1

+ F(xt
k2

− xt
k3

), (6.11)

which introduces an extra parameter λ. Again, this type of variants can be written in a
generalized form:

vt+1
i = λxt

best + (1 − λ)xt
k1

+ F
m∑

s=1

(xt
k2(s)

− xt
k3(s)

). (6.12)

In fact, more than 10 different schemes have been formulated; for details, refer to Price
et al. [9]

There are other good variants of DE, including self-adapting control parameters in
differential evolution (jDE) by Brest et al. [2], self-adaptive DE (SaDE) [6], and DE
with the eagle strategy [11].

Multiobjective variants also exist. For a detailed review, refer to Das and Suganthan
[4] or Chakraborty [3].
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6.4 Choice of Parameters

The choice of parameters is important. Both empirical observations and parametric
studies suggest that parameter values should be fine-tuned [4,5,9].

The scale factor F is the most sensitive one. Though F ∈ [0, 2] is acceptable in
theory, F ∈ (0, 1) is more efficient in practice. In fact, F ∈ [0.4, 0.95] is a good range,
with a good first choice being F = [0.7, 0.9].

The crossover parameter Cr ∈ [0.1, 0.8] seems a good range, and the first choice
can use Cr = 0.5.

It is suggested that the population size n should depend on the dimensionality d of
the problem. That is, n = 5d to 10d. This may be a disadvantage for higher-dimensional
problems because the population size can be large. However, there is no reason that a
fixed value (say, n = 40 or 100) cannot be tried first.

6.5 Convergence Analysis

There are relatively extensive studies on the convergence properties and the parameter
sensitivity of differential evolution in the literature [4,5,10,12–14]. For example, it has
been observed that the performance of DE is more sensitive to the value of the scale
factor F than to Cr . As another example, Xue et al. [10] analyzed the general variant
in the form of Eq. (6.12), concluding that

2m F2 + (1 − λ)2 > 1, λ ∈ (0, 1). (6.13)

They also pointed out that λ should be reasonably large so as to give better convergence.
The main results in the rest of this section are primarily based on the studies

by Zaharie [13,14]. One of the conditions to avoid premature convergence of any
population-based algorithms is to maintain a good degree of diversity in the population
[1]. Based on the flat objective landscape (thus without selection pressure), the vari-
ance of any DE variant can be computed using component-based expected variance
E(var(P)) of the population P = {P1, P2, . . . , Pn}. Because all the variants we men-
tioned earlier are linear, the expected variance of DE depends linearly on the variance
of the current population X = (x1, . . . , xn). That is,

E(var(P)) = c var(X), (6.14)

where c is a constant.
For the basic DE/rand/1/∗ schemes, Zaharie calculated the variance of the popu-

lation without selection and obtained

E(var(P)) =
(

1 + 2pm F2 − pm(2 − pm)

n

)
var(X), (6.15)

where pm is the mutation probability that is related to the crossover parameter Cr as

pm =
⎧⎨
⎩

Cr (1 − 1
d ) + 1

d (binomial crossover),

1−Cd
r

d(1−Cr )
(exponential crossover).

(6.16)
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If the initial population is X (t=0) = X(0), the variance of the population after t gener-
ations/iterations becomes

var(P) =
(

1 + 2F2 pm − pm(2 − pm)

n

)t
var(X(0)). (6.17)

This defines a critical value of F as

1 + 2F2 pm − pm(2 − pm)

n
= 1, (6.18)

which gives

Fc =
√

(2 − pm)

n
. (6.19)

Therefore, the population variance decreases if F < Fc and increases if F > Fc.
Obviously, the population variance will remain constant when F = Fc.

For example, for Cr = 0.5 and d = 10 in the binomial crossover case, we have

pm = Cr

(
1 − 1

d

)
+ 1

d
= 0.5 ×

(
1 − 1

10

)
+ 1

10
= 0.55. (6.20)

Empirical observations suggest that F ∈ [0.4, 0.95], with a good first choice of F = 0.9
[4,5,9]. Alternatively, for a given pm , we can estimate the Cr value as

Cr = (pm − 1/d)

(1 − 1/d)
. (6.21)

So, for a moderate pm = 0.5 and d = 10, we have

Cr = (0.2 − 1/10)

(1 − 1/10)
≈ 0.44. (6.22)

Interestingly, when d → ∞, Cr → pm .
Obviously, these results are valid for the basic DE/Rand/1/∗. For other variants,

the formulas are similar, with some modifications including the parameter λ.
These theoretical results mean that when var(P) is decreasing, the DE algorithm is

converging. In other words, when var(P) → 0, the algorithm has converged. However,
such convergence can be premature because the converged state may not be the true
global optimality of the problem.

From the preceding formula (6.17), we can see that the variance or the population
diversity also largely depends on the initial population, which is a significant drawback
of DE. In addition, some difficulty may arise in dealing with nonsparable nonlinear
functions. Furthermore, there is no sufficient evidence that DE can deal with combina-
torial problems efficiently due to the potential difficulty in discretizing the differential
operators and defining effective neighborhoods [4,3,9].
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6.6 Implementation

The implementation of differential evolution is relatively straightforward, comparing
with genetic algorithms. If a vector/matrix-based software package such as Matlab is
used, the implementation becomes even more simple.

The simple version of the DE in Matlab/Octave given next is for unconstrained
optimization, where Rosenbrock’s function with three variables is solved by default.
To solve constrained optimization problems, this program can easily be extended in
combination with the penalty method discussed elsewhere in the book.
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7 Particle Swarm Optimization

Particle swarm optimization (PSO) was developed by Kennedy and Eberhart in 1995
based on swarm behavior in nature, such as fish and bird schooling. Since then, PSO has
generated much wider interests and forms an exciting, ever-expanding research subject,
called swarm intelligence. PSO has been applied to almost every area in optimization,
computational intelligence, and design applications. There are at least two dozen PSO
variants, and hybrid algorithms by combining PSO with other existing algorithms are
also investigated extensively.

7.1 Swarm Intelligence

Many algorithms such as ant colony algorithms and firefly algorithm use the behavior
of so-called swarm intelligence [7,3,14,15]. Particle swarm optimization, or PSO, was
developed by Kennedy and Eberhart in 1995 [6] and has become one of the most
widely used swarm-intelligence-based algorithms due to its simplicity and flexibility.
Rather than use the mutation/crossover or pheromone, it uses real-number randomness
and global communication among the swarm particles. Therefore, it is also easier to
implement because there is no encoding or decoding of the parameters into binary
strings as with those in genetic algorithms where real-number strings can also be used.

Many new algorithms that are based on swarm intelligence may have drawn inspi-
ration from different sources, but they have some similarity to some of the components
that are used in PSO. In this sense, PSO pioneered the basic ideas of swarm-intelligence-
based computation.

7.2 PSO Algorithm

The PSO algorithm searches the space of an objective function by adjusting the trajec-
tories of individual agents, called particles, as the piecewise paths formed by positional
vectors in a quasi-stochastic manner [6,7,3]. The movement of a swarming particle con-
sists of two major components: a stochastic component and a deterministic component.
Each particle is attracted toward the position of the current global best g∗ and its own
best location x∗

i in history, while at the same time it has a tendency to move randomly.
When a particle finds a location that is better than any previously found locations,

updates that location as the new current best for particle i . There is a current best for all
n particles at any time t during iterations. The aim is to find the global best among all the

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00007-5
© 2014 Elsevier Inc. All rights reserved.
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g∗

x∗
i

particle i

possible
directions

Figure 7.1 Schematic representation of the motion of a particle in PSO moving toward the global
best g∗ and the current best x∗

i for each particle i .

Particle Swarm Optimization

Objective function f(x), x = (x1, ..., xd)T

Initialize locations xi and velocity vi of n particles.
Find g∗ from min{f(x1), ..., f(xn)} (at t = 0)
while ( criterion )

for loop over all n particles and all d dimensions
Generate new velocity vt+1

i using equation (7.1)
Calculate new locations xt+1

i = xt
i + vt+1

i

Evaluate objective functions at new locations xt+1
i

Find the current best for each particle x∗
i

end for
Find the current global best g∗

Update t = t + 1 (pseudo time or iteration counter)
end while
Output the final results x∗

i and g∗

Figure 7.2 Pseudo code of particle swarm optimization.

current best solutions until the objective no longer improves or after a certain number
of iterations. The movement of particles is schematically represented in Figure 7.1,
where x∗(t)

i is the current best for particle i , and g∗ ≈ min{ f (xi )} for (i = 1, 2, . . . , n)

is the current global best at t .
The essential steps of the particle swarm optimization can be summarized as the

pseudo code shown in Figure 7.2.
Let xi and vi be the position vector and velocity for particle i , respectively. The new

velocity vector is determined by the following formula:

vt+1
i = vt

i + αε1[g∗ − xt
i ] + βε2

[
x∗(t)

i − xt
i

]
, (7.1)

where ε1 and ε2 are two random vectors, and each entry takes the values between 0
and 1. The parameters α and β are the learning parameters or acceleration constants,
which can typically be taken as, say, α ≈ β ≈ 2.

The initial locations of all particles should distribute relatively uniformly so that they
can sample over most regions, which is especially important for multimodal problems.
The initial velocity of a particle can be taken as zero, that is, vt=0

i = 0. The new position
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can then be updated by

xt+1
i = xt

i + vt+1
i . (7.2)

Although vi can be any values, it is usually bounded in some range [0, vmax].
There are many variants that extend the standard PSO algorithm, and the most

noticeable improvement is probably to use the inertia function θ(t) so that vt
i is replaced

by θ(t)vt
i

vt+1
i = θvt

i + αε1
[
g∗ − xt

i

]+ βε2
[
x∗(k)

i − xt
i

]
, (7.3)

where θ takes the values between 0 and 1 in theory [1,7]. In the simplest case, the
inertia function can be taken as a constant, typically θ ≈ 0.5 ∼ 0.9. This is equiva-
lent to introducing a virtual mass to stabilize the motion of the particles, and thus the
algorithm is expected to converge more quickly.

7.3 Accelerated PSO

The standard particle swarm optimization uses both the current global best g∗ and the

individual best x∗(t)
i . One of the reasons for using the individual best is probably to

increase the diversity in the quality solutions; however, this diversity can be simulated
using some randomness. Subsequently, there is no compelling reason for using the
individual best unless the optimization problem of interest is highly nonlinear and
multimodal.

A simplified version that could accelerate the convergence of the algorithm is to use
only the global best. The so-called accelerated particle swarm optimization (APSO)
was developed by Xin-She Yang in 2008 and then developed further in recent studies
[13,4]. Thus, in APSO, the velocity vector is generated by a simpler formula

vt+1
i = vt

i + α(ε − 1/2) + β(g∗ − xt
i ), (7.4)

where ε is a random variable with values from 0 to 1. Here the shift 1/2 is purely out
of convenience. We can also use a standard normal distribution αεt , where εt is drawn
from N (0, 1) to replace the second term. Now we have

vt+1
i = vt

i + β(g∗ − xt
i ) + αεt , (7.5)

where εt can be drawn from a Gaussian distribution or any other suitable distributions.
The update of the position is simply

xt+1
i = xt

i + vt+1
i . (7.6)

To simplify the formulation even further, we can also write the update of the location
in a single step:

xt+1
i = (1 − β)xt

i + βg∗ + αεt . (7.7)
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The typical values for this accelerated PSO are α ≈ 0.1 ∼ 0.4 and β ≈ 0.1 ∼ 0.7,
though α ≈ 0.2 and β ≈ 0.5 can be taken as the initial values for most unimodal
objective functions. It is worth pointing out that the parameters α and β should in
general be related to the scales of the independent variables xi and the search domain.
Surprisingly, this simplified APSO can have global convergence [5].

A further improvement to the accelerated PSO is to reduce the randomness as itera-
tions proceed. This means that we can use a monotonically decreasing function such as

α = α0e−γ t , (7.8)

or

α = α0γ
t , (0 < γ < 1), (7.9)

where α0 ≈ 0.5 ∼ 1 is the initial value of the randomness parameter. Here t is the
number of iterations or time steps. 0 < γ < 1 is a control parameter. For example, in our
implementation, we can use γ = 0.9 to 0.97. Obviously, other non-increasing function
forms α(t) can also be used as we can see in our demo implementation later. In addition,
these parameters should be fine-tuned to suit your optimization problems of interest.

7.4 Implementation

The APSO has been implemented using both Matlab and Octave, and a simple program
is provided here. This program can find the global optimal solution of most nonlinear
functions in less than a minute on a desktop computer.

Now let us look at the 2D Michalewicz function

f (x, y) = −
{

sin (x)

[
sin

(
x2

π

)]2m

+ sin (y)

[
sin

(
2y2

π

)]2m
}

,

where m = 10. The stationary conditions fx = fy = 0 require that

−4m

π
x sin (x) cos

(
x2

π

)
− cos (x) sin

(
x2

π

)
= 0,

and

−8m

π
y sin (x) cos

(
2y2

π

)
− cos (y) sin

(
2y2

π

)
= 0.

The solution at (0,0) is trivial, and the minimum f ∗ ≈−1.801 occurs at about (2.20319,
1.57049) (see Figure 7.3).
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If we run the program, we get the global optimum after about 200 evaluations of the
objective function (for 20 particles and 10 iterations), as shown in Figure 7.4. Obviously,
this is a demo implementation, and a vectorized implementation for any higher dimen-
sions can produce much better results, as we have done in various applications [13].

7.5 Convergence Analysis

From the statistical point of view, each particle in PSO forms a Markov chain, though
this Markov chain is biased toward the current best, since the transition probability
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Figure 7.3 Michalewicz’s function with the global optimality at (2.20319, 1.57049).
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Figure 7.4 Initial and final locations of 20 particles after 10 iterations.

often leads to the acceptance of the move toward the current global best. In addition,
the multiple Markov chains are interacting in terms of partially deterministic attraction
movement. Therefore, any mathematical analysis concerning the rate of convergence of
PSO may be difficult. However, there are some good results using both the dynamical
system and Markov chain theories.

7.5.1 Dynamical System

The first convergence analysis in terms of dynamical system theories was carried out
by Clerc and Kennedy in 2002 [2]. Mathematically, if we ignore the random factors,
we can view the system formed by (7.1) and (7.2) as a dynamical system. If we focus
on a single particle i and imagine there is only one particle in this system, then the
global best g∗ is the same as its current best x∗

i . In this case, we have

vt+1
i = vt

i + γ (g∗ − xt
i ), γ = α + β, (7.10)
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and

xt+1
i = xt

i + vt+1
i . (7.11)

Following the analysis of a 1D dynamical system for particle swarm optimization by
Clerc and Kennedy [2], we can replace g∗ with a parameter constant p so that we can
see whether or not the particle of interest will converge toward p. Now we can write
this system as a simple dynamical system

v(t + 1) = v(t) + γ (p − x(t)), x(t + 1) = x(t) + v(t + 1). (7.12)

For simplicity, we focus on only a single particle. By setting ut = p − x(t + 1) and
using the notations for dynamical systems, we have

vt+1 = vt + γ ut , (7.13)

ut+1 = −vt + (1 − γ )ut , (7.14)

or

Yt+1 = AYt , (7.15)

where

A =
(

1 γ

−1 1 − γ

)
, Yt =

(
vt

ut

)
. (7.16)

The general solution of this dynamical system can be written as

Yt = Y0 exp[At]. (7.17)

The main behavior of this system can be characterized by the eigenvalues λ of A

λ1,2 = 1 − γ

2
±
√

γ 2 − 4γ

2
. (7.18)

It can be seen clearly that γ = 4 leads to a bifurcation.
Following a straightforward analysis of this dynamical system, we can have three

cases. For 0 < γ < 4, cyclic and/or quasi-cyclic trajectories exist. In this case, when
randomness is gradually reduced, some convergence can be observed. For γ > 4,
noncyclic behavior can be expected, and the distance from Yt to the center (0, 0) is
monotonically increasing with t . In a special case γ = 4, some convergence behavior
can be observed. For detailed analysis, refer to [2]. Since p is linked with the global
best, as the iterations continue it can be expected that all particles will aggregate toward
the global best.

However, this global best is the best solution found by the algorithm during iterations,
which may be different from the true global optimality of the problem of interest. This
point will also become clearer in the framework of Markov chain theory.
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7.5.2 Markov Chain Approach

Various studies on the convergence properties of the PSO algorithm have diverse results
[2,9–12]. However, care should be taken in interpreting these results in practice, espe-
cially for the discussion of the implications from a practical perspective.

Many studies can prove the convergence of the PSO under appropriate conditions,
but the converged states are often linked to the current global best solution g∗ found so
far. There is no guarantee that this g∗ is the true global solution gtrue to the problem. In
fact, many simulations and empirical observations by many researchers suggest that in
many cases, this g∗ is often stuck in a local optimum, which is often referred to as the
premature convergence. All these theories do not guarantee

g∗ ≈ gtrue. (7.19)

In fact, many statistically significant test cases suggest that

g∗ �= gtrue. (7.20)

According to a recent study by Pan et al. [9], the standard PSO does not guarantee that
the global optimum is reachable, and the global optimality is searchable with a certain
probability p(ζ

(t)
m ), where k is the kth iteration and m is the swarm size. Here ζ is the

state sequences of the particles.
For a given swarm size m and iteration k, a Markov chain

{
ξ

(k)
i , k ≥ 1

}
formed

by the i th particle at time k can be defined, and then the swarm state sequence ζ (k) =(
ξ

(k)
i , . . . , ξ

(k)
m
)

also forms a Markov chain for all k ≥ 1. For the standard PSO with
an inertia parameter θ shown in Eq. (7.3), the probability that ζ (k+1) is in the optimal
set 
∗ can be estimated by

p(ζ (k+1 ∈ 
∗
∣∣k, m)

= 1 − p(ζ (1)) ·
k∏

j=1

m∏
i=1

(
1 − Rk

θ ||xk
i − xk−1

i || · Rk

c||x∗(k)
i − xk

i ||
· Rk

c||g∗ − xk
i ||

)
,

(7.21)

where Rk > 0 is a local radius and c is defined by ε1, ε2 ∼ U (0, c). Pan et al. showed
that

0 ≤ p
(
ζ (k+1)

∣∣k, m
)

≤ 1, (7.22)

which means that the standard PSO will not guarantee to get to the global optimality
nor guarantee to miss it. The equality p = 1 only holds for m → ∞ and k → ∞. Since
the size is finite and the iteration is also finite, this probability is typically 0 < p < 1.

However, that the standard PSO does not guarantee convergence does not mean that
other variants cannot have global convergence. In fact, a recent study used the frame-
work of Markov chain theory and proved that APSO can have global convergence [5].
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7.6 Binary PSO

In the standard PSO, the positions and velocities take continuous values. However,
many problems are combinatorial and their variables take only discrete values. In some
cases, the variables can only be 0 and 1, and such binary problems require modifications
of the PSO algorithm. Kennedy and Eberhart in 1997 presented a stochastic approach to
discretize the standard PSO, and they interpreted the velocity in a stochastic sense [8].

First, the continuous velocity vi = (vi1, vi2, . . . , vik, . . . , vid) is transformed using
a sigmoid transformation

S(vik) = 1

1 + exp (−vik)
, k = 1, 2, . . . , d, (7.23)

which applies to each component of the velocity vector vi of particle i . Obviously, when
vik → ∞, we have S(vik) → 1, while Sik → 0 when vik → −∞. However, because
the variations at the two extremes are very slow, a stochastic approach is introduced.

Second, a uniformly distributed random number r ∈ (0, 1) is drawn, then the veloc-
ity is converted to a binary variable by the following stochastic rule:

xik =
{

1 if r < S(vik),

0 otherwise.
(7.24)

In this case, the value of each velocity component vik is interpreted as a probability
for xik taking the value 1. Even for a fixed value of vik , the actual value of xik is not
certain before a random number r is drawn. In this sense, the binary PSO (BPSO)
differs significantly from the standard continuous PSO.

In fact, since each component of each variable takes only 0 and 1, this BPSO can work
for both discrete and continuous problems if the latter is coded in the binary system.
Because the probability of each bit/component taking one is S(vik) and the probability
of taking zero is 1 − S(vik), the joint probability p of a bit change can be computed by

p = S(vik)[1 − S(vik)]. (7.25)

Based on the runtime analysis of the BPSO by Sudholt and Witt [10], there are some
interesting results on the convergence of BPSO. If the objective function has a unique
global optimum in a d-dimensional space and the BPSO has a population size n with
α + β = O(1), the expected number N of internations/generations of BPSO is

N = O

(
d

log d

)
, (7.26)

and the expected freezing time is O(d) for single bits and O(d log d) for nd bits.
One of the advantages of this binary coding and discritization is to enable binary

representations of even continuous problems. For example, Kennedy and Eberhart
provided an example of solving the second De Jong function and found that
110111101110110111101001 in a 24-bit string corresponds to the optimal solution
3905.929932 from this representation. However, a disadvantage is that the Hamming
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distance from other local optima is large; therefore, it is unlikely that the search will
jump from one local optimum to another. This means that binary PSO can get stuck
in a local optimum with premature convergence. New remedies are still under active
research.

Various studies show that PSO algorithms can outperform genetic algorithms and
other conventional algorithms for solving many optimization problems. This is par-
tially due to that fact that the broadcasting ability of the current best estimates gives
a better and quicker convergence toward the optimality. However, PSO algorithms do
have some disadvantages, such as premature convergence. Further developments and
improvements are still under active research.

Furthermore, as we can see from other chapters in this book, other methods such as
the cuckoo search (CS) and firefly algorithms (FA) can perform even better than PSO
in many applications. In many cases, DE, PSO, and SA can be considered special cases
of CS and FA. Therefore, CS and FA have become an even more active area for further
research.
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8 Firefly Algorithms

Nature-inspired metaheuristic algorithms, especially those based on swarm intelli-
gence, have attracted much attention in the last 10 years. The firefly algorithm (FA)
appeared about five years ago in 2008, and its literature has expanded dramatically with
diverse applications. In this chapter, we first introduce the standard firefly algorithm and
then briefly review the variants, together with a selection of recent publications. We also
analyze the characteristics of FA and try to answer the question of why FA is so efficient.

8.1 The Firefly Algorithm

FA was first developed by Xin-She Yang in late 2007 and published in 2008 [48,49].
FA was based on the flashing patterns and behavior of fireflies. Therefore, let us start
first with a description of the flashing behavior of tropical fireflies.

8.1.1 Firefly Behavior

The flashing light of fireflies is an amazing sight in the summer sky in the tropical
and temperate regions. There are about 2000 firefly species, and most fireflies produce
short, rhythmic flashes. The pattern of flashes is often unique for a particular species.
The flashing light is produced by a process of bioluminescence; the true functions of
such signaling systems are still being debated. However, two fundamental functions
of such flashes are to attract mating partners (communication) and to attract potential
prey [32]. In addition, flashing may also serve as a protective warning mechanism to
remind potential predators of the bitter taste of fireflies.

The rhythmic flash, the rate of flashing, and the amount of time between flashes
form part of the signal system that brings both sexes together [32]. Females respond to
a male’s unique pattern of flashing in the same species, whereas in some species such
as Photuris, female fireflies can eavesdrop on the bioluminescent courtship signals and
even mimic the mating flashing pattern of other species so as to lure and eat the male
fireflies who may mistake the flashes as a potential suitable mate. Some tropical fireflies
can even synchronize their flashes, thus forming emerging biological self-organized
behavior.

We know that the light intensity at a particular distance r from the light source obeys
the inverse-square law. That is to say, the light intensity I decreases as the distance
r increases in terms of I ∝ 1/r2. Furthermore, the air absorbs light, which becomes
weaker and weaker as the distance increases. These two combined factors make most

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00008-7
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fireflies visable to a limit distance, usually several hundred meters at night, which is
good enough for fireflies to communicate.

The flashing light can be formulated in such a way that it is associated with the objec-
tive function to be optimized, which makes it possible to formulate new optimization
algorithms.

8.1.2 Standard Firefly Algorithm

Now we can idealize some of the flashing characteristics of fireflies so as to develop
firefly-inspired algorithms. For simplicity in describing the standard FA, we now use
the following three idealized rules:

• All fireflies are unisex, so one firefly will be attracted to other fireflies regardless of
their sex.

• Attractiveness is proportional to a firefly’s brightness. Thus for any two flashing
fireflies, the less brighter one will move toward the brighter one. The attractiveness
is proportional to the brightness, both of which decrease as their distance increases.
If there is no brighter one than a particular firefly, it will move randomly.

• The brightness of a firefly is affected or determined by the landscape of the objective
function.

For a maximization problem, the brightness can simply be proportional to the value
of the objective function. Other forms of brightness can be defined in a similar way to
the fitness function in genetic algorithms.

Based on these three rules, the basic steps of the FA can be summarized as the
pseudo code shown in Figure 8.1.

Firefly Algorithm

Objective function f(x), x = (x1, ..., xd)T .
Generate an initial population of n fireflies xi (i = 1, 2, ..., n).
Light intensity Ii at xi is determined by f(xi).
Define light absorption coefficient γ.
while (t <MaxGeneration),
for i = 1 : n (all n fireflies)

for j = 1 : n (all n fireflies) (inner loop)
if (Ii < Ij)

Move firefly i towards j.
end if

Vary attractiveness with distance r via exp[−γr2].
Evaluate new solutions and update light intensity.

end for j
end for i
Rank the fireflies and find the current global best g∗.
end while
Postprocess results and visualization.

Figure 8.1 Pseudo code of the firefly algorithm (FA).
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8.1.3 Variations of Light Intensity and Attractiveness

In the firefly algorithm, there are two important issues: the variation of light intensity
and formulation of the attractiveness. For simplicity, we can always assume that the
attractiveness of a firefly is determined by its brightness, which in turn is associated
with the encoded objective function.

In the simplest case for maximum optimization problems, the brightness I of a firefly
at a particular location x can be chosen as I (x) ∝ f (x). However, the attractiveness β

is relative; it should be seen in the eyes of the beholder or judged by the other fireflies.
Thus, it will vary with the distance ri j between firefly i and firefly j . In addition, light
intensity decreases with the distance from its source, and light is also absorbed in the
media, so we should allow the attractiveness to vary with the degree of absorption.

In the simplest form, the light intensity I (r) varies according to the inverse-
square law,

I (r) = Is

r2 , (8.1)

where Is is the intensity at the source. For a given medium with a fixed light absorption
coefficient γ , the light intensity I varies with the distance r . That is,

I = I0e−γ r , (8.2)

where I0 is the original light intensity at zero distance r = 0. To avoid the singularity
at r = 0 in the expression Is/r2, the combined effect of both the inverse-square law
and absorption can be approximated as the following Gaussian form:

I (r) = I0e−γ r2
. (8.3)

Because a firefly’s attractiveness is proportional to the light intensity seen by adjacent
fireflies, we can now define the attractiveness β of a firefly by

β = β0e−γ r2
, (8.4)

where β0 is the attractiveness at r = 0. Since it is often faster to calculate 1/(1+ r2)

than an exponential function, this function, if necessary, can conveniently be approx-
imated as

β = β0

1+ γ r2 . (8.5)

It may be advantageous to use this approximation in some applications. Both (8.4) and
(8.5) define a characteristic distance � = 1/

√
γ over which the attractiveness changes

significantly from β0 to β0e−1 for Eq. (8.4) or β0/2 for Eq. (8.5).
In the actual implementation, the attractiveness function β(r) can be any monoton-

ically decreasing functions such as the following generalized form:

β(r) = β0e−γ rm
, (m ≥ 1). (8.6)

For a fixed γ , the characteristic length becomes

� = γ−1/m → 1, m →∞. (8.7)
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Conversely, for a given length scale � in an optimization problem, the parameter γ can
be used as a typical initial value. That is,

γ = 1

�m
. (8.8)

The distance between any two fireflies i and j at xi and x j , respectively, is the
Cartesian distance

ri j = ‖xi − x j‖ =
√√√√ d∑

k=1

(xi,k − x j,k)2, (8.9)

where xi,k is the kth component of the spatial coordinate xi of i th firefly. In a 2D case,
we have

ri j =
√

(xi − x j )2 + (yi − y j )2. (8.10)

The movement of a firefly i attracted to another, more attractive (brighter) firefly j
is determined by

xt+1
i = xt

i + β0e−γ r2
i j (xt

j − xt
i )+ α εt

i , (8.11)

where the second term is due to the attraction. The third term is randomization, with α

being the randomization parameter, and εi is a vector of random numbers drawn from
a Gaussian distribution or uniform distribution. For example, the simplest form is εi

can be replaced by rand−1/2, where rand is a random-number generator uniformly
distributed in [0,1]. For most of our implementation, we can take β0 = 1 and α ∈ [0, 1].

8.1.4 Controlling Randomization

A further improvement on the convergence of the algorithm is to vary the randomization
parameter α so that it decreases gradually as the optima are approaching. For example,
we can use

α = α∞ + (α0 − α∞)e−t , (8.12)

where t ∈ [0, tmax] is the pseudo time for simulations and tmax is the maximum number
of generations. α0 is the initial randomization parameter, whereas α∞ is the final value.
We can also use a similar function to the geometrical annealing schedule. That is,

α = α0θ
t , (8.13)

where θ ∈ (0, 1] is the randomness reduction constant. In most applications, we can
use θ = 0.95 ∼ 0.99 and α0 = 1.

In addition, in the current version of the FA algorithm, we do not explicitly use the
current global best g∗, even though we only use it to decode the final best solutions. Our
simulations indicated that the efficiency may improve if we add an extra term λεi (g∗ −
xi ) to the updating formula (8.11). Here λ is a parameter similar to α and β, and εi is
a vector of random numbers. These could form important topics for further research.
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It is worth pointing out that (8.11) is a random walk, biased toward the brighter
fireflies. If β0 = 0, it becomes a simple random walk. Furthermore, the randomization
term can easily be extended to other distributions such as Lévy flights.

The parameter γ now characterizes the variation of the attractiveness, and its value
is crucially important in determining the speed of the convergence and how the FA
algorithm behaves. In theory, γ ∈ [0,∞), but in practice, γ = O(1) is determined by
the characteristic length � of the system to be optimized. Thus, for most applications,
it typically varies from 0.001 to 1000.

8.2 Algorithm Analysis

Now let us take a close look at the firefly algorithm and analyze its key characteristics.

8.2.1 Scalings and Limiting Cases

It is worth pointing out that the distance r defined in the previous section is not limited to
the Euclidean distance. We can define other distance r in the d-dimensional hyperspace,
depending on the type of problem we’re interested in. For example, for job-scheduling
problems, r can be defined as the time lag or time interval. For complicated networks
such as the Internet and social networks, the distance r can be defined as the combination
of the degrees of local clustering and the average proximity of vertices. In fact, any
measure that can effectively characterize the quantities of interest in the optimization
problem can be used as the “distance” r .

The typical scale � should be associated with the scale concerned in our optimization
problem. If � is the typical scale for a given optimization problem for a very large
number of fireflies, i.e., n � k, where k is the number of local optima, then the initial
locations of these n fireflies should distribute relatively uniformly over the entire search
space. As the iterations proceed, the fireflies would converge into all the local optima
(including the global ones). By comparing the best solutions among all these optima,
the global optima can easily be achieved. Our recent research suggests that it is possible
to prove that the firefly algorithm will approach global optima when n→∞ and t � 1.
In reality, it converges very quickly, as demonstrated later in this chapter.

There are two important limiting or asymptotic cases when γ → 0 and γ →∞. For
γ → 0, the attractiveness is constant β = β0 and �→∞. This is equivalent to saying
that the light intensity does not decrease in an idealized sky. Thus, a flashing firefly can
be seen anywhere in the domain. Therefore, a single (usually global) optima can easily
be reached. If we remove the inner loop for j in Figure 8.1 and replace x j with the current
global best g∗, then the FA degenerates into the special case of APSO, discussed earlier
in this book. Subsequently, the efficiency of this special case is the same as that of PSO.

On the other hand, the limiting case γ → ∞ leads to � → 0 and β(r) → δ(r),
which is the Dirac delta function, meaning that the attractiveness is almost zero in the
sight of other fireflies. This is equivalent to the case where the fireflies roam randomly
in a very thick foggy region randomly. No other fireflies can be seen, and each firefly
roams in a completely random way, which leads to simulated annealing (SA).



116 Nature-Inspired Optimization Algorithms

Because the firefly algorithm is usually a case between these two extremes, it is
possible to adjust the parameter γ and α so that it can outperform both simulated
annealing and PSO. In fact, FA can find the global optima as well as the local optima
simultaneously and effectively. This advantage is demonstrated in detail later in the
implementation.

A further advantage of FA is that different fireflies will work almost independently.
It is thus particularly suitable for parallel implementation. It is even better than genetic
algorithms and PSO because fireflies aggregate more closely around each optimum. We
can expect that the interactions between different subregions are minimal in parallel
implementation.

8.2.2 Attraction and Diffusion

The novel idea of attraction via light intensity as an exploitation mechanism was first
used by Xin-She Yang in the firefly algorithm (FA) in 2007 and 2008. In FA, the
attractiveness (and light intensity) is intrinsically linked with the inverse-square law of
light intensity variations and the absorption coefficient. As a result, we have a novel
term β0 exp[−γ r2], where β0 is the attractiveness at the distance r = 0, and γ > 0 is
the absorption coefficient [48].

The main function of such attraction is to enable an algorithm to converge quickly
because these multi-agent systems evolve, interact, and attract, leading to some self-
organized behavior and attractors. As the swarming agents evolve, it is possible that
their attractor states will move toward the true global optimality.

This novel attraction mechanism is the first of its kind in the literature of nature-
inspired computation and computational intelligence. This mechanism also motivated
and inspired others to design similar or other kinds of attraction mechanisms. Other
algorithms also used inverse-square laws, derived from nature. For example, the charged
system search (CSS) used Coulomb’s law; the gravitational search algorithm (GSA)
used Newton’s law of gravitation.

Whatever the attraction mechanism, from the metaheuristic point of view the funda-
mental principles are the same: that is, they allow the swarming agents to interact with
one another and provide a forcing term to guide the convergence of the population.

Attraction mainly provides the mechanisms only for exploitation, but, with proper
randomization, it is also possible to carry out some degree of exploration. However,
the exploration is better analyzed in the framework of random walks and diffusive
randomization. From the Markov chain point of view, random walks and diffusion are
both Markov chains. In fact, Brownian diffusion such as the dispersion of an ink drop
in water is a random walk. For example, the most fundamental random walks for an
agent or solution xi can be written as the following form:

x(t+1)
i = x(t)

i + ε, (8.14)

where t is a counter of steps. Here, ε is a random number drawn from a Gaussian normal
distribution with a zero mean. This gives an average diffusion distance of a particle or
agent that is a square root of the finite number of steps t. That is, the distance is the
order of

√
Dt where D is the diffusion coefficient. To be more specific, the variance
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of the random walks in a d-dimensional case can be written as

σ 2(t) = |v0|2t2 + (2d D)t, (8.15)

where v0 is the drift velocity that can be taken as zero here.
This means it is possible to cover the whole search domain if t is sufficiently large.

Therefore, the steps in the Brownian motion B(t) essentially obey a Gaussian distribu-
tion with zero mean and time-dependent variance. A diffusion process can be viewed
as a series of Brownian motion that obeys a Gaussian distribution. For this reason,
standard diffusion is often referred to as Gaussian diffusion. If the motion at each step
is not Gaussian, the diffusion is called non-Gaussian diffusion. On the other hand, ran-
dom walks can take many forms. If the step lengths obey other distributions, we have
to deal with more generalized random walks. A very special case is when step lengths
obey the Lévy distribution. Such random walks are called Lévy flights or Lévy walks.

It is worth pointing out that the original firefly algorithm was developed to combine
with Lévy flights, and good performance has been achieved [49].

8.2.3 Special Cases of FA

FA is indeed rich in many ways. First, it uses attraction to influence the behavior of
a population. Because local attraction tends to be stronger than long-distance attrac-
tion, the population in FA can automatically subdivide into subgroups, depending on
the modality of the problem, which enables FA to deal with multimodal, nonlinear
optimization problems naturally.

Furthermore, if we look at the updating Eq. (8.11) more closely, this nonlinear
equation provides much richer characteristics. First, if γ is very large, attractiveness or
light intensity decreases too quickly. This means that the second term in (8.11) becomes
negligible, leading to the standard SA. Second, if γ is very small (i.e., γ → 0), the
exponential factor exp[−γ r2

i j ] → 1. We have

xt+1
i = xt

i + β0(xt
j − xt

i )+ αεt
i . (8.16)

Here, if we further set α = 0, the Eq. (8.16) becomes a variant of differential evolution.
On the other hand, if we replace xt

j with the current global best solution g∗, we have

xt+1
i = xt

i + β0(g∗ − xt
i )+ αεt

i , (8.17)

which is essentially the APSO introduced by Xin-She Yang in 2008 [48].
Third, we set β0 = 0 and let εt

i be related to xi ; then (8.16) becomes a pitch
adjustment variant in harmony search (HS).

Therefore, we can essentially say that DE, APSO, SA, and HS are special cases
of FA. Conversely, FA can be considered a good combination of all four algorithms
(DE, APSO, SA, and HS), to a certain extent. Furthermore, FA uses nonlinear updating
equation, which can produce richer behavior and higher convergence than the linear
updating equations used in standard PSO and DE. Consequently, it is again no surprise
that FA can outperform other algorithms in many applications such as multimodal
optimization, classifications, image processing, and feature selection, as we will see
later in the applications.
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Figure 8.2 Landscape of a function with two equal global maxima.

8.3 Implementation

A demo version of FA implementation without Lévy flights can be found at the Math-
works file exchange Website.1 In the implementation, the values of the parameters are
α0 = 0.5, γ = 1 and β0 = 1. Obviously, these parameters can be adjusted to suit
solving various problems with different scales.

To demonstrate how the FA works, we use the simple example of the four-peak
function

f (x, y) = e−(x−4)2−(y−4)2 + e−(x+4)2−(y−4)2 + 2
[
e−x2−y2 + e−x2−(y+4)2]

,

where (x, y) ∈ [−5, 5] × [−5, 5]. This function has four peaks, two local peaks with
f = 1 at (−4, 4) and (4,4) and two global peaks with fmax = 2 at (0,0) and (0,−4),
as shown in Figure 8.2.

We can see that all four of these optima can be found using 25 fireflies in about 20
generations (see Figure. 8.3). So, the total number of function evaluations is about 500.
This is much more efficient than most existing metaheuristic algorithms.

8.4 Variants of the Firefly Algorithm

8.4.1 FA Variants

The standard FA is very efficient, but there is still room for improvement. In the last
five years, researchers have tried various ways to enhance the performance and speed
up the convergence of the firefly algorithm. As a result, quite a few variants have been
developed [19,42,37]. However, because the literature is expanding rapidly and more

1 www.mathworks.com/matlabcentral/fileexchange/29693-firefly-algorithm.

http://www.mathworks.com/matlabcentral/fileexchange/29693-firefly-algorithm
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Figure 8.3 The initial locations of 25 fireflies (left) and their final locations after 20 iterations
(right).

variations are appearing, it is not possible to list all these variants here. This section
briefly summarizes some of these variants:

• Discrete firefly algorithm (DFA). Sayadi et al. [42] extended the firefly algorithm to
deal with NP-hard scheduling problems and have developed a powerful version of
discrete FA. Their results show that DFA can outperform existing algorithms such
as ACO. Meanwhile, Durkota independently provided a good implementation of a
DFA for QAP problems [14]. In addition, an FA-based method for image segmenta-
tion, developed by Hassanzadeh et al. [24], can be far more efficient than the Otsu’s
method and recursive Otsu method. On the other hand, Jati and Suyanto discretized
the firefly algorithm and showed its effectiveness in solving the NP-hard traveling
salesman problem [29]. Furthermore, Chandrasekaran and Simon proposed an effi-
cient binary real-coded FA variant to study the network and reliability constrained
unit commitment problem [9].

• Chaotic firefly algorithm (CFA). A chaotic FA was proposed by Coelho et al. in
2011, and this CFA outperformed other algorithms [11,12]. Yang studied the intrin-
sic chaotic characteristics of FA under different parameter ranges so that enhanced
performance can be achieved by tuning β and γ [51]. At the same time, Gandomi
et al. studied different chaotic maps and carried out extensive performance compar-
isons, concluding that some chaotic maps can indeed enhance the performance of
FA by replacing some parameters in FA with these chaotic maps [21].

• Lagrangian firefly algoirthm (LFA). Another interesting variant is the Lagrangian
firefly algorithm, which was proposed by Rampriya et al. to solve the unit commitment
problem for a power system [41].

• Memetic firefly algorithm (MFA). Fister Jr. et al. developed a discrete variant of
FA, called the memetic firefly algorithm, for solving combinatorial graph-coloring
problems, with promising results [18].

• Multiobjective discrete firefly algorithm (MDFA). Apostolopoulos and Vlacho
extended FA and developed a discrete version for multi-objective optimization of
the economic emission load dispatch problem, and their comparison showed that
this variant is very efficient [6]. Meanwhile, Arsuaga-Rios and Vega-Rodriguez
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independently proposed another multi-objective FA (MOFA) for an optimal
workload management tool for minimizing energy consumption in grid computing
[4]. In addition, Li and Ye used FA to solve multi-objective production scheduling
systems [33]. Furthermore, Marichelvam et al. presented a discrete FA variant for
the multi-objective hybrid flowshop scheduling problem [35].

• Mulitobjective firefly algorithm (MOFA). Yang also extended FA for single-objective
optimization to multi-objective optimization of continuous design problems [53].

• Multi-objective enhanced firefly algorithm (MOEFA). Amiri et al. presented a multi-
objective enhanced FA for community detection in complex networks [3].

• Hybrid firefly algorithms (HFA). There are many hybrid algorithms achieved by
hybridizing FA with other algorithms. For example, Giannakouris et al. combined FA
with ant colony optimization and obtained good results [22]. Abdullah et al. combined
FA with differential evolution to estimate nonlinear biological model parameters,
and their study showed that this hybrid can be a powerful tool with less computation
time for many applications [2]. An improved FA with adaptive strategies has been
presented by Yan et al. [55].

• Parallel firefly algorithm with predation (pFAP). Luz et al. proposed a parallel imple-
mentation of FA with predation and applied it to the inverse heat conduction prob-
lem [34].

For discrete problems and combinatorial optimization, discrete versions of FA have
been developed that have superior performance [42,29,18,14], which can be used for
traveling-salesman problems, graph coloring, and other applications. In addition, the
extension of FA to multi-objective optimization has also been investigated [6,53]. A few
studies show that chaos can enhance FA’s performance [11,51], whereas other studies
have attempted to hybridize FA with other algorithms to enhance their performance
[22,26,27,41].

Sometimes some improvements can be carried out by slightly modifying the stan-
dard FA, but it might not be proper to classify the improved algorithm as a new variant.
For example, Farahani et al. used a Gaussian distribution to replace the uniform dis-
tribution for the scaling factor α, which indeed showed some improvement [17]. On
the other hand, Wang et al. introduce a discovery rate to FA and presented a modified
FA for UCAV path planning [47], and their results showed the modified FA indeed
performed better.

8.4.2 How Can We Discretize FA?

The standard FA was initially developed for continuous, multimodal optimization prob-
lems. It can also be applied to solve combinatorial optimization problems; however,
we have to find ways to convert continuous variables into discrete variables. There are
different ways to achieve this task, and one of the widely used is the so-called sigmoidal
logistic function

S(x) = 1

1+ exp (−x)
, (8.18)
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which converts a continuous variable into a binary variable S. This S-shaped function
for x gives S → 1 as x → +∞, and S → 0 as x → −∞. However, in practice this
is not so easy to achieve, because values might not vary in the right range. A common
way is to combine with a random number r with a conditional switch. That is,

(u > r)→ 1, (u ≤ r)→ 0. (8.19)

Obviously, once we have S ∈ {0, 1}, we can change it to y = 2S − 1 ∈ {+1,−1}
when necessary.

An interesting property of S is that its derivative can be calculated easily by

d S

dx
= S(1− S). (8.20)

Other ways include signs and randomization. For example, we can use y = sign(x)

to generate+1, 0,−1. In addition, a simple (but not necessarily efficient) way is to use
y = x�, which is the largest integer not greater than x . Another way is to use the mod
function. For example, we can use

x ← x + k� mod m, (8.21)

where k and m > 0 are integers.
Another related issue is how new solutions can be generated. Once we have S = +1

or S = −1, we can use them as a step size and do local random walks at different
time/iteration t . That is,

yt+1 = yt + S. (8.22)

However, if the design variables are binary only, we have to normalize the new variables.
One way is to use mutation-like operations by swapping randomly between 0 and 1.

For randomization, one way is to use a random number associated with a discrete
set. If the search space is discrete and a design variable z only takes values on a finite
set, a random number u, often uniformly distributed, can be generated and map to the
cardinality of the set. Once a random number is drawn, the corresponding value of the
finite set can be used.

On the other hand, two key issues are how to define the distance and neighborhood
in the discrete FA. For many combinatorial problems such as scheduling, the distance
is not a physical distance. Therefore, care should be taken to define a distance measure
properly. Any sensible metric, such as time delay, time difference, Hamming distance,
edit distance, or Jaccard similarity, can be used as the distance.

For neighborhood, it is an even more challenging issue in combinatorial optimiza-
tion. For example, to solve the traveling salesman problem, a neighborhood solution can
be a local solution generated by swapping two links between four cities, the so-called
2-opt move [38].

It is worth pointing out that the ways of defining neighborhood solutions can signif-
icantly affect the overall performance of any implementation or variant of any nature-
inspired algorithms. This is one of reasons that discrete metaheuristic algorithms form
a significant part of current research activities.
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8.5 Firefly Algorithms in Applications

FA has attracted much attention and has been applied to many applications [6,10,24,
42,50,25,26]. Since the first original publications by Yang in 2008, more than 810
publications about FA have been published. As we can see, the literature has expanded
significantly, so it is not possible to review all 800 papers here. Therefore, we sample
only a fraction of these publications. Our choices might be biased, though we intended
to choose these representatives in an unbiased way.

Horng et al. demonstrated that the firefly-based algorithm used the least computation
time for digital image compression [25,26], whereas Zhang and Wu used FA to study
image registration [58]. Banati and Bajaj used FA for feature selection and showed that
FA produced consistent and better performance in terms of time and optimality than
other algorithms [7].

In engineering design problems, Gandomi et al. [20] and Azad and Azad [5] con-
firmed that FA can efficiently solve highly nonlinear, multimodal design problems. Basu
and Mahanti [8] as well as Chatterjee et al. applied FA in antenna design optimization
and showed that FA can outperform ABC [10]. In addition, Zaman and Matin also
found that FA can outperform PSO and obtained global best results [57]. Furthermore,
FA has been use to generate alternatives for decision makers with diverse options [28].

Sayadi et al. developed a discrete version of FA that can efficiently solve NP-hard
scheduling problems [42], while a detailed analysis has demonstrated the efficiency of
FA over a wide range of test problems, including multi-objective load dispatch problems
[6,49,52]. For example, Yang et al. solved the non-convex economic dispatch problem
with valve-loading effect using FA and achieved the best results over other methods
[54]. Similarly, Swarnkar solved economic load dispatch problems with reduced power
losses using FA [45].

Furthermore, FA can solve scheduling and traveling salesman problems in a promis-
ing way [39,29,56]. Jati and Suyanto solved the well-known traveling salesman prob-
lem by discrete FA, whereas Yousif et al. solved scheduling jobs on grid computing
using FA [56]. Both studies showed that FA is very efficient.

For queueing systems, FA has been found very efficient, as demonstrated in the
detailed study by Kwieciań and Filipowicz [31]. In addition, for mixed integer program-
ming and load dispatch problems, FA has also been found very efficient as well [9,54].

Classifications and clustering are another important area of applications of FA with
excellent performance [43,40]. For example, Senthilnath et al. provided an extensive
performance study by comparing FA with 11 different algorithms and concluded that
FA can be efficiently used for clustering [43]. In most cases, FA outperforms all other 11
algorithms. Tang et al. provided a comprehensive review of nature-inspired algorithms
for clustering [46]. In addition, FA has been applied to training neural networks [36].

For optimization in dynamic environments, FA can also be very efficient, as shown
by Farahani et al. [15,16] and Abshouri et al. [1].

On the other hand, Dutta et al. showed that FA can solve isospectral spring-mass
systems effectively [13]. Kazem et al. presented support vector regression with the
chaos-based FA for stock market price forecasting [30]. Grewal et al. presented a study
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of antenna failure correction using FA and showed that FA is very flexible and effec-
tive [23].

In the context of software testing, Srivastava et al. showed that FA can be modified to
generate independent test sequences efficiently and achieves superior performance [44].

8.6 Why the Firefly Algorithm is Efficient

As the literature about FA expands and new variants emerge, all point out that the
FA can outperform many other algorithms. Now we may ask naturally, “Why is it so
efficient?” To answer this question, let us briefly analyze FA from a different angle.

FA is swarm-intelligence-based, so it has similar advantages as other swarm-
intelligence-based algorithms. However, FA has two major advantages over other algo-
rithms: automatical subdivision and the ability to deal with multimodality. First, FA is
based on attraction and attractiveness. This leads to the fact that the whole population
can automatically subdivide into subgroups, and each group can swarm around each
mode or local optimum. Among all these modes, the best global solution can be found.
Second, this subdivision allows the fireflies to be able to find all optima simultaneously
if the population size is sufficiently higher than the number of modes. Mathematically,
1/
√

γ controls the average distance of a group of fireflies that can be seen by adjacent
groups. Therefore, a whole population can subdivide into subgroups with a given aver-
age distance. In the extreme case when γ = 0, the whole population will not subdivide.

This automatic subdivision ability makes FA particularly suitable for highly nonlin-
ear, multimodal optimisation problems. In addition, the parameters in FA can be tuned
to control the randomness as iterations proceed, so convergence can also be sped up by
tuning these parameters. These advantages make FA flexible to deal with continuous
problems, clustering and classifications, and combinatorial optimization as well.

For example, let use two functions to demonstrate the computational cost saved by
FA. For details, see the more extensive studies by Yang [49]. For De Jong’s function
with d = 256 dimensions,

f (x) =
256∑
i=1

x2
i . (8.23)

Genetic algorithms required 25412±1237 evaluations to get an accuracy of 10−5 of the
optimal solution, whereas PSO needed 17040±1123 evaluations. For FA, we achieved
the same accuracy with 5657 ± 730 function evaluations. This saves computational
costs of about 78% and 67% compared to GA and PSO, respectively.

For Yang’s forest function

f (x) =
(

d∑
i=1

|xi |
)

exp

[
−

d∑
i=1

sin (x2
i )

]
, −2π ≤ xi ≤ 2π, (8.24)

GA required 37079± 8920 with a success rate of 88% for d = 16, and PSO required
19725± 3204 with a success rate of 98%. FA obtained a 100% success rate with just
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5152±2493. Compared with GA and PSO, FA saved about 86% and 74%, respectively,
of overall computational efforts.

In summary, FA has three distinct advantages:

• Automatic subdivision of the whole population into subgroups
• The natural capability of dealing with multimodal optimization
• High ergodicity and diversity in the solutions

All these advantages make FA unique and very efficient.
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9 Cuckoo Search

Cuckoo search (CS) is one of the latest nature-inspired metaheuristic algorithms, devel-
oped in 2009 by Xin-She Yang of Cambridge University and Suash Deb of C.V. Raman
College of Engineering. CS is based on the brood parasitism of some cuckoo species. In
addition, this algorithm is enhanced by the so-called Lévy flights rather than by simple
isotropic random walks. Recent studies show that CS is potentially far more efficient
than PSO, genetic algorithms, and other algorithms.

9.1 Cuckoo Breeding Behavior

Cuckoos are fascinating birds, not only because of the beautiful sounds they make but
also because of their aggressive reproduction strategy. Some species such as the ani and
Guira cuckoos lay their eggs in communal nests, though they may remove otherbrids’
eggs to increase the hatching probability of their own eggs. Quite a number of species
engage in obligate brood parasitism by laying their eggs in the nests of other host birds
(often other species) [19].

There are three basic types of brood parasitism: intraspecific brood parasitism, coop-
erative breeding, and nest takeover. Some host birds can engage in direct conflict with
the intruding cuckoos. If a host bird discovers the eggs are not their own, they will either
get rid of these alien eggs or simply abandon the nest and build a new nest elsewhere.
Some cuckoo species, such as the New World brood-parasitic Tapera, have evolved in
such a way that female parasitic cuckoos are often very specialized in mimicry in color
and pattern of the eggs of a few chosen host species. This reduces the probability of
their eggs being abandoned and thus increases their reproductivity.

In addition, the timing of egg laying of some species is also amazing. Parasitic
cuckoos often choose a nest where the host bird just laid its own eggs. In general, the
cuckoo eggs hatch slightly earlier than their host eggs. Once the first cuckoo chick is
hatched, the first instinct action it will take is to evict the host eggs by blindly propelling
the eggs out of the nest, which increases the cuckoo chick’s share of food provided
by its host bird. Studies also show that a cuckoo chick can also mimic the call of host
chicks to gain access to more feeding opportunity.

9.2 Lévy Flights

On the other hand, various studies have shown that flight behavior of many animals
and insects has demonstrated the typical characteristics of Lévy flights with power

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00009-9
© 2014 Elsevier Inc. All rights reserved.
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law-like characteristics. A recent study by Reynolds and Frye shows that fruit flies,
or Drosophila melanogaster, explore their landscape using a series of straight flight
paths punctuated by sudden 90◦ turns, leading to a Lévy flight-style intermittent scale
free search pattern [21]. Studies of human behavior, such as of the Ju/’hoansi hunter-
gatherer foraging patterns, also show the typical feature of Lévy flights [4]. Even light
can be related to Lévy flights [2]. Subsequently, such behavior has been applied to
optimization and optimal search, and results show its promising capability [20].

9.3 Cuckoo Search

CS is one of the latest nature-inspired metaheuristic algorithms, developed in 2009 by
Xin-She Yang and Suash Deb [30,32,33]. CS is based on the brood parasitism of some
cuckoo species.

In addition, this algorithm is enhanced by the so-called Lévy flights [20] rather
than by simple isotropic random walks. Recent studies show that CS is potentially far
more efficient than PSO and genetic algorithms [30]. For simplicity in describing the
standard CS, here we use the following three idealized rules:

• Each cuckoo lays one egg at a time and dumps it in a randomly chosen nest.
• The best nests with high-quality eggs will be carried over to the next generations.
• The number of available host nests is fixed, and the egg laid by a cuckoo is discovered

by the host bird with a probability pa ∈ (0, 1). In this case, the host bird can either
get rid of the egg or simply abandon the nest and build a completely new nest.

As a further approximation, this last assumption can be approximated by replacing
a fraction pa of the n host nests with new nests (with new random solutions). For a
maximization problem, the quality or fitness of a solution can simply be proportional
to the value of the objective function. Other forms of fitness can be defined in a similar
way to the fitness function in genetic algorithms.

From the implementation point of view, we can use the following simple represen-
tations that each egg in a nest represents a solution, and each cuckoo can lay only one
egg (thus representing one solution). The aim is to use the new and potentially better
solutions (cuckoos) to replace a not-so-good solution in the nests. Obviously, this algo-
rithm can be extended to the more complicated case where each nest has multiple eggs
representing a set of solutions. Here we use the simplest approach, where each nest
has only a single egg. In this case, there is no distinction between an egg, a nest, or a
cuckoo, since each nest corresponds to one egg, which also represents one cuckoo.

This algorithm uses a balanced combination of a local random walk and the global
explorative random walk, controlled by a switching parameter pa . The local random
walk can be written as

xt+1
i = xt

i + αs ⊗ H(pa − ε)⊗ (xt
j − xt

k), (9.1)

where xt
j and xt

k are two different solutions selected randomly by random permutation,
H(u) is a Heaviside function, ε is a random number drawn from a uniform distribution,
and s is the step size. Here, ⊗ means the entry-wise product of two vectors.
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On the other hand, the global random walk is carried out using Lévy flights

xt+1
i = xt

i + αL(s, λ), (9.2)

where

L(s, λ) = λ�(λ) sin (πλ/2)

π

1

s1+λ
, (s � s0 > 0). (9.3)

Here α > 0 is the step size scaling factor, which should be related to the scales of
the problem of interest. In most cases, we can use α = O(L/10), where L is the
characteristic scale of the problem of interest, whereas in some cases α = O(L/100)

can be more effective and avoid flying too far. Obviously, the α value in these two
updating equations can be different, thus leading to two different parameters, α1 and
α2. Here we use α1 = α2 = α for simplicity.

Based on these three rules, the basic steps of the CS can be summarized as the
pseudo code shown in Figure 9.1.

The updating Eq. (9.2) is essentially a stochastic equation for a random walk. In
general, a random walk is a Markov chain whose next state/location depends only on
the current location (the first term in the preceding equation) and the transition prob-
ability (the second term). However, a substantial fraction of the new solutions should
be generated by far field randomization, and their locations should be far enough from
the current best solution; this will make sure that the system will not be trapped in a
local optimum [30,32].

The literature on cuckoo search is expanding rapidly. It has received a lot of atten-
tion, and there are many recent studies using cuckoo search with a diverse range of
applications [6,7,9–11,13,36]. For example, Walton et al. improved the algorithm

Cuckoo Search via Lévy Flights

Objective function f(x), x = (x1, ..., xd)T

Generate initial population of n host nests xi

while (t <MaxGeneration) or (stop criterion)
Get a cuckoo randomly
Generate a solution by Lévy flights [e.g., Eq.(9.2)]
Evaluate its solution quality or objective value fi

Choose a nest among n (say, j) randomly
if (fi < fj),

Replace j by the new solution i
end
A fraction (pa) of worse nests are abandoned
New nests/solutions are built/generated by Eq.(9.1)
Keep best solutions (or nests with quality solutions)
Rank the solutions and find the current best
Update t ← t + 1

end while
Postprocess results and visualization

Figure 9.1 Pseudo code of the cuckoo search for a minimization problem.
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by formulating a modified CS algorithm [26]; Yang and Deb extended it to multi-
objective optimization [33]. A comprehensive review can be found in the book edited
by Yang [35].

9.3.1 Special Cases of Cuckoo Search

CS as a metaheuristic algorithm has surprisingly rich characteristics. If we look at the
updating Eqs. (9.1) and (9.2) more closely, we can discover such subtle richness. From
(9.1), we can group some factors together by setting Q = αs ⊗ H(pa − ε); then we
have Q > 0. As a result, Eq. (9.1) becomes the major updating equation of differential
evolution (DE). Furthermore, we replace xt

j with the current best solution g∗ and set
k = i , so we have

xt+1
i = xt

i + Q(g∗ − xt
i ), (9.4)

which is essentially a variant of the PSO without individual historical best. This case
is very similar to the APSO developed by Yang et al. [29].

On the other hand, from (9.2), this random walk is in fact the simulated annealing
(SA) with a Lévy-flight transition probability. In this case, we have an SA with a
stochastic cooling scheduling controlled by pa .

Therefore, differential evolution, PSO, and SA can be considered special cases of
the cuckoo search algorithm. Conversely, we can say that CS is a good and efficient
combination of DE, PSO, and SA in one algorithm. Therefore, it is no surprise that CS
is very efficient.

9.3.2 How to Carry Out Lévy Flights

From the implementation point of view, the generation of random numbers with Lévy
flights consists of two steps: the choice of a random direction and the generation of steps
that obey the chosen Lévy distribution. The generation of a direction should be drawn
from a uniform distribution, whereas the generation of steps is quite tricky. There are a
few ways of achieving this, but one of the most efficient and yet straightforward ways is
to use the so-called Mantegna algorithm for a symmetric Lévy stable distribution [15].

However, it is not trivial to generate pseudo-random step sizes that correctly obey
this Lévy distribution. In Mantegna’s algorithm, the step size s can be computed using
two Gaussian distributions U and V via the following transformation:

s = U

|V |1/λ
, (9.5)

where

U ∼ N (0, σ 2), V ∼ N (0, 1). (9.6)

Here U ∼ (0, σ 2) means that the samples are drawn from a Gaussian normal dis-
tribution with a zero mean and a variance of σ 2. The variance can be calculated by

σ 2 =
[ �(1+ λ)

λ�((1+ λ)/2)
· sin (πλ/2)

2(λ−1)/2

]1/λ

. (9.7)
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This distribution (for s) obeys the expected Lévy distribution for |s| ≥ |s0|m where s0
is the smallest step. In principle, |s0| � 0, but in reality s0 can be taken as a sensible
value such as s0 = 0.1 to 1.

These formulas look complicated, but the � function is just a constant for a
given λ. For example, when λ = 1, we have �(1 + λ) = 1, �((1 + λ)/2) = 1
and

σ 2 =
[

1

1× 1
· sin (π × 1/2)

20

]1/1

= 1. (9.8)

It has been proved mathematically that the Mantegna algorithm can produce the random
samples that obey the required distribution correctly [15].

9.3.3 Choice of Parameters

There are several parameters in CS. Apart from the population size n, there are switching
probability pa , step-size scaling factor α, and the Lévy exponent λ. However, the key
parameters are pa and n because we can take α and λ as constants. By varying their
values, we found that we can set λ = 1.5 and α = 0.01 for most problems.

For the key parameters, we have also tried to vary the number of host nests (or the
population size n) and the probability pa . We have used n = 5, 10, 15, 20, 30, 40, 50,

100, 150, 250, 500 and pa = 0, 0.01, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4, 0.5. From
our simulations, we found that n = 15 to 40 and pa = 0.25 are sufficient for most
optimization problems. Results and analysis also imply that the convergence rate, to
some extent, is not sensitive to the parameters used. This means that the fine adjustment
is not needed for any given problems.

Let us look at a simple example. One of the many test functions we have used is the
bivariate Michalewicz function

f (x, y) = − sin (x) sin2m
(

x2

π

)
− sin (y) sin2m

(
2y2

π

)
, (9.9)

where m = 10 and (x, y) ∈ [0, 5] × [0, 5]. This function has a global minimum
f∗ ≈ −1.8013 at (2.20319, 1.57049). This global optimum can easily be found using
CS, and the results are shown in Figure 9.2, where the final locations of the nests are also
marked with 
 in the figure. Here we have used n = 15 nests, α = 1, and pa = 0.25.

From the figure, we can see that as the optimum is approaching, most nests aggregate
toward the global optimum. We also notice that the nests are also distributed at different
(local) optima in the case of multimodal functions. This means that CS can find all the
optima simultaneously if the number of nests are much higher than the number of
local optima. This advantage may become more significant when we’re dealing with
multimodal and multi-objective optimization problems.

9.3.4 Variants of Cuckoo Search

Many variants of CS have been developed in the last few years. Despite the short his-
tory of this algorithm, CS has attracted great interest due to its simplicity, efficiency,
and flexibility. As a result, the literature has expanded significantly. The standard CS
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Figure 9.2 Search paths of nests using CS. The final locations of the nests are marked with 

in the figure.

is very powerful and efficient, but it was developed for continuous optimization. One
useful extension is to produce a discrete version of CS so that it can solve scheduling
problems and combinatorial optimization efficiently. There are many variants of CS in
the literature; for a comprehensive review, refer to [34,12,35]. Here we outline only a
few variants:

• Modified cuckoo search (MCS). One of the interesting and useful studies is the devel-
opment of the modified cuckoo search by Walton et al. [26], which has been used to
optimize mesh generation and other applications.

• Improved cuckoo search (ICS). Valian et al. [23] presented an improved cuckoo
search for training feedforward neural networks in artificial intelligence applications
[23,24]. At the same time, Vazquez [25] also used CS for training spiking neural
models [25].

• Quantum cuckoo search (QCS). Layeb [14] presented a variant of CS by adding
quantum behavior to the algorithm and so called it quantum cuckoo search. QCS has
been applied to solve knapsack problems [14].

• Discrete cuckoo search (DCS). For discrete applications such as scheduling and
combinatorial problems, there are a few variants in the literature. Ouaarab et al.
[18] developed a discrete CS for solving traveling salesman problems (TSPs) [18].
Chandrasekaran and Simon [5] presented a multi-objective CS approach for multi-
objective scheduling problems [5].

• Multi-objective cuckoo search (MOCS). Yang and Deb [33] developed a multi-
objective CS approach for solving multi-objective engineering optimization prob-
lems [33].

• Discrete multi-objective cuckoo search (DMOCS). In the context of both multi-
objective and scheduling problems, Chandrasekaran and Simon [5] developed a
variant of CS for solving discrete multi-objective scheduling problems [5].
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• Hybrid cuckoo search (HCS). There are variants that try to combine CS with other
algorithms. For example, Wang et al. [28] combined CS with PSO and achieved
good improvement [28]. Salimi et al. [22] combined modified CS with the conjugate
gradient method [22].

There are many other variants; Fister et al. provided a brief review with detailed
literature [12]. Yang and Deb provided a conceptual review [34]. The recent edited
book has more extensive literature about cuckoo search and firefly algorithms [35].

9.4 Why Cuckoo Search is so Efficient

In addition to the analysis of the previous section showing that DE, PSO, and SA are
special cases of the cuckoo search, recent theoretical studies also indicate that CS has
global convergence [27], as outlined in the next subsection.

Theoretical studies of PSO have suggested that it can converge quickly to the current
best solution but not necessarily the global best solutions. In fact, some analyses suggest
that PSO updating equations do not satisfy the global convergence conditions, and thus
there is no guarantee of global convergence. (See the chapter on particle swarm opti-
mization in this book.) On the other hand, it has been proved that cuckoo search can sat-
isfy the global convergence requirements and thus has guaranteed global convergence
properties [27]. This implies that for multimodal optimization, PSO may converge pre-
maturely to a local optimum, whereas CS can usually converge to the global optimality.

Furthermore, cuckoo search has two search capabilities: local search and global
search, controlled by a switching/discovery probability. As mentioned in the previous
section, the local search is very intensive, with about 1/4 of the search time (for pa =
0.25), whereas global search takes about 3/4 of the total search time. This allows that
the search space can be explored more efficiently on a global scale, and consequently
the global optimality can be found with a higher probability.

A further advantage of CS is that its global search uses Lévy flights or process rather
than standard random walks. Because Lévy flights have infinite mean and variance, CS
can explore the search space more efficiently than algorithms using standard Gaus-
sian processes. This advantage, combined with both local and search capabilities and
guaranteed global convergence, makes CS very efficient. Indeed, various studies and
applications have demonstrated that CS is very efficient [32,13,26,8].

9.5 Global Convergence: Brief Mathematical Analysis

Wang et al. provided a mathematical proof of global convergence for the standard CS;
their approach is based on the Markov chain theory [27]. Their proof can be outlined
as follows:

Because there are two branches in the updating formulas, the local search step only
contributes mainly to local refinements, whereas the main mobility or exploration is
carried out by the global search step. To simplify the analysis and to emphasize the
global search capability, we now use a simplified version of cuckoo search. That is,
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we use only the global branch with a random number r ∈ [0, 1], compared with a
discovery/switching probability pa . Now we have{

x(t+1)
i ← x (t)

i if r < pa,

x(t+1)
i ← x(t)

i + α ⊗ L(λ) if r > pa .
(9.10)

Because our CS algorithm is a stochastic search algorithm, we can summarize it as
the following key steps:

1. Randomly generate an initial population of n nests at the positions, X = {x0
1, x0

2, . . . ,

x0
n}, then evaluate their objective values so as to find the current global best g0

t .
2. Update the new solutions/positions by

x(t+1)
i = x(t)

i + α ⊗ L(λ). (9.11)

3. Draw a random number r from a uniform distribution [0,1]. Update x(t+1)
i if r > pa .

Then evaluate the new solutions to find the new, global best g∗t .
4. If the stopping criterion is met, then g∗t is the best global solution found so far.

Otherwise, return to step (2).

The global convergence of an algorithm. If f is measurable and the feasible solution
space� is a measurable subset on�n , algorithm A satisfies the preceding two conditions
with the search sequence {xk}∞k=0, then

lim
k→∞ P(xk ∈ Rε,M ) = 1. (9.12)

That is, algorithm A can converge globally with a probability of one. Here P(xk ∈
Rε,M ) is the probability measure of the kth solution on Rε,M at the kth iteration.

The state and state space. The positions of a cuckoo/nest and its global best solution
g in the search history form the states of cuckoos: y = (x, g), where x, g ∈ � and
f (g) ≤ f (x). The set of all the possible states forms the state space, denoted by

Y = {y = (x, g)|x, g ∈ �, f (g) ≤ f (x)}. (9.13)

The states and state space of the cuckoo group/population. The states of all n cuck-
oos/nests form the states of the group, denoted by q = (y1, y2, . . . , yn). All the states
of all the cuckoos form a state space for the group, denoted by

Q = {q = (y1, y2, . . . , yn), yi ∈ Y, 1 ≤ i ≤ n}. (9.14)

Obviously, Q contains the historical global best solution g∗ for the whole population
and all individual best solutions gi (1 ≤ i ≤ n) in history. In addition, the global best
solution of the whole population is the best among all gi , so f (g∗) = min ( f (gi )),

1 ≤ i ≤ n.
The transition probability from state y1 to y2 in CS is

P(Ty(y1) = y2) = P(x1 → x ′1)P(g1 → g′1)P(x ′1 → x2)P(g′1 → g2), (9.15)
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where P(x1 → x ′1) is the transition probability at Step 2 in CS, and P(g1 → g′1) is
the transition probability for the historical global best at this step. P(x ′1 → x2) is the
transition probability at Step 3, whereas P(g′1 → g2) is the transition probability of
the historical global best.

For globally optimal solution gb for an optimization problem <�, f >, the optimal
state set is defined as R = {y = (x, g)| f (g) = f (gb), y ∈ Y }.

For the globally optimal solution gb to an optimization problem < �, f >, the
optimal group state set can be defined as

H = {q = (y1, y2, . . . , yn)|∃yi ∈ R, 1 ≤ i ≤ n}. (9.16)

All these sets will ensure that the convergence conditions are met. Further detailed
mathematical analysis proves that when the number of iteration approaches sufficiently
large [27], the group state sequence will converge to the optimal state/solution set H .
Therefore, the cuckoo search has guaranteed global convergence.

9.6 Applications

CS has been applied in many areas of optimization and computational intelligence with
promising efficiency. For example, in engineering design applications, CS has superior
performance over other algorithms for a range of continuous optimization problems,
such as spring design and welded beam design [32,13].

In addition, a modifed CS by Walton et al. [26] has been demonstrated to be very
efficient for solving nonlinear problems such as mesh generation. Yildiz [36] has used
CS to select optimal machine parameters in milling operation with enhanced results,
and Zheng and Zhou [37] provided a variant of CS using Gaussian process.

In the context of data fusion and wireless sensor networks, CS has been shown to
be very efficient [9,10]. Furthermore, a variant of CS in combination with a quantum-
based approach has been developed to solve knapsack problems efficiently [14]. From
the algorithm analysis point of view, a conceptural comparison of CS with particle
swarm optimization (PSO), differential evolution (DE), and artificial bee colony (ABC)
by Civicioglu and Desdo [8] suggested that CS and differential evoluton algorithms
provide more robust results than PSO and ABC. Gandomi et al. [13] provided a more
extensive comparison study for solving various sets of structural optimization problems
and concluded that CS obtained better results than other algorithms such as PSO and
gentic algorithms (GA). Among the diverse applications, an interesting performance
enhancement has been obtained by using CS to train neural networks as shown by
Valian et al. [23] and reliability optimization problems [24].

For complex phase equilibrium applications, Bhargava et al. [1] have shown that
CS offers a reliable method for solving thermodynamic calculations. At the same time,
Bulatović et al. [3] solved a six-bar double dwell linkage problem using CS, and Moravej
and Akhlaghi [16] solved the DG allocation problem in distribution networks with good
convergence rate and performance.

As a further extension, Yang and Deb [33] produced the multi-objective cuckoo
search (MOCS) for design engineering appplications. For multi-objective scheduling
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problems, much progress was made by Chandrasekaran and Simon [5] using CS algo-
rithms, which demonstrated the superiority of their proposed methodology. Recent
studies have demonstrated that cuckoo search can perform significantly better than
other algorithms in many applications [13,17,37,36]. For a more detailed review, refer
to Yang [35] and Yang et al. [31].
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10 Bat Algorithms

The bat algorithm (BA) is a bio-inspired algorithm developed by Xin-She Yang in 2010
that has been found very efficient. As a result, the literature has expanded significantly
since then. This chapter provides a detailed introduction to BA and its new variants. A
wide range of diverse applications and case studies are also reviewed and summarized
briefly here.

10.1 Echolocation of Bats

10.1.1 Behavior of Microbats

Bats are fascinating animals. They are the only mammals with wings, and they also
have advanced capability of echolocation. It is estimated that there are about 1000
different bat species, which accounts for up to 20% of all mammal species. Their size
ranges from the tiny bumblebee bats (of about 1.5 to 2 g) to giant bats with a wingspan
of about 2 m and weight of up to about 1 kg. Microbats typically have a forearm length
of about 2.2 to 11 cm. Most bats use echolocation to a certain degree; among all the
species, microbats are a famous example because they use echolocation extensively,
whereas megabats do not [2,4,27].

Most microbats are insectivores. Microbats use a type of sonar, called echolocation,
to detect prey, avoid obstacles, and locate their roosting crevices in the dark. These
bats emit a very loud sound pulse and listen for the echo that bounces back from the
surrounding objects. Their pulses vary in properties and can be correlated with their
hunting strategies, depending on the species. Most bats use short, frequency-modulated
signals to sweep through about an octave; others more often use constant-frequency
signals for echolocation. Their signal bandwidth varies with species and often increases
by using more harmonics.

Studies show that microbats use the time delay from the emission and detection of
the echo, the time difference between their two ears, and the loudness variations of the
echoes to build up a three-dimensional scenario of the surrounding. They can detect
the distance and orientation of the target, the type of prey, and even the moving speed
of the prey, such as small insects. Indeed, studies suggest that bats seem to be able to
discriminate targets by the variations of the Doppler effect induced by the wing-flutter
rates of the target insects [2].

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00010-5
© 2014 Elsevier Inc. All rights reserved.
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10.1.2 Acoustics of Echolocation

Though each pulse lasts only a few thousandths of a second (up to about 8 to 10 ms), it
has a constant frequency that is usually in the region of 25 kHz to 150 kHz. The typical
range of frequencies for most bat species is in the region between 25 kHz and 100 kHz,
though some species can emit higher frequencies up to 150 kHz. Each ultrasonic burst
may last typically 5 to 20 ms, and microbats emit about 10 to 20 such sound bursts
every second. When they are hunting for prey, the rate of pulse emission can be sped up
to about 200 pulses per second when they fly near their prey. Such short sound bursts
imply the fantastic ability of the signal processing power of bats. In fact, studies show
that the equivalent integration time of the bat ear is typically about 300 to 400 µs.

As the speed of sound in air is typically v = 340 m/s at room temperature, the wave-
length λ of the ultrasonic sound bursts with a constant frequency f is given by λ = v/ f ,
which is in the range of 2 mm to 14 mm for the typical frequency range from 25 kHz to
150 kHz. Such wavelengths are obviously on the same order of their prey sizes [2,27].

Amazingly, the emitted pulse could be as loud as 110 dB, and, fortunately, they are
in the ultrasonic region. The loudness also varies from the loudest when searching for
prey to a quieter base when homing toward the prey. The traveling range of such short
pulses is typically a few meters, depending on the actual frequencies. Microbats can
manage to avoid obstacles as small as a thin human hair.

Obviously, some bats have good eyesight, and most bats also have very sensitive
smell sense. In reality, they use all the senses in combination to maximize the efficient
detection of prey and smooth navigation. However, here we are only interested in the
echolocation and the associated behavior.

The echolocation behavior of microbats can be formulated in such a way that it can
be associated with the objective function to be optimized, and this makes it possible to
formulate new optimization algorithms. Here we first outline the basic formulation of
BA and then discuss its implementation.

10.2 Bat Algorithms

If we idealize some of the echolocation characteristics of microbats, we can develop
various bat-inspired or bat algorithms [32]. For simplicity, we now use the following
approximate or idealized rules:

1. All bats use echolocation to sense distance, and they also “know” the difference
between food/prey and background barriers.

2. Bats fly randomly with velocity vi at position xi . They can automatically adjust
the frequency (or wavelength) of their emitted pulses and adjust the rate of pulse
emission r ∈ [0, 1], depending on the proximity of their target.

3. Although the loudness can vary in many ways, we assume that the loudness varies
from a large (positive) A0 to a minimum value Amin.

Another obvious simplification is that no ray tracing is used in estimating the time
delay and three-dimensional topography. Though this might be a good feature for the
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Bat Algorithm

Initialize the bat population xi and vi (i = 1, 2, ..., n)
Initialize frequencies fi, pulse rates ri and the loudness Ai

while (t <Max number of iterations)
Generate new solutions by adjusting frequency,
Update velocities and locations/solutions [(10.1) to (10.3)]
if (rand > ri)

Select a solution among the best solutions
Generate a local solution around the selected best solution

end if
Generate a new solution by flying randomly
if (rand < Ai & f(xi) < f(x∗))

Accept the new solutions
Increase ri and reduce Ai

end if
Rank the bats and find the current best x∗

end while

Figure 10.1 Pseudo code of the bat algorithm (BA).

application in computational geometry, we will not use this simplification here, since
it is more computationally extensive in multidimensional cases.

In addition to these simplified assumptions, we also use the following approxima-
tions for simplicity. In general, the frequency f in a range [ fmin, fmax] corresponds
to a range of wavelengths [λmin, λmax]. For example, a frequency range of [20 kHz,
500 kHz] corresponds to a range of wavelengths from 0.7 mm to 17 mm.

For a given problem, we can also use any wavelength for the ease of implementation.
In the actual implementation, we can adjust the range by adjusting the frequencies (or
wavelengths). The detectable range (or the largest wavelength) should be chosen such
that it is comparable to the size of the domain of interest, then toned down to smaller
ranges. Furthermore, we do not necessarily have to use the wavelengths themselves
at all. Instead, we can also vary the frequency while fixing the wavelength λ. This is
because λ and f are related, since λ f is constant. We use this latter approach in our
implementation.

For simplicity, we can assume f ∈ [0, fmax]. We know that higher frequencies have
short wavelengths and travel a shorter distance. For bats, the typical ranges are a few
meters. The rate of pulse can simply be in the range of [0,1], where 0 means no pulses
at all and 1 means the maximum rate of pulse emission.

Based on these approximations and idealized rules, the basic steps of BA can be
summarized as the schematic pseudo code shown in Figure 10.1.

10.2.1 Movement of Virtual Bats

In simulations, we have to use virtual bats. We have to define the rules of how their
positions xi and velocities vi in a d-dimensional search space are updated. The new
solutions xt

i and velocities vt
i at time step t are given by

fi = fmin + ( fmax − fmin)β, (10.1)
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vt+1
i = vt

i + (xt
i − x∗) fi , (10.2)

xt+1
i = xt

i + vt+1
i , (10.3)

where β ∈ [0, 1] is a random vector drawn from a uniform distribution. Here x∗ is
the current global best location (solution), which is located after comparing all the
solutions among all the n bats. Because the product λi fi is a constant, we can use fi

(or λi ) to adjust the velocity change while fixing the other factor λi (or fi ), depending
on the type of the problem of interest. In our implementation, we use fmin = 0 and
fmax = O(1), depending on the domain size of the problem of interest. Initially, each
bat is randomly assigned a frequency that is drawn uniformly from [ fmin, fmax].

For the local search part, once a solution is selected among the current best solutions,
a new solution for each bat is generated locally using random walk

xnew = xold + ε A(t), (10.4)

where ε ∈ [−1, 1] is a random number, while A(t) = 〈At
i〉 is the average loudness of all

the bats at this time step. From the implementation point of view, it is better to provide
a scaling parameter to control the step size. Therefore, we can rewrite this equation as

xnew = xold + σ εt A(t), (10.5)

where εt is now drawn from a Gaussian normal distribution N(0, 1), and σ is a scaling
factor. In our demo implementation, we set σ = 0.01. Obviously, σ should be linked
to the scalings of the design variables of an optimization problem under consideration.

The update of the velocities and positions of bats may have some similarity to the
procedure in the standard particle swarm optimization, since fi essentially controls
the pace and range of the movement of the swarming particles. However, BA can be
more effective because it uses frequency tuning and parameter control to influence
exploration and exploitation.

10.2.2 Loudness and Pulse Emission

Furthermore, the loudness Ai and the rate ri of pulse emission have to be updated
accordingly as the iterations proceed. Because the loudness usually decreases once a
bat has found its prey, whereas the rate of pulse emission increases, the loudness can
be chosen as any value of convenience. For simplicity, we can also use A0 = 1 and
Amin = 0, assuming Amin = 0 means that a bat has just found the prey and temporarily
stops emitting any sound. Now we have

At+1
i = αAt

i , r t+1
i = r0

i [1 − exp (−γ t)], (10.6)

where α and γ are constants. In fact, α is similar to the cooling factor of a cooling
schedule in the simulated annealing discussed earlier in this book. For any 0 < α < 1
and γ > 0, we have

At
i → 0, r t

i → r0
i , as t → ∞. (10.7)

In the simplest case, we can use α = γ , and we used α = γ = 0.9 in our simulations.
However, it is worth pointing out that the demo code does not include the variations of
A and r , which is mainly to show the essence of frequency tuning in the bat algorithm.
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The choice of parameters requires some experimentation. Initially, each bat should
have different values of loudness and pulse emission rate; this can be achieved by ran-
domization. For example, the initial loudness A0

i can typically be taken as 1, whereas the
initial emission rate r0

i can be around zero or any value r0
i ∈ (0, 1] if using (10.6). Their

loudness and emission rates will be updated only if the new solutions are improved,
which means that these bats are moving toward the optimal solution.

By analyzing BA closely, we can see that it can capture many charactersitics of other
algorithms. If we replace the variations of the frequency fi by a random parameter and
setting Ai = 0 and ri = 1, BA essentially becomes the standard PSO. Similarly, if we
do not use the velocities, we use fixed loudness and rate: Ai and ri . For example, for
Ai = ri = 0.7, this algorithm is virtually reduced to a simple harmony search (HS),
as the frequency/wavelength change is essentially the pitch adjustment while the rate
of pulse emission is similar to the harmonic acceptance rate (here with a twist) in the
HS algorithm. In other words, HS and PSO can be considered the special cases of BA.
Therefore, it is no surprise that BA is efficient.

The current studies imply that the proposed new algorithm is potentially more pow-
erful and thus should be investigated further in many applications of engineering and
in solving industrial optimization problems.

10.3 Implementation

From the pseudo code, it is relatively straightforward to implement BA in any pro-
gramming language. For ease of visualization, we have implemented it using Matlab
for various test functions.

There are many standard test functions for validating new algorithms. As a simple
benchmark, let us look at the eggcrate function

f = x2 + y2 + 25( sin2 x + sin2 y), (x, y) ∈ [−2π, 2π ] × [−2π, 2π ].
We know that f has a global minimum fmin = 0 at (0, 0). In our implementation, we
use n = 25 to 50 virtual bats, and α = 0.9. For the multimodal eggcrate function, a
snapshot of the last 10 iterations is shown in Figure 10.2, where all bats move toward
the global best (0, 0).

For demonstration purposes, we simplify the bat algorithm by setting A and r as
constants. The following Matlab code should work well for function optimization.
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Figure 10.2 The eggcrate function (left) and the locations of 40 bats in the last 10 iterations
(right).
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BA is much superior to other algorithms in terms of accuracy and efficiency for
many test functions because it usually provides a fast convergence rate.

10.4 Binary Bat Algorithms

The basic bat algorithm works well for continuous problems. But to deal with dis-
crete and combinatorial problems, some modifications are needed to discretize the bat
algorithm. Nakamura et al. developed the so-called binary bat algorithm (BBA) for
feature selection and image processing [21]. For feature selection, they proposed that
the search space is modeled as a d-dimensional Boolean lattice in which bats move
across the corners and nodes of a hypercube. For binary feature selection, a feature is
represented by a bat’s position as a binary vector.

In BBA, a sigmoid function is used to restrict a bat’s position. That is,

x j
i =

{
1 if S(v

j
i ) > ρ,

0 otherwise
, (10.8)

and

S(v
j
i ) = 1

1 + exp[−v
j
i ]

, (10.9)

where the velocity component v
j
i corresponds to the j th dimension of bat i , and ρ ∼

U (0, 1) is a random number drawn from a uniform distribution. This means that the
positions or coordinates of bats are in the Boolean lattice.
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Obviously, it can be expected that this BBA variant can be extended to deal with other
discrete and combinatorial problems. In addition, there are other ways to discretize the
bat algorithm. In fact, any efficient ways to discrete swarm-based algorithms such as
PSO can also be used to discretize BA and produce new variants of it. In fact, this has
become an active research topic.

10.5 Variants of the Bat Algorithm

The standard BA has many advantages, a key one being that it can provide very quick
convergence at an early stage of iteration by switching from exploration to exploitation
if necessary. This makes BA an efficient algorithm for applications such as classifica-
tions and others when a fast solution is needed. However, if we allow the algorithm
to switch to exploitation stage too fast by varying A and r too quickly, it may lead to
stagnation after some initial stage. To improve performance, many methods and strate-
gies have been attempted to increase the diversity of the solution and thus to enhance
performance, which produced a few good BA variants.

From a quick but incomplete literature survey [38], we found the following BA
variants:

• Fuzzy logic bat algorithm (FLBA). Khan and Sahai [14] presented a variant by intro-
ducing fuzzy logic into BA. They called their variant FLBA [14].

• Multi-objective bat algorithm (MOBA). Yang [33] extended BA to deal with multi-
objective optimization, which has demonstrated its effectiveness for solving a few
design benchmarks in engineering [33].

• K-means bat algorithm (KMBA). Komarasamy and Wahi [16] presented a combina-
tion of K-means and bat algorithm (KMBA) for efficient clustering [16].

• Chaotic bat algorithm (CBA). Lin et al. [17] presented a chaotic BA using Lévy
flights and chaotic maps to carry out parameter estimation in dynamic biological
systems [17]. Gandomi and Yang [10] proposed another CBA using various iterative
maps [10].

• Binary bat algorithm (BBA). Nakamura et al. [21] developed a discrete version of
BA to solve classifications and feature selection problems [21].

• Improved bat algorithm (IBA). Jamil et al. [13] extended BA with a good combination
of Lévy flights and subtle variations of loudness and pulse emission rates. They tested
the IBA versus more than 70 different test functions, and IBA proved to be very
efficient [13].

• Modified bat algorithm (MBA). Huang et al. [11] developed this invariant by using
orthogonal Latin square sampling as the initial population and incorporating
autonomous danger-averting behavior. The researchers proved that MBA has guar-
anteed global convergence [11].

There are other improvements and variants of BA. For example, Wang and Guo
[31] hybridized BA with harmony search and produced a hybrid BA for numerical
optimization of function benchmarks [30]. They also applied BA to vehicle routing
problems [31].
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On the other hand, Fister, Jr., et al. [8] developed a hybrid BA using differential
evolution as a local search part of BA [8]. We can expect that more variants are still
under active research.

10.6 Convergence Analysis

Huang et al. carried out a detailed convergence analysis for BA using the finite Markov
process theory [11].

In theory, an algorithm with an order-m reducible stochastic matrix P can be rewrit-
ten as

P =
(

S · · · 0
R · · · T

)
, (10.10)

where R 	= 0, T 	= 0 and S is an order-q stochastic matrix (with q < m). Then we
have

P∞ = lim
k→∞ Pk

= lim
k→∞

(
Sk · · · 0∑k−1

i=1 T i RSk−i · · · T k

)
=

(
S∞ · · · 0
R∞ · · · T

)
, (10.11)

which is a stable stochastic matrix and independent of the initial distribution [12]. In
addition, we also have

P∞ = [pi j ]m×m,

{
pi j > 0, (1 ≤ i ≤ m, 1 ≤ j ≤ q),

pi j = 0, (1 ≤ i ≤ m, q < j ≤ m).
(10.12)

The search algorithm will converge with almost probability one to the global optimality,
starting from any initial random states, if the transition probability p to a better solution
or state is p > 0. Conversely, if the transition probability p to a worse state is greater,
the algorithm will not converge.

With this main result, it has been proved that PSO will not converge to the global
optimality [26], whereas BA will converge to the true global optimality [11].

Huang et al. concluded that for unconstrained function optimization, BA satisfies all
the conditions for guaranteed global convergence. For nonlinear constrained problems,
BA will converge with additional initialization of orthogonal Latin squares and has guar-
anteed global convergence to the true global optimality. They further concluded that

S∞ = (1), R∞ = (1, 1, . . . , 1)T (10.13)

and

P∞ =

⎛
⎜⎜⎜⎝

1 0 · · · 0
1 0 · · · 0
...

...
...

1 0 · · · 0

⎞
⎟⎟⎟⎠ , (10.14)
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which leads to

lim
t→∞ p{ f (x) → f (x∗)} = 1. (10.15)

That is, the global convergence is guaranteed.
They also proposed a BA variant, called a modified bat algorithm (MBA), can further

improve the convergence rate with guaranteed global optimality. They also showed that
this variant is suitable for large-scale, global optimization.

10.7 Why the Bat Algorithm is Efficient

Like many metaheuristic algorithms, BA has the advantage of simplicity and flexibility.
BA is easy to implement, and such a simple algorithm can be very flexible to solve a
wide range of problems, as we have seen in our review.

A natural question is: Why is the bat algorithm so efficient? There are many reasons
for the success of bat-based algorithms. By analyzing the key features and updating
equations, we can summarize the following three key points and features:

• Frequency tuning. BA uses echolocation and frequency tuning to solve problems.
Though echolocation is not directly used to mimic the true function in reality, fre-
quency variations are used. This capability can provide some functionality that may
be similar to the key feature used in PSO, SA, and HS. Therefore, BA possesses the
advantages of other swarm-intelligence-based algorithms.

• Automatic zooming. BA has a distinct advantage over other metaheuristic algorithms.
That is, BA has a capability of automatically zooming into a region where promising
solutions have been found. This zooming is accompanied by the automatic switch
from explorative moves to local intensive exploitation. As a result, BA has a quick
convergence rate, at least at early stages of the iterations, compared with other
algorithms.

• Parameter control. Many metaheuristic algorithms used fixed parameters by using
some pre-tuned algorithm-dependent parameters. In contrast, BA uses parameter
control, which can vary the values of parameters (A and r ) as the iterations proceed.
This provides a way to automatically switch from exploration to exploitation when
the optimal solution is approaching. This gives another advantage of BA over other
metaheuristic algorithms.

In addition, preliminary theoretical analysis by Huang et al., discussed in an earlier
section, suggested that BA has guaranteed global convergence properties under the
right conditions, and BA can also solve large-scale problems effectively.

10.8 Applications

The standard BA and its many variants mean that the applications are also very diverse.
In fact, since the original BA was developed [32], bat algorithms have been applied in
almost every area of optimization, classifications, image processing, feature selection,



Bat Algorithms 151

scheduling, data mining, and other problems. In the rest of the chapter, we briefly
highlight some of the applications [9,23,32,33,36,37]. This review is based on detailed
review articles in the literature [34,35,38].

10.8.1 Continuous Optimization

Among the first set of applications of BA, continuous optimization in the context of
engineering design optimization has been extensively studied and demonstrated that BA
can deal with highly nonlinear problems efficiently and can find the optimal solutions
accurately [32,36]. Case studies include pressure vessel design, car side design, spring
and beam design, truss systems, tower and tall building design, and others. Tsai et al.
[29] solved numerical optimization problems using BA [29].

In addition, Bora et al. [3] optimized the brushless DC wheel motors using BA with
superior results [3]. BA can also handle multi-objective problems effectively [33].

10.8.2 Combinatorial Optimization and Scheduling

From the computational complexity point of view, continuous optimization problems
can be considered easy to solve, though they may still be very challenging. However,
combinatorial problems can be really hard, often nondeterministic polynomial time
hard (NP-hard). Ramesh et al. [24] presented a detailed study of combined economic
load and emission dispatch problems using BA [24]. They compared BA with ant colony
algorithms (ABC), hybrid genetic algorithms, and other methods and concluded that
BA is easy to implement and much superior to the other algorithms in terms of accuracy
and efficiency.

Musikapun and Pongcharoen (2012) solved multistage, multimachine, multiproduct
scheduling problems using BA, and they solved a class of NP-hard problems with
a detailed parametric study. They also implied that the performance can be further
improved by about 8.4% using an optimal set of parameters [20].

10.8.3 Inverse Problems and Parameter Estimation

Yang et al. use BA to study topological shape optimization in microelectronic appli-
cations so that materials of different thermal properties can be placed in such a way
that the heat transfer is most efficient under stringent constraints [37]. It can also be
applied to carry out parameter estimation as an inverse problem. If an inverse problem
can be properly formulated, BA can provide better results than least-squares methods
and regularization methods.

Lin et al. [17] presented a chaotic Lévy flight BA to estimate parameters in nonlinear
dynamic biological systems, which proved the effectiveness of the proposed algorithm
[17].

10.8.4 Classifications, Clustering, and Data Mining

Komarasamy and Wahi [16] studied K-means clustering using BA and concluded that
the combination of both K-means and BA can achieve higher efficiency and thus per-
form better than other algorithms tested in their work [16].
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Khan and Sahari presented a comparison study of BA with PSO, GA, and other algo-
rithms in the context of e-learning and thus suggested that BA clearly has some advan-
tages over other algorithms [14]. They also presented a study of clustering problems
using BA and its extension as a bisonar optimization variant, with good results [15].

On the other hand, Mishra et al. [19] used BA to classify microarray data [19],
whereas Natarajan et al. [22] presented a comparison study of cuckoo search and BA
for Bloom filter optimization [22]. Damodaram and Valarmathi [5] studied phishing
Website detection using modified BA and achieved very good results [5].

Marichelvam and Prabaharan [18] used BA to study hybrid flowshop scheduling
problems so as to minimize the makespan and mean flow time [18]. Their results sug-
gested that BA is an efficient approach for solving hybrid flowshop scheduling prob-
lems. Faritha Banu and Chandrasekar [7] used a modified BA to record deduplication
as an optimization approach and data compression technique. Their results suggested
that the modified BA can perform better than genetic programming [7].

10.8.5 Image Processing

Akhtar et al. [1] presented a study for full-body human-pose estimation using BA [1],
and they concluded that BA performs better than PSO, particle filter (PF), and annealed
particle filter (APF).

Du and Liu [6] presented a variant of BA with mutation for image matching, and
they indicated that their bat-based model is more effective and feasible in imagine
matching than other models, such as differential evolution and genetic algorithms [6].

10.8.6 Fuzzy Logic and Other Applications

Reddy and Manoj [25] presented a study of optimal capacitor placement for loss reduc-
tion in distribution systems using BA. It combines with fuzzy logic to find optimal
capacitor sizes so as to minimize the total losses. Their results suggested that the real
power loss can be reduced significantly [25]. Furthermore, Tamiru and Hashim [28]
applied an approach based on BA to study fuzzy systems and to model exergy changes
in a gas turbine [28].

At the time of writing, when we searched Google Scholar and other databases,
we found other papers on BA that either had just been accepted or were conference
presentations. However, they do not contain enough detail to be included in this review.
In fact, as the literature is expanding, more and more papers on BA are emerging, so a
further timely review will be needed within the next few years.

An interesting extension will be to use different schemes of wavelengths or fre-
quency variations instead of the current linear implementation. In addition, the rates
of pulse emission and loudness can also be varied in a more sophisticated manner.
Another extension for discrete problems is to use the time delay between pulse emis-
sion and the echo bounced back. For example, in the traveling salesman problem,
the distance between two adjacent nodes or cities can easily be coded as the time
delay. Because microbats use time difference between their two ears to obtain three-
dimensional information, they can identify the type of prey and the velocity of a flying
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insect. Therefore, a further natural extension to the current BA would be to use the
directional echolocation and Doppler effect, which may lead to even more interesting
variants and new algorithms.
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11 Flower Pollination Algorithms

The flower pollination algorithm (FPA) was developed by Xin-She Yang in 2012,
inspired by the pollination process of flowering plants. FPA has been extended to multi-
objective optimization with promising results. This chapter provides an introduction to
FPA and its basic implementation.

11.1 Introduction

Real-world design problems in engineering and industry are usually multi-objective or
multicriteria. These multiple objectives often conflict with one another, which makes it
impossible to use any single design option without compromise. Common approaches
are to provide good approximations to the true Pareto fronts of the problem of interest so
that decision makers can rank different options, depending on their preferences or their
utilities [1,5,15]. Compared with single-objective optimization, multi-objective opti-
mization has its additional challenging issues such as time complexity, inhomogeneity,
and dimensionality. It is usually more time consuming to obtain the true Pareto fronts
because it typically requires us to produce many points on the Pareto front for good
approximations.

In addition, even if accurate solutions on a Pareto front can be obtained, there is
still no guarantee that these solution points will distribute uniformly on the front. In
fact, it is often difficult to obtain the whole front without any part missing. For single-
objective optimization, the optimal solution can often be a single point in the solution
space, whereas for bi-objective optimization, the Pareto front forms a curve, and for
tri-objective cases it becomes a surface. In fact, a higher-dimensional problem can
have an extremely complex hypersurface as its Pareto front [11,20]. Consequently, it
is typically more challenging to solve such high-dimensional problems.

In the current literature of engineering optimization, a class of nature-inspired algo-
rithms have shown their promising performance and have thus become popular and
widely used. These algorithms are mostly swarm intelligence based [5,7,9,15,14], as
we have seen in this book.

The main aim of this chapter is to first introduce the basic flower pollination algo-
rithm (FPA), developed by Xin-She Yang in 2012 [19], and then extend it to solve
multi-objective optimization. We then discuss the results for solving function opti-
mization benchmarks and design benchmarks in engineering.

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00011-7
© 2014 Elsevier Inc. All rights reserved.
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11.2 Flower Pollination Algorithm

11.2.1 Characteristics of Flower Pollination

It is estimated that there are over a quarter of a million types of flowering plants in nature
and that about 80% of all plant species are flowering species. It still remains a mystery
how flowering plants came to dominate the landscape from the Cretaceous period [17].
Flowering plants have been evolving for at least 125 million years, and flowers have
become so influential in evolution that, it is unimaginable what the plant world would
look like without them. The main purpose of a flower is ultimately reproduction via
pollination. Flower pollination is typically associated with the transfer of pollen, and
such transfer is often linked with pollinators such as insects, birds, bats, and other
animals. In fact, some flowers and insects have co-evolved into a very specialized
flower-pollinator partnership. For example, some flowers can only attract and can only
depend on a specific species of insect or bird for successful pollination.

Pollination can take two major forms: abiotic and biotic. About 90% of flowering
plants belong to the biotic pollination group. That is, pollen is transferred by pollinators
such as insects and animals. About 10% of pollination takes abiotic form, which does
not require any pollinators. Wind and diffusion help with pollination of such flowering
plants. Grass is a good example of abiotic pollination [5,17]. Pollinators, sometimes
called pollen vectors, can be very diverse. It is estimated that there are at least 200,000
varieties of pollinators such as insects, bats, and birds. Honeybees are a good example
of pollinators, and they have also developed the so-called flower constancy. That is,
these pollinators tend to visit certain flower species exclusively, bypassing other flower
species. Such flower constancy may have evolutionary advantages because it maximizes
the transfer of flower pollen to the same or conspecific plants, thus maximizing the
reproduction of the same flower species. Such flower constancy may be advantageous
for pollinators as well because they can be sure that nectar supply is available with their
limited memory and minimum cost of learning, switching, or exploring. Rather than
focusing on some unpredictable but potentially more rewarding new flower species,
pollinators might find that flower constancy requires minimum investment costs and
more likely guaranteed intake of nectar [18].

Pollination can be achieved by self-pollination or cross-pollination. Cross-pollination,
or allogamy, means that pollination can occur from the pollen of a flower of a different
plant; self-pollination is the fertilization of one flower, such as peach flowers, from
pollen of the same flower or different flowers of the same plant, which often occurs
when no reliable pollinator is available. Biotic cross-pollination may occur at a long
distance; pollinators such as bees, bats, birds, and flies can fly a long distance, so they
can be considered global pollination. In addition, bees and birds may exhibit Lévy
flight behavior with jump or fly distance steps obeying a Lévy distribution. Further-
more, flower constancy can be considered an incremental step using the similarity or
difference of two flowers.

From the biological evolution point of view, the objective of flower pollination is
the survival of the fittest and the optimal reproduction of plants in terms of numbers
as well as the most fittest. This can be considered an optimization process of plant
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species. All of these factors and processes of flower pollination interact to achieve
optimal reproduction of the flowering plants. This natural behavior may motivate us to
design new optimization algorithms.

11.2.2 Flower Pollination Algorithm

FPA was developed by Xin-She Yang in 2012 [19], inspired by the flow pollination
process of flowering plants. FPA has been extended to multi-objective optimization
[20]. For simplicity, the following four rules are used:

1. Biotic and cross-pollination can be considered processes of global pollination, and
pollen-carrying pollinators move in a way that obeys Lévy flights (Rule 1).

2. For local pollination, abiotic pollination and self-pollination are used (Rule 2).
3. Pollinators such as insects can develop flower constancy, which is equivalent to a

reproduction probability that is proportional to the similarity of two flowers involved
(Rule 3).

4. The interaction or switching of local pollination and global pollination can be con-
trolled by a switch probability p ∈ [0, 1], slightly biased toward local pollination
(Rule 4).

To formulate the updating formulas, these rules have to be converted into proper
updating equations. For example, in the global pollination step, flower pollen gametes
are carried by pollinators such as insects, and pollen can travel over a long distance
because insects can often fly and move in a much longer range. Therefore, Rule 1 and
flower constancy (Rule 3) can be represented mathematically as

xt+1
i = xt

i + γ L(λ)(g∗ − xt
i ), (11.1)

where xt
i is the pollen i or solution vector xi at iteration t , and g∗ is the current best

solution found among all solutions at the current generation/iteration. Here γ is a
scaling factor to control the step size.

In essence, L(λ) is a step-size parameter, more specifically the Lévy-flights-based
step size, that corresponds to the strength of the pollination. Since insects may travel
over a long distance with various distance steps, a Lévy flight can be used to mimic
this characteristic efficiently. That is, L > 0 is drawn from a Lévy distribution

L ∼ λ�(λ) sin (πλ/2)

π

1

s1+λ
, (s � s0 > 0). (11.2)

Here �(λ) is the standard gamma function, and this distribution is valid for large steps
s > 0. In theory, it is required that |s0| � 0, but in practice s0 can be as small as 0.1.

However, it is not trivial to generate pseudo-random step sizes that correctly obey this
Lévy distribution (11.2). There are a few methods for drawing such random numbers;
the most efficient one from our studies is the so-called Mantegna algorithm for drawing
step size s by using two Gaussian distributions U and V by the following transformation
[10]

s = U

|V |1/λ
, (11.3)
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Flower Pollination Algorithm (or simply Flower Algorithm)

Objective min or max f(x), x = (x1, x2, ..., xd)
Initialize a population of n flowers/pollen gametes with random solutions
Find the best solution g∗ in the initial population
Define a switch probability p ∈ [0, 1]
while (t <MaxGeneration)

for i = 1 : n (all n flowers in the population)
if rand < p,

Draw a (d-dimensional) step vector L from a Lévy distribution
Global pollination via xt+1

i = xt
i + γL(g∗ − xt

i)
else

Draw from a uniform distribution in [0,1]
Do local pollination via xt+1

i = xt
i + (xt

j − xt
k)

end if
Evaluate new solutions
If new solutions are better, update them in the population

end for
Find the current best solution g∗

end while
Output the best solution found

Figure 11.1 Pseudo code of the proposed flower pollination algorithm (FPA).

and

U ∼ N (0, σ 2), V ∼ N (0, 1). (11.4)

Here U∼(0, σ 2) means that the samples are drawn from a Gaussian normal distribution
with a zero mean and a variance of σ 2. The variance can be calculated by

σ 2 =
[ �(1 + λ)

λ�((1 + λ)/2)
· sin (πλ/2)

2(λ−1)/2

]1/λ

. (11.5)

For the local pollination, both Rule 2 and Rule 3 can be represented as

xt+1
i = xt

i + ε(xt
j − xt

k), (11.6)

where xt
j and xt

k are pollen from different flowers of the same plant species. This
essentially mimics the flower constancy in a limited neighborhood. Mathematically, if
xt

j and xt
k come from the same species or are selected from the same population, this

equivalently becomes a local random walk if ε is drawn from a uniform distribution in
[0,1].

The main steps of FPA, or simply the flower algorithm, are summarized in
Figure 11.1.

In principle, flower pollination activities can occur at all scales, both local and global.
But in reality, adjacent flower patches or flowers in the not-so-far-away neighborhood
are more likely to be pollinated by local flower pollen than those far away. To mimic
this feature, a switch probability (Rule 4) or proximity probability p can be effectively
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used to switch between common global pollination to intensive local pollination. To
start with, a naïve value of p = 0.5 may be used as an initial value. A preliminary
parametric study indicated that p = 0.8 may work better for most applications.

11.3 Multi-Objective Flower Pollination Algorithms

A multi-objective optimization problem with m objectives can be written in general as

Minimize f1(x), f2(x), . . ., fm(x), (11.7)

subject to the nonlinear equality and inequality constraints

h j (x) = 0, ( j = 1, 2, . . ., J ), (11.8)

gk(x) ≤ 0, (k = 1, 2, . . ., K ). (11.9)

To use the techniques for single-objective optimization or to extend the existing methods
for solving multi-objective problems, there are different approaches to achieve this task.
One of the simplest ways is to use a weighted sum to combine multiple objectives into
a composite single objective

f =
m∑

i=1

wi fi (11.10)

with
m∑

i=1

wi = 1, wi > 0, (11.11)

where wi (i = 1, . . ., m) are nonegative weights.
The fundamental idea of this weighted sum approach is that these weighting

coefficients act as the preferences for these multi-objectives. For a given set of
(w1, w2, . . ., wm), the optimization process will produce a single point of the Pareto
front of the problem. For a different set of wi , another point on the Pareto front can be
generated. With a sufficiently large number of combinations of weights, a good approx-
imation to the true Pareto front can be obtained. It has been proved that the solutions to
the problem with the combined objective (11.10) are Pareto-optimal if the weights are
positive for all the objectives, and these are also Pareto-optimal to the original problem
(11.7). In practice, a set of random numbers ui are first drawn for a uniform distribution
U (0, 1). Then, the weights wi can be calculated by normalization. That is,

wi = ui∑m
i=1 ui

, (11.12)

so that
∑

i wi = 1 can be satisfied. For example, for three objectives f1, f2, and f3,
three random numbers or weights can be drawn from a uniform distribution [0, 1], and
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they may be u1 = 0.2915, u2 = 0.9147 and u3 = 0.6821 in one instance of sampling
runs. Then we have

∑
i = 1.8883, and w1 = 0.1544, w2 = 0.4844, w3 = 0.3612.

Indeed,
∑

i wi = 1.000 is satisfied.
To obtain the Pareto front accurately with solutions relatively uniformly distributed

on the front, random weights wi should be used and should be as different as possible
[12]. From the benchmarks that have been tested, the weighted sum with random
weights usually works well, as can be seen in the following discussion.

11.4 Validation and Numerical Experiments

There are many different test functions for single-objective and multi-objective opti-
mization [8,21–23], but a subset of some widely used functions can provide a wide
range of diverse properties in terms of Pareto fronts and Pareto optimal sets. To validate
the proposed MOFPA, a subset of these functions with convex, nonconvex, and discon-
tinuous Pareto fronts has been selected, including seven single-objective test functions,
four multi-objective test functions, four mono-objective design benchmarks, and a
bi-objective design problem.

11.4.1 Single-Objective Test Functions

Before proceeding to solve multi-objective optimization problems, we should first
validate the algorithm by solving some well-known single-objective test functions.
There are at least 100 well-known test functions. However, there is no agreed set of test
functions for validating new algorithms, though some reviews and literature do exist
[8]. A subset of seven test functions with diverse properties is used here.

The Ackley function can be written as

f1(x) = −20 exp

⎡
⎣−1

5

√√√√ 1

d

d∑
i=1

x2
i

⎤
⎦−exp

[
1

d

d∑
i=1

cos (2πxi )

]
+20+e, (11.13)

which has a global minimum f∗ = 0 at (0, 0, . . ., 0).
The simplest of De Jong’s functions is the so-called sphere function

f2(x) =
n∑

i=1

x2
i , −5.12 ≤ xi ≤ 5.12, (11.14)

whose global minimum is obviously f∗ = 0 at (0, 0, . . ., 0). This function is unimodal
and convex.

Easom’s function is

f3(x) = (−1)d+1
d∏

i=1

cos (xi ) exp

[
−

d∑
i=1

(xi − π)2

]
, (11.15)

whose global minimum is f∗ = −1 at x∗ = (π, . . ., π) within −100 ≤ xi ≤ 100.
It has many local minima.
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Griewank’s function is

f4(x) = 1

4000

d∑
i=1

x2
i −

d∏
i=1

cos
( xi√

i

)
+ 1, −600 ≤ xi ≤ 600, (11.16)

whose global minimum is f∗ = 0 at x∗ = (0, 0, . . ., 0). This function is highly multi-
modal.

Rastrigin’s function,

f5(x) = 10d +
d∑

i=1

[
x2

i − 10 cos (2πxi )
]
, −5.12 ≤ xi ≤ 5.12, (11.17)

has a global minimum of f∗ = 0 at (0, 0, . . ., 0). This function is highly multimodal.
Rosenbrock’s function is

f6(x) =
d−1∑
i=1

[
(xi − 1)2 + 100(xi+1 − x2

i )2
]
, (11.18)

whose global minimum f∗ = 0 occurs at x∗ = (1, 1, . . ., 1) in the domain −5 ≤ xi ≤ 5
where i = 1, 2, . . ., d.

Zakharov’s function,

f7(x) =
d∑

i=1

x2
i +

(
1

2

d∑
i=1

i xi

)2

+
(

1

2

d∑
i=1

i xi

)4

, (11.19)

has its global minimum f∗ = 0 at (0, 0, . . ., 0).
To compare the performance of FPA with other existing algorithms, we first test

each algorithm using the most widely used implementation and parameter settings.
For genetic algorithms (GA), a crossover rate of pcrossover = 0.95 and a mutation rate
of pmutation = 0.05 are used. For PSO, a version with an inertia weight θ = 0.7 is
used, and its two learning parameters α = β are set as 1.5. Furthermore, to ensure a
fair comparison, the same population size should be used whenever possible. So here
n = 25 has been used for all three algorithms.

To get some insight into the parameter settings of FPA, a detailed parametric study
has been carried out by varying p from 0.05 to 0.95 with a step increase of 0.05,

λ = 1, 1.25, 1.5, 1.75, 1.9 and n = 5, 10, 15, . . ., 50. It has been found that n = 25,

p = 0.8, γ = 0.1, and λ = 1.5 work for most cases. The parameter values used for all
three algorithms are summarized in Table 11.1.

The convergence behavior of genetic algorithms and PSO during iterations have been
well studied in the literature. For FPA, various statistical measures can be obtained from
a set of runs.

For a fixed population size n = 25, this is equal to the total number of function
evaluations of 25,000. The best results obtained in terms of the means of the minimum
values found in the 40 independent runs are summarized in Table 11.2.
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Table 11.1 Parameter values for each algorithm.

PSO n = 25, θ = 0.7, α = β = 1.5
GA n = 25, pcrossover = 0.95, pmutation = 0.05
FPA n = 25, λ = 1.5, γ = 0.1, p = 0.8

Table 11.2 Comparison of algorithm performance: Mean values.

Functions GA PSO FPA

f1 8.29e-9 7.12e-12 5.09e-12
f2 6.61e-15 1.18e-24 2.47e-26
f3 −0.9989 −0.9998 −1.0000
f4 5.72e-9 4.69e-9 1.37e-11
f5 2.93e-6 3.44e-6 4.52e-7
f6 8.97e-6 8.21e-8 6.19e-8
f7 8.77e-4 1.58e-4 9.53e-5

11.4.2 Multi-Objective Test Functions

In the rest of this chapter, the parameters in MOFPA are fixed based on a preliminary
parametric study, and p = 0.8, λ = 1.5, and a scaling factor γ = 0.1 are used. The
population size n = 50 and the dimensionality d = 10 are used. The number of
iterations is set to t = 1000. The following four functions are tested:

• ZDT1 function with a convex front [21,23]:

f1(x) = x1, f2(x) = g(1 −√
f1/g),

g = 1 + 9
∑d

i=2 xi

d − 1
, x1 ∈ [0, 1], i = 2, . . ., 30, (11.20)

where d is the number of dimensions. The Pareto optimality is reached when g = 1.
• ZDT2 function with a nonconvex front:

f1(x) = x1, f2(x) = g

(
1 − f1

g

)2

,

where g is the same as given in ZDT1.
• ZDT3 function with a discontinuous front:

f1(x) = x1, f2(x) = g

[
1 −

√
f1

g
− f1

g
sin (10π f1)

]
,
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Figure 11.2 Pareto front of test function ZDT3.

where g in functions ZDT2 and ZDT3 is the same as in function ZDT1. In the ZDT3
function, f1 is discontinuous and varies from 0 to 0.852 and f2 from −0.773 to 1.

• LZ function (Li and Zhang, 2009; Zhang and Li, 2007):

f1 = x1 + 2

|J1|
∑
j∈J1

[
x j − sin

(
6πx1 + jπ

d

)]2

,

f2 = 1 − √
x1 + 2

|J2|
∑
j∈J2

[
x j − sin

(
6πx1 + jπ

d

)]2

, (11.21)

where J1 = { j | j is odd } and J2 = { j | j is even } where 2 ≤ j ≤ d. This function
has a Pareto front f2 = 1 − √

f1 with a Pareto set

x j = sin
(

6πx1 + jπ

d

)
, j = 2, 3, . . ., d, x1 ∈ [0, 1]. (11.22)

After generating 100 Pareto points by MOFPA, the Pareto front generated by MOFPA
is compared with the true front of ZDT3 (see Figure 11.2).

Let us define the distance or error between the estimate Pareto front P Fe to its
corresponding true front P Ft as

E f = ||P Fe − P Ft ||2 =
N∑

j=1

(P Fe
j − P Ft

j )
2, (11.23)

where N is the number of points.
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The variation of convergence rates or the convergence property can be viewed by
plotting out the errors during iterations. This is an absolute measure that depends on
the number of points. Sometimes it is easier to use a relative measure in terms of the
generalized distance

Dg = 1

N

√√√√ N∑
j=1

(P Fj − P Ft
j )

2. (11.24)

The results for all the functions are summarized in Table 11.3.

11.4.3 Analysis of Results and Comparison

To compare the performance of the proposed MOFPA with that of other established
multi-objective algorithms, we have selected a few algorithms with available results
from the literature. Where the results are not available, the algorithms have been imple-
mented using well-documented studies and then new results using these algorithms
were generated. In particular, other methods are also used for comparison, including
vector evaluated genetic algorithms (VEGA), NSGA-II [4], multi-objective differential
evolution (MODE), differential evolution for multi-objective optimization (DEMO)
[16], multi-objective bees algorithms (Bees), and strength Pareto evolutionary algo-
rithm (SPEA) [3,4]. The performance measures in terms of generalized distance Dg

are summarized in Table 11.4 for all these major methods.

Table 11.3 Summary of results.

Functions Errors (1000 Iterations) Errors (2500 Iterations)

ZDT1 1.1E-6 3.1E-19
ZDT2 2.7E-6 4.4E-10
ZDT3 1.4E-5 7.2E-12
LZ 1.2E-6 2.9E-12

Table 11.4 Comparison of Dg for n = 50 and t = 500 iterations.

Methods ZDT1 ZDT2 ZDT3 LZ

VEGA 3.79E-02 2.37E-03 3.29E-01 1.47E-03
NSGA-II 3.33E-02 7.24E-02 1.14E-01 2.77E-02
MODE 5.80E-03 5.50E-03 2.15E-02 3.19E-03
DEMO 1.08E-03 7.55E-04 1.18E-03 1.40E-03
Bees 2.40E-02 1.69E-02 1.91E-01 1.88E-02
SPEA 1.78E-03 1.34E-03 4.75E-02 1.92E-03

MOFPA 7.11E-05 1.24E-05 5.49E-04 7.92E-05
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Table 11.5 Comparison of FPA with GA and PSO for benchmarks [2,20].

Cases GA PSO FPA

Spring 2.6681 2.659 2.6586
Beam 2.4331 2.3810 1.72485
Reducer 2985.2a 2996.348 2993.7496
Vessel 5850.383 5850.383 5850.383

a This solution is not valid because the solution violates constraint g11.

It is clearly seen from Table 11.4 that the proposed MOFPA obtained better results
for almost all four cases (See Table 11.5).

11.5 Applications

Design optimization, especially design of structures, has many applications in engi-
neering and industry. As a result, there are many different benchmarks with detailed
studies in the literature [13,14]. For multi-objective optimization, MOFPA will be used
to solve a disc brake design problem [6,14].

11.5.1 Single-Objective Design Benchmarks

11.5.1.1 Spring Design Optimization

Tensional and/or compressional springs are used widely in engineering. A standard
spring design problem has three design variables: the wire diameter d, the mean coil
diameter D, and the length (or number of coils) L (integer). The objective is to minimize
the weight of the spring subject to various constraints, such as maximum shear stress,
minimum deflection, and geometrical limits. For detailed descriptions, refer to earlier
studies. This problem can be written compactly as

Minimize f (x) = π(L + 2)d2 D

4
, (11.25)

subject to

g1(x) = 8C f Pmax D

3.14156d3 − S ≤ 0

g2(x) = 8K Pmax L D

C f d4 + 1.05(L + 2)d − L f ree ≤ 0

g3(x) = dmin − d ≤ 0

g4(x) = (d + D) − Dmax ≤ 0
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g5(x) = 3 − D − d

d
≤ 0

g6(x) = δ − δpm ≤ 0

g7(x) = 8K Pmax D3L

C f d4 + Pmax − Pload

K
+ 1.05(L + 2)d − L f ree ≤ 0

g8(x) = δw − Pmax − Pload

K
≤ 0, (11.26)

where

C f = 4Si − 1

4Si − 4
+ 0.615

Si
, Sd = D

d
, K = Gd4

8nD3 , (11.27)

Dmax = 3.0(in), Pmax = 300.0(lb), δw = 1.25(in). (11.28)

Here the maximum work load is 1000 lb, the maximum shear stress is S = 189, 000 psi,
and the shear modulus is 11.5 × 106 psi. In addition, the maximum coil free length
is L f ree = 14 in, the minimum wire diameter is dmin = 0.2 in, and the maximum
allowable defection under preload is δpm = 6.0 in.

To make this benchmark more complicated, d takes only the following discrete
values: 0.009, 0.0095, 0.0104, 0.0118, 0.0128, 0.0132, 0.014, 0.015, 0.0162, 0.0173,
0.018, 0.020, 0.023, 0.025, 0.028, 0.032, 0.035, 0.041, 0l047, 0.054,0.063, 0.072, 0.080,
0.092, 0.105, 0.120, 0.135, 0.148, 0.162, 0.177, 0.192, 0.207, 0.225, 0.244, 0.263, 0.283,
0.307, 0.331, 0.362, 0.394, 0.4375, 0.4999. Further, L can only be integers; thus this
problem becomes a mixed-variable optimization problem.

Using FPA, we have obtained a better solution than Wu and Chow (1995) and Guo
et al. (2004):

f∗ = 2.6586 at d = 0.283, D = 1.223049, L = 9. (11.29)

The comparisons with the results obtained by GA and PSO are summarized in
Table 11.2.

11.5.1.2 Welded Beam Design

The so-called welded beam design is a standard test problem for constrained design
optimization [2]. The problem has four design variables: the width w and length L of
the welded area, the depth h, and the thickness h of the main beam. The objective is to
minimize the overall fabrication cost under the appropriate constraints of shear stress
τ , bending stress σ , buckling load P , and maximum end deflection δ. The problem can
be written as

Minimize f (x) = 1.10471w2 L + 0.04811dh(14.0 + L), (11.30)
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subject to

g1(x) = w − h ≤ 0,

g2(x) = δ(x) − 0.25 ≤ 0,

g3(x) = τ(x) − 13, 600 ≤ 0,

g4(x) = σ(x) − 30, 000 ≤ 0,

g5(x) = 0.10471w2 + 0.04811hd(14 + L) − 5.0 ≤ 0,

g6(x) = 0.125 − w ≤ 0,

g7(x) = 6000 − P(x) ≤ 0, (11.31)

where

σ(x) = 504, 000

hd2 , Q = 6000
(
14 + L

2

)
,

D = 1

2

√
L2 + (w + d)2, J = √

2 wL

[
L2

6
+ (w + d)2

2

]
,

δ = 65, 856

30, 000hd3 , β = Q D

J
,

α = 6000√
2wL

, τ (x) =
√

α2 + αβL

D
+ β2,

P = 0.61423 × 106 dh3

6

(
1 − d

√
30/48

28

)
.

(11.32)

The simple limits or bounds are 0.1 ≤ L , d ≤ 10 and 0.1 ≤ w, h ≤ 2.0. Using FPA,
we have the following optimal solution:

x∗ = (w, L , d, h)

= (0.2057296397, 3.4704886656, 9.0366239104, 0.2057296398), (11.33)

with

f (x∗)min = 1.7248523086. (11.34)

This solution is essentially the same as the solution obtained by Cagnina et al. [2].

f∗ = 1.724852 at (0.205730, 3.470489, 9.036624, 0.205729). (11.35)

We have seen that FPA has found the optimal solutions that are either better than or the
same as the solutions found so far in literature.

11.5.1.3 Speed Reducer Design

The optimal design of a speed reducer or a gearbox is another benchmark design
problem with seven design variables [2]: the face width (b), module of the teeth (h),
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the number of teeth on pinion (z), the length (L1) of the first shaft between bearing, the
length (L2) of the second shaft between bearings, the diameter (d1) of the first shaft,
and the diameter (d2) of the second shaft. The main objective is to minimize the total
weight of the speed reducer, subject to 11 constraints such as bending stress, deflection,
and various limits on stresses in shafts.

This optimization problem can be written as [20]

f (b, h, z, L1, L2, d1, d2) = 0.7854bh2(3.3333z2 + 14.9334z − 43.0934)

−1.508b
(

d2
1 + d2

2

)
+ 7.4777

(
d3

1 + d3
2

)
+ 0.7854

(
L1d2

1 + L2d2
2

)
, (11.36)

subject to

g1 = 27

bh2z
− 1 ≤ 0,

g2 = 397.5

bh2z2 − 1 ≤ 0,

g3 = 1.93L3
1

hzd4
1

− 1 ≤ 0,

g4 = 1.93L3
2

hzd4
2

− 1 ≤ 0,

g5 = 1

110d3
1

√(745L1

hz

)2 + 16.9 × 106 − 1 ≤ 0,

g6 = 1

85d3
2

√(745L2

hz

)2 + 157.5 × 106 − 1 ≤ 0,

g7 = hz

40
− 1 ≤ 0,

g8 = 5h

b
− 1 ≤ 0,

g9 = b

12h
− 1 ≤ 0,

g10 = 1.5d1 + 1.9

L1
− 1 ≤ 0,

g11 = 1.1d2 + 1.9

L2
− 1 ≤ 0. (11.37)

In addition, the simple bounds are 2.6 ≤ b ≤ 3.6, 0.7 ≤ h ≤ 0.8, 17 ≤ z ≤ 28, 7.3 ≤
L1 ≤ 8.3, 7.8 ≤ L2 ≤ 8.3, 2.9 ≤ d1 ≤ 3.9, and 5.0 ≤ d2 ≤ 5.5. z must be integers.
The best solutions used by the flower algorithm with n = 25 after 1000 iterations are

b = 3.5, h = 0.7, z = 17, L1 = 7.3, L2 = 7.8,

d1 = 3.34336445, d2 = 5.285350625, (11.38)
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with

f min = 2993.7495888, (11.39)

which is better than f∗ = 2996.348165 by others.

11.5.1.4 Pressure Vessel Design

Pressure vessels are literally everywhere, from champagne bottles to gas tanks. For a
given volume and working pressure, the basic aim of designing a cylindrical vessel is
to minimize the total materials cost. Typically, the design variables are the thickness
d1 of the head, the thickness d2 of the body, the inner radius r , and the length L of the
cylindrical section [2]. This is a well-known test problem for optimization algorithms
and can be written as

minimize f (x) = 0.6224d1r L + 1.7781d2r2 + 3.1661d2
1 L + 19.84d2

1 r, (11.40)

subject to the following constraints:

g1(x) = −d1 + 0.0193r ≤ 0

g2(x) = −d2 + 0.00954r ≤ 0

g3(x) = −πr2L − 4π

3
r3 + 1296000 ≤ 0

g4(x) = L − 240 ≤ 0. (11.41)

The simple bounds are

0.0625 ≤ d1, d2 ≤ 99 × 0.0625 (11.42)

and

10.0 ≤ r ≤ 200.0, 10.0 ≤ L ≤ 240.0. (11.43)

It is worth pointing out that the first two design variables can only take integer multiples
of 0.0625; thus this essentially leads to a mixed-variable optimization problem. We can
use a branch-and-bound method to incorporate the integer variables.

Using the proposed flower algorithm, we found that the best solution is fmin =
6059.714 at

x∗ = (0.8125, 0.4375, 42.0984455958549, 176.6365958424394, (11.44)

which is the true globally minimal solution.
The current best solution can be stored during iterations. Then we can calculate

the errors D in terms of the difference between the current solution to the best mean
solution after 40 independent runs. In our simulations, we have observed that the
proposed algorithm approaches the optimal solution exponentially.

Among the three methods, the proposed FPA obtained the best result and converged
most quickly.
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11.5.2 Multi-Objective Design Benchmarks

The objectives are to minimize the overall mass and the braking time by choosing
optimal design variables: the inner radius r , outer radius R of the discs, the engaging
force F , and the number of the friction surface s. This is under the design constraints,
such as the torque, pressure, temperature, and length of the brake [14].

This bi-objective design problem can be written as

Minimize f1(x) = 4.9 × 10−5(R2 − r2)(s − 1), (11.45)

Minimize f2(x) = 9.82 × 106(R2 − r2)

Fs(R3 − r3)
, (11.46)

subject to

g1(x) = 20 − (R − r) ≤ 0,

g2(x) = 2.5(s + 1) − 30 ≤ 0,

g3(x) = F

3.14(R2 − r2)
− 0.4 ≤ 0,

g4(x) = 2.22 × 10−3 F(R3 − r3)

(R2 − r2)2 − 1 ≤ 0,

g5(x) = 900 − 0.0266Fs(R3 − r3)

(R2 − r2)
≤ 0. (11.47)

The simple limits are

55 ≤ r ≤ 80, 75 ≤ R ≤ 110, 1000 ≤ F ≤ 3000, 2 ≤ s ≤ 20. (11.48)

It is worth pointing out that s is discrete. In general, MOFPA has to be extended
in combination with constraint-handling techniques so as to deal with mixed integer
problems efficiently. However, since there is only one discrete variable, the simplest
branch-and-bound method is used here.

To see how the proposed MOFPA performs for real-world design problems, we
have solved the same problem using other available multi-objective algorithms. Fifty
solution points are generated using MOFPA to form an approximate to the true Pareto
front after 1000 iterations, as shown in Figure 11.3.

The comparison of the convergence rates is plotted in the logarithmic scales in
Figure 11.4. We can see clearly that the convergence rate of MOFPA is the highest
in an exponentially decreasing manner. This suggests that MOFPA provides better
solutions in a more efficient way.

These results for all test functions and design examples suggest that MOFPA is
a very efficient algorithm for both single-objective and multi-objective optimization.
The proposed algorithm can deal with highly nonlinear, multi-objective optimization
problems with complex constraints and diverse Pareto optimal sets.
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Figure 11.3 Pareto front of the disc brake design.

Figure 11.4 Convergence comparison for the disc brake design.

11.6 Further Research Topics

Multi-objective optimization in engineering and industry is often very challenging to
solve, necessitating sophisticated techniques to tackle. Metaheuristic approaches have
shown promise and popularity in recent years.

Here we have formulated a new algorithm, called the flower pollination algorithm,
for solving multi-objective optimization by mimicking the pollination process of flow-
ering plants. Numerical experiments and design benchmarks have shown that the pro-
posed algorithm is very efficient with an almost exponential convergence rate based on
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the comparison of FPA with other algorithms for solving multi-objective optimization
problems.

It is worth pointing out that mathematical analysis is highly needed so as to gain
insight into the true working mechanisms of metaheuristic algorithms. FPA has advan-
tages such as simplicity and flexibility, and in many ways it has some similarity to that
of cuckoo search and other algorithms with Lévy flights. However, it is still not clear
why FPA works well. In terms of number of parameters, FPA has only two key ones:
p and a scaling factor γ , which makes the algorithm easier to implement. However,
the nonlinearity in Lévy flights make it difficult to analyze mathematically. It can be
expected that this nonlinearity in the algorithm formulations may be advantageous to
enhance the performance of an algorithm. More research may reveal the subtlety of
this feature.

For multi-objective optimization, an important issue is how to ensure that the solution
points can distribute relatively uniformly on the Pareto front for test functions. However,
for real-world design problems such as the design of a disc brake and a welded beam,
the solutions are not quite uniform on the Pareto fronts, and there is still room for
improvement. However, simply generating more solution points may not solve the
Pareto uniformity problem easily. In fact, it is still a challenging problem of how to
maintain a uniform spread on the Pareto front, which requires more study. It may be
useful as a further research topic to study the combination of the flower algorithm with
other approaches for multi-objective optimization, such as the ε-constraint method,
weighted metric methods, Benson’s method, utility methods, and evolutionary methods
[12,15,3].

On the other hand, further studies can focus on more detailed parametric analysis
and gain insight into how algorithm-dependent parameters can affect the performance
of an algorithm. Furthermore, the linearity in the main updating formulas makes it
possible to do some theoretical analysis in terms of dynamic systems or Markov chain
theories, whereas the nonlinearity in terms of Lévy flights can be difficult to analyze
exactly. All these subjects can form useful topics for further research.
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12 A Framework for Self-Tuning
Algorithms

The performance of any algorithm will largely depend on the setting of its algorithm-
dependent parameters. The optimal setting should allow the algorithm to achieve the
best performance for solving a range of optimization problems. However, such parame-
ter tuning is itself a tough optimization problem. In this chapter, we present a framework
for self-tuning algorithms so that an algorithm to be tuned can be used to tune the algo-
rithm itself.

12.1 Introduction

Since all algorithms have algorithm-dependent parameters, the performance of an algo-
rithm largely depends on the values or setting of these parameters. Ideally, there should
be a good way to tune these parameters so that the performance of the algorithm can
be optimal in the sense that the algorithm can find the optimal solution of a problem
using the minimal number of iterations and with the highest accuracy. However, such
tuning of algorithm-dependent parameters is itself a very tough optimization problem.
In essence, it is a hyperoptimization problem, that is, the optimization of optimization.
In fact, finding the best parameter setting of an algorithm is still an open problem.

There are studies on parameter tuning. For example, Eiben provided a comprehen-
sive summary of existing studies [2]. However, these studies are still very preliminary.
There is no method of self-tuning in algorithms. Therefore, the main objective of this
chapter is to provide a framework for self-tuning algorithms so that an algorithm can
be used to tune its own parameters automatically, based on the self-tuning framework
developed by Yang et al. [8]. As far as we are concerned, this is the first of its kind in
parameter tuning.

12.2 Algorithm Analysis and Parameter Tuning

An optimization algorithm is essentially an iterative procedure, starting with some ini-
tial guess point/solution with an aim to reach a better solution or ideally the optimal
solution to a problem of interest. This process of searching for optimality is generic,
though the details of the process can vary from algorithm to algorithm. Traditional algo-
rithms such as Newton-Raphson methods use a deterministic trajectory-based method,

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00012-9
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whereas modern nature-inspired algorithms often are population-based algorithms that
use multiple agents. In essence, these multiple agents form an iterative, dynamic system
that should have some attractors or stable states. On the other hand, the same system
can be considered a set of Markov chains so that they will converge toward some stable
probability distribution.

12.2.1 A General Formula for Algorithms

Whatever the perspective, the aim of such an iterative process is to let the system evolve
and converge into some stable optimality. In this case, it has strong similarity to a self-
organizing system. Such an iterative, self-organizing system can evolve according to a
set of rules or mathematical equations. As a result, such a complex system can interact
and self-organize into certain converged states, showing some emergent characteristics
of self-organization. In this sense, the proper design of an efficient optimization algo-
rithm is equivalent to finding efficient ways to mimic the evolution of a self-organizing
system [1,3].

From a mathematical point of view, an algorithm A tends to generate a new and
better solution xt+1 to a given problem from the current solution xt at iteration or time
t . In modern metaheuristic algorithms, randomization is often used in an algorithm, and
in many cases randomization appears in the form of a set of m random variables ε =
(ε1, . . ., εm) in an algorithm. For example, in simulated annealing, there is one random
variable, whereas in particle swarm optimization, there are two random variables. In
addition, there is often a set of k parameters in an algorithm. For example, in particle
swarm optimization, there are four parameters (two learning parameters, one inertia
weight, and the population size). In general, we can have a vector of parameters p =
(p1, . . ., pk). Mathematically speaking, we can write an algorithm with k parameters
and m random variables as

xt+1 = A
(
xt , p(t), ε(t)

)
, (12.1)

where A is a nonlinear mapping from a given solution (a d-dimensional vector xt ) to a
new solution vector xt+1.

12.2.2 Type of Optimality

Representation (12.1) gives rise to two types of optimality: optimality of a problem
and optimality of an algorithm. For an optimization problem such as min f (x), there
is a global optimal solution, whatever the algorithmic tool we may use to find this
optimality. This is the optimality for the optimization problem. On the other hand, for
a given problem � with an objective function f (x), there are many algorithms that can
solve it. Some algorithms may require less computational effort than others. There may
be the best algorithm with the least computing cost, though this may not be unique.
However, this is not our concern here. Once we have chosen an algorithm A to solve
a problem �, there is an optimal parameter setting for this algorithm so that it can
achieve the best performance. This optimality depends on both the algorithm itself and
the problem it solves. In the rest of this chapter, we focus on this type of optimality.
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That is, the optimality to be achieved is

Maximize the performance of ξ = A(�, p, ε) (12.2)

for a given problem � and a chosen algorithm A(., p, ε). We denote this optimality
as ξ∗ = A∗(�, p∗) = ξ(�, p∗), where p∗ is the optimal parameter setting for this
algorithm so that its performance is the best. Here we have used a fact that ε is a
random vector that can be drawn from some known probability distributions. Thus the
randomness vector should not be related to the algorithm optimality.

It is worth pointing out that there is another potential optimality. That is, for a given
problem, a chosen algorithm with the best parameter setting p∗, we can still use different
random numbers drawn from various probability distributions and even chaotic maps
so that even better performance may be achieved. Strictly speaking, if an algorithm
A(., ., ε) has a random vector ε that is drawn from a uniform distribution ε1 ∼ U (0, 1)

or from a Gaussian ε2 ∼ N (0, 1), it becomes two algorithms A1 = A(., ., ε1) and A2 =
A(., ., ε2). Technically speaking, we should treat them as different algorithms. Since
our emphasis here is about parameter tuning to find the optimal setting of parameters,
we omit the effect of randomness vectors and thus focus on

Maximize ξ = A(�, p). (12.3)

In essence, tuning an algorithm involves tuning its algorithm-dependent parameters.
Therefore, parameter tuning is equivalent to algorithm tuning in the present context.

12.2.3 Parameter Tuning

To tune A(�, p) so as to achieve its best performance, a parameter-tuning tool, i.e.,
a tuner, is needed. As with tuning high-precision machinery, sophisticated tools are
required. For tuning parameters in an algorithm, what tool can we use? One way is to
use a better, existing tool (say, algorithm B) to tune an algorithm A. Now the question
may become: How do you know B is better? Is B well tuned? If yes, how do you tune
B in the first place? Naïvely, if we use another tool (say, algorithm C) to tune B. Now
again the question becomes, how has algorithm C been tuned? This can go on and on
until the end of a long chain, say, algorithm Q. In the end we need some tool/algorithm
to tune this Q, which again comes back to the original question: How can we tune an
algorithm A so that it can perform best?

It is worth pointing out that even if we have good tools to tune an algorithm, the best
parameter setting and thus best performance all depend on the performance measures
used in the tuning. Ideally, these parameters should be robust enough for minor param-
eter changes, random seeds, and even problem instance. However, in practice, they
might not be achievable. According to Eiben [2], parameter tuning can be divided into
iterative and noniterative tuners, single-stage and multistage tuners. The meanings of
these terms are self-explanatory. In terms of the actual tuning, existing methods include
sampling methods, screening methods, model-based methods, and metaheuristic meth-
ods. Their success and effectiveness can vary, and thus there are no well-established
methods for universal parameter tuning.



178 Nature-Inspired Optimization Algorithms

12.3 Framework for Self-Tuning Algorithms

12.3.1 Hyperoptimization

From our earlier observations and discussions, it is clear that parameter tuning is the
process of optimizing the optimization algorithm; therefore, it is a hyperoptimization
problem. In essence, a tuner is a meta-optimization tool for tuning algorithms.

For a standard unconstrained optimization problem, the aim is to find the global
minimum f∗ of a function f (x) in a d-dimensional space. That is,

Minimize f (x), x = (x1, x2, . . ., xd). (12.4)

Once we choose an algorithm A to solve this optimization problem, the algorithm will
find a minimum solution fmin that may be close to the true global minimum f∗. For a
given tolerance δ, this may require tδ iterations to achieve | fmin − f∗| ≤ δ. Obviously,
the actual tδ will largely depend on both the problem objective f (x) and the parameters
p of the algorithm used.

The main aim of algorithm tuning is to find the best parameter setting p∗ so that
the computational cost or the number of iterations tδ is the minimum. Thus, parameter
tuning as a hyperoptimization problem can be written as

Minimize tδ = A( f (x), p), (12.5)

whose optimality is p∗.
Ideally, the parameter vector p∗ should be sufficiently robust. For different types

of problems, any slight variation in p∗ should not much affect the performance of A,
which means that p∗ should lie in a flat range rather than at a sharp peak in the parameter
landscape.

12.3.2 A Multi-Objective View

If we look at the algorithm tuning process from a different perspective, it is possible to
construct it as a multi-objective optimization problem with two objectives: one objective
f (x) for the problem � and one objective tδ for the algorithm. That is,

Minimize f (x) and Minimize tδ = A( f (x), p), (12.6)

where tδ is the (average) number of iterations needed to achieve a given tolerance δ so
that the found minimum fmin is close enough to the true global minimum f∗, satisfying
| fmin − f∗| ≤ δ.

This means that for a given tolerance δ, there will be a set of best-parameter settings
with a minimum tδ . As a result, the bi-objectives will form a Pareto front. In principle,
this bi-objective optimization problem (12.6) can be solved by any methods that are
suitable for multi-objective optimization. But because δ is usually given, a natural way
to solve this problem is to use the so-called ε-constraint or δ-constraint methods. The
naming may be dependent on the notations; however, we will use δ-constraints.
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For a given δ ≥ 0, we change one of the objectives (i.e., f (x)) into a constraint,
and thus the problem (12.6) becomes a single-objective optimization problem with a
constraint. That is,

Minimize tδ = A( f (x), p), (12.7)

subject to

f (x) ≤ δ. (12.8)

In the rest of this chapter, we set δ = 10−5.
The important thing is that we still need an algorithm to solve this optimization

problem. However, the main difference from a common single objective problem is
that the present problem contains an algorithm A. Ideally, an algorithm should be
independent of the problem, which treats the objective to be solved as a black box.
Thus we have A(., p, ε). However, in reality, an algorithm will be used to solve a
particular problem � with an objective f (x). Therefore, both notations A(., p) and
A( f (x), p) are used here.

12.3.3 Self-Tuning Framework

This framework was proposed by Yang et al. in 2013 [8]. In principle, we can solve
(12.7) by any efficient or well-tuned algorithm. Now a natural question is: Can we solve
this algorithm-tuning problem by the algorithm A itself? There is no reason why we
cannot. In fact, if we solve (12.7) using A, we have a self-tuning algorithm. That is, the
algorithm automatically tunes itself for a given problem objective to be optimized. This
essentially provides a framework for a self-tuning algorithm, as shown in Figure 12.1.

This framework is generic in the sense that any algorithm can be tuned this way and
any problem can be solved within this framework. This essentially achieves two goals
simultaneously: parameter tuning and optimality finding.

In the rest of this chapter, we use the firefly algorithm (FA) as a case study to self-tune
FA for a set of function optimization problems.

Implement an algorithm A(., p, ε)
with parameters p = [p1, ..., pK ] and random vector ε = [ε1, ..., εm];

Define a tolerance (e.g., δ = 10−5);
Algorithm objective tδ(f(x), p, ε);

Problem objective function f(x);
Find the optimality solution fmin within δ;
Output the number of iterations tδ needed to find fmin;

Solve min tδ(f(x), p) using A(.,p, ε) to get the best parameters;
Output the tuned algorithm with the best parameter setting p∗.

Figure 12.1 A framework for a self-tuning algorithm.
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12.4 A Self-Tuning Firefly Algorithm

Now let us use the framework outlined earlier to tune the firefly algorithm (FA). As we
saw in the chapter on FA, it has the following updating equation:

xt+1
i = xt

i + β0e−γ r2
i j (xt

j − xt
i ) + α εt

i , (12.9)

which contains four parameters: α, β0, γ , and the population size n. For simplicity of
parameter tuning, we set β0 = 1 and n = 20, and therefore the two parameters to be
tuned are γ > 0 and α > 0. It is worth pointing out that γ controls the scaling, whereas
α controls the randomness. For this algorithm to converge properly, randomness should
be gradually reduced, and one way to achieve such randomness reduction is to use

α = α0θ
t , θ ∈ (0, 1), (12.10)

where t is the index of iterations/generations. Here α0 is the initial randomness factor,
and we can set α0 = 1 without losing generality. Therefore, the two parameters to be
tuned become γ and θ .

Now we can tune FA for a set of five test functions. These functions can be found
in the literature (e.g., [4]).

The Ackley function can be written as

f1(x) = −20 exp

⎡
⎣−1

5

√√√√ 1

d

d∑
i=1

x2
i

⎤
⎦−exp

[
1

d

d∑
i=1

cos (2πxi )

]
+20+e, (12.11)

which has a global minimum f∗ = 0 at (0, 0, . . ., 0).
The simplest of De Jong’s functions is the so-called sphere function

f2(x) =
d∑

i=1

x2
i , −5.12 ≤ xi ≤ 5.12, (12.12)

whose global minimum is obviously f∗ = 0 at (0, 0, . . ., 0). This function is unimodal
and convex.

Yang’s forest function [4],

f3(x) =
( d∑

i=1

|xi |
)

exp
[

−
d∑

i=1

sin (x2
i )
]
, −2π ≤ xi ≤ 2π, (12.13)

is highly multimodal and has a global minimum f∗ = 0 at (0, 0, . . ., 0).
Rastrigin’s function,

f4(x) = 10d +
d∑

i=1

[
x2

i − 10 cos (2πxi )
]
, −5.12 ≤ xi ≤ 5.12, (12.14)

has a global minimum of f∗ = 0 at (0, 0, . . ., 0). This function is highly multimodal.



A Framework for Self-Tuning Algorithms 181

Table 12.1 Results of parameter tuning for the firefly algorithm.

Function Mean tδ ± σt Mean γ ± σγ Mean θ ± σθ

f1 589.7 ± 182.1 0.5344 ± 0.2926 0.9561 ± 0.0076
f2 514.4 ± 178.5 0.5985 ± 0.2554 0.9540 ± 0.0072
f3 958.1 ± 339.0 1.0229 ± 0.5762 0.9749 ± 0.0047
f4 724.1 ± 217.6 0.4684 ± 0.3064 0.9652 ± 0.0065
f5 957.2 ± 563.6 0.8933 ± 0.4251 0.9742 ± 0.0052

Zakharov’s function of

f5(x) =
d∑

i=1

x2
i +

(
1

2

d∑
i=1

i xi

)2

+
(

1

2

d∑
i=1

i xi

)4

(12.15)

has a global minimum f∗ = 0 at (0, 0, . . ., 0).
For each objective function, we run the FA to tune itself 50 times so as to calculate

meaningful statistics. The population size n = 20 is used for all the runs. The means
and standard deviations are summarized in Table 12.1, where d = 8 is used for all
functions.

From this table, we can see that the variations of γ are large, whereas θ has a narrow
range. The best settings for parameters are problem dependent. These results imply the
following:

• The optimal setting of parameters in an algorithm largely depends on the problem,
and there is no unique best setting for all problems.

• The relatively large standard deviation of γ means that the actual setting of γ is not
important to a given problem, and therefore there is no need to fine-tune γ . That is
to say, a typical value of γ = 1 should work for most problems.

• Some parameters are more sensitive than others. In the present case, θ needs more
fine-tuning due to its smaller standard deviations.

These findings confirm the earlier observations in the literature that γ = O(1) can be
used for most applications [5–7], whereas α needs to reduce gradually in terms of θ .
That is probably why other forms of probability distributions such as Lévy flights may
lead to better performance than the random numbers drawn from the Gaussian normal
distribution.

12.5 Some Remarks

Parameter tuning is the process of tuning an algorithm to find the best parameter settings
so that an algorithm can perform the best for a given set of problems. However, such
parameter tuning is a very tough optimization problem. In fact, such hyperoptimization
is the optimization of an optimization algorithm, which requires special care because the
optimality depends on both the algorithm to be tuned and the problem to be solved. It is
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possible to view this parameter-tuning process as a bi-objective optimization problem;
however, the objectives involve an algorithm, and thus this bi-objective problem is
different from the multi-objective problem in the normal sense.

Our framework for self-tuning algorithms is truly self-tuning in the sense that the
algorithm to be tuned is used to tune itself. We have used the firefly algorithm and a
set of test functions to test the proposed self-tuning algorithm framework. Results have
shown that it can indeed work well. We also found that some parameters require fine-
tuning, but others do not need to be tuned carefully. This is because different parameters
may have different sensitivities and thus may affect the performance of an algorithm
in different ways. Only parameters with high sensitivities need careful tuning.

Though successful, the present framework requires further extensive testing with a
variety of test functions and many different algorithms. It may also be possible to see
how probability distributions can affect the tuned parameters and even the parameter-
tuning process. In addition, it can be expected that this present framework is also
useful for parameter control, so a more generalized framework for both parameter
tuning and control can be used for a wide range of applications. Furthermore, our
current framework may be extended to multi-objective problems so that algorithms for
multi-objective optimization can be tuned in a similar way.
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13 How to Deal with Constraints

The optimization we have discussed so far is unconstrained, since we have not con-
sidered any constraints. A natural and important question is how to incorporate the
constraints (both inequality and equality constraints). There are many ways of deal-
ing with constraints [2,5,3,4]. In fact, such constraint-handling techniques can form
important topics of many books and comprehensive review articles [4,6,9,10].

Since the main aim of this book is to introduce nature-inspired algorithms, we now
briefly introduce the most widely used constraint-handling techniques in this chapter
and provide relevant references.

13.1 Introduction and Overview

Numerous constraint-handling techniques can be classified in a few ways. Loosely
speaking, we can divide them into two major categories: classic methods and recent
methods. Classic/traditional methods are still widely used in many applications, and
new or recent developments have been largely based on the hybrid of evolutionary ideas
with these traditional methods. Therefore, the differences between the old and new are
relatively arbitrary and purely for the purpose of argument here.

Traditional methods include the penalty methods, transformation methods and spe-
cial representation, and separation of objectives and constraints.

Penalty methods try to convert a constrained optimization problem into an uncon-
strained one by incorporating its constraints in the revised objective. However, this intro-
duces more parameters into the problem, but if proper values are used, the converted
unconstrained problem can often be solved by many algorithms relatively effectively.

Transformation methods try to map the feasible region into a regular mapped space
while preserving the feasibility somehow. For example, the homomorphous map (HM)
proposed by Koziel and Michalewicz [7] tries to transform the feasible region into a
higher-dimensional cube. Though the method was competitive, it has difficulty in practi-
cal implementations because this method involves nontrivial transformations and a very
high computational cost. On the other hand, other methods use special representations
and operators to construct feasible solutions while preserving their feasibility. But such
special operators methods tend to work for linear constraints [7,8]. These transforma-
tion methods are also called decoder and special operator methods in the literature [10].

The separation of objective functions and constraints is another class of methods
and has gained attention in recent years. For example, the following approach proposed

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00013-0
© 2014 Elsevier Inc. All rights reserved.
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by Powell and Skolnick [11] uses a fitness function ρ(x):

ρ(x) =
{

f (x) if feasible
1 + μ

[ ∑N
j=1 ψ j (x)+ ∑M

i=1 φi (x)
]

otherwise.
(13.1)

This definition ensures that a feasible solution should always have a better fitness value
than an infeasible solution.

Other methods, or different methods known by other names, can also be put into these
categories. For example, direct methods can be classified into the separation of objective
function and constraints, whereas the Lagrange multiplier method can be considered
the special representation or even penalty methods, depending on our perspective.
Direct approaches intend to find the feasible regions enclosed by the constraints. This
is often difficult, except for a few special cases. Numerically, we can generate a potential
solution and check to see whether all the constraints are satisfied. If all the constraints are
met, it is a feasible solution and the evaluation of the objective function can be carried
out. If one or more constraints are not satisfied, this potential solution is discarded
and a new solution should be generated. We then proceed in a similar manner. As we
can expect, this process is slow and inefficient. Better approaches are to incorporate
the constraints so as to formulate the problem as an unconstrained one, including the
method of Lagrange multipliers and penalty methods.

Recent methods reflect some new trends in constraint-handling techniques, includ-
ing feasibility methods, stochastic ranking, novel penalty methods and new special
operator methods, the ε-constrained method, the multi-objective approach, and hybrid
or ensemble methods.

13.2 Method of Lagrange Multipliers

The method of Lagrange multipliers has a rigorous mathematical basis, whereas the
penalty method is simple to implement in practice. So let us introduce these methods
first.

The method of Lagrange multipliers converts a constrained problem to an uncon-
strained one. For example, if we want to minimize a function

Minimize
x∈�d

f (x), x = (x1, . . . , xd)
T ∈ �n, (13.2)

subject to multiple nonlinear equality constraints

g j (x) = 0, j = 1, 2, . . . ,M, (13.3)

we can use M Lagrange multipliers λ j ( j = 1, . . . ,M) to reformulate the problem as
the minimization of the following function:

L(x, λ j ) = f (x)+
M∑

j=1

λ j g j (x). (13.4)
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The optimality requires the following stationary conditions:

∂L

∂xi
= ∂ f

∂xi
+

M∑
j=1

λ j
∂g j

∂xi
, (i = 1, . . . , d), (13.5)

and

∂L

∂λ j
= g j = 0, ( j = 1, . . . ,M). (13.6)

These M + d equations will determine the d components of x and M Lagrange mul-
tipliers. As ∂L

∂g j
= λ j , we can consider λ j as the rate of the change of the quantity

L(x, λ j ) as a functional of g j .
Now let us look at a simple example:

Maximize
u,v

f = u2/3v1/3,

subject to

3u + v = 9.

First, we write it as an unconstrained problem using a Lagrange multiplier λ, and we
have

L = u2/3v1/3 + λ(3u + v − 9).

The conditions for optimality are

∂L

∂u
= 2

3
u−1/3v1/3 + 3λ = 0,

∂L

∂v
= 1

3
u2/3v−2/3 + λ = 0,

and

∂L

∂λ
= 3u + v − 9 = 0.

The first two conditions give 2v = 3u, whose combination with the third condition
leads to

u = 2, v = 3.

Thus, the maximum of f∗ is 3
√

12. In addition, this gives

λ = −2

9

(
3

2

)1/3

. (13.7)

Here we discussed only the equality constraints. For inequality constraints, things
become more complicated. We need the so-called Karush-Kuhn-Tucker (KKT)
conditions.
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13.3 KKT Conditions

Let us consider the following generic, nonlinear optimization problem:

Minimize
x∈�d

f (x),

subject to φi (x) = 0, (i = 1, . . . ,M),

ψ j (x) ≤ 0, ( j = 1, . . . , N ). (13.8)

If all the functions are continuously differentiable at a local minimum x∗, there exist
constants λ1, . . . , λM and μ0, μ1, . . . , μN such that the following KKT optimality
conditions hold:

μ0∇ f (x∗)+
M∑

i=1

λi∇φi (x∗)+
N∑

j=1

μ j∇ψ j (x∗) = 0 (13.9)

and

ψ j (x∗) ≤ 0, μ jψ j (x∗) = 0, ( j = 1, 2, . . . , N ), (13.10)

where

μ j ≥ 0, ( j = 0, 1, . . . , N ). (13.11)

The last nonnegative conditions hold for all μ j , though there is no constraint on the
sign of λi .

The constants satisfy the following condition:

N∑
j=0

μ j +
M∑

i=1

|λi | ≥ 0. (13.12)

This is essentially a generalized method of Lagrange multipliers. However, there is
a possibility of degeneracy when μ0 = 0 under certain conditions. There are two
possibilities: (1) there exist vectors λ∗ = (λ∗

1, . . . , λ
∗
M )

T and μ∗ = (μ∗
1, .., μ

∗
N )

T such
that these equations hold, or (2) all the vectors ∇φ1(x∗),∇φ2(x∗), . . . ,∇ψ1(x∗), . . . ,
∇ψN (x∗) are linearly independent, and in this case the stationary conditions ∂L

∂xi
do

not necessarily hold. Because the second case is a special one, we will not discuss this
further.

The condition μ jψ j (x∗) = 0 in (13.10) is often called the complementarity condi-
tion or the complementary slackness condition. It means either μ j = 0 or ψ j (x∗) = 0.
The latter case ψ j (x∗) = 0 for any particular j means the inequality becomes tight,
thus becoming an equality. For the former caseμ j = 0, the inequality for a particular j
holds and is not tight; however,μ j = 0 means that this corresponding inequality can be
ignored. Therefore, those inequalities that are not tight are ignored, whereas inequalities
that are tight become equalities. Consequently, the constrained problem with equality
and inequality constraints now essentially becomes a modified constrained problem
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with selected equality constraints. This is the beauty of the KKT conditions. The main
issue remains to identify which inequality becomes tight, and this depends on the
individual optimization problem.

The KKT conditions form the basis for mathematical analysis of nonlinear opti-
mization problems, but the numerical implementation of these conditions is not easy
and is often inefficient. From the numerical point of view, the penalty method is more
straightforward to implement.

13.4 Penalty Method

For a nonlinear optimization problem with equality and inequality constraints, a com-
mon method of incorporating constraints is the penalty method. For the optimization
problem

Minimize
x∈�n

f (x), x = (x1, . . . , xd)
T ∈ �d ,

Subject to φi (x) = 0, (i = 1, . . . ,M),

ψ j (x) ≤ 0, ( j = 1, . . . , N ), (13.13)

the idea is to define a penalty function so that the constrained problem is transformed
into an unconstrained problem. One commonly used penalty formulation is

g(x) = f (x)+ P(x), (13.14)

where P(x) is the penalty term defined by

P(x) =
N∑

j=1

ν j max (0, ψ j (x))2 +
M∑

i=1

μi |φi (x)|. (13.15)

Here μi > 0, μ j > 0 are penalty constants or penalty factors. The advantage of this
method is to transform the constrained optimization problem into an unconstrained one.
That is, all the constraints are incorporated into the new objective function. However,
this introduces more free parameters whose values need to be defined so as to solve the
problem appropriately.

Obviously, there are other forms of penalty functions that may provide smoother
penalty functions. For example, we can define

	(x, μi , ν j ) = f (x)+
M∑

i=1

μiφ
2
i (x)+

N∑
j=1

ν jψ
2
j (x), (13.16)

where μi 	 1 and ν j ≥ 0, which should be large enough, depending on the solution
quality needed.

As we can see, when an equality constraint it met, its effect or contribution to 	 is
zero. However, when it is violated, it is penalized heavily as it increases	 significantly.
Similarly, it is true when inequality constraints become tight or exact. For the ease of
numerical implementation, we should use index functions H to rewrite the preceding
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penalty function as

	 = f (x)+
M∑

i=1

μi Hi [φi (x)]φ2
i (x)+

N∑
j=1

ν j H j [ψ j (x)]ψ2
j (x). (13.17)

Here Hi [φi (x)] and Hj [ψ j (x)] are index functions.
More specifically, Hi [φi (x)] = 1 if φi (x) 
= 0, and Hi = 0 if φi (x) = 0. Similarly,

Hj [ψ j (x)] = 0 if ψ j (x) ≤ 0 is true, whereas Hj = 1 if ψ j (x) > 0. In principle, the
numerical accuracy depends on the values of μi and ν j , which should be reasonably
large. But how large is large enough? Since most computers have a machine precision
of ε = 2−52 ≈ 2.2 × 10−16, μi and ν j should be close to the order of 1015. Obviously,
it could cause numerical problems if the values are too large.

In addition, for simplicity of implementation, we can useμ = μi for all i and ν = ν j

for all j . That is, we can use a simplified

	(x, μ, ν) = f (x)+ μ

M∑
i=1

Hi [φi (x)]φ2
i (x)+ ν

N∑
j=1

Hj [ψ j (x)]ψ2
j (x).

It is worth pointing out that the right values of penalty factors can help make the
implementation very efficient. However, deciding what values are appropriate may be
problem-specific. If the values are too small, it may lead to underpenalty, whereas too-
large values may lead to overpenalty. In general, for most applications, μ and ν can be
taken as 103 to 1015. We will use these values in our implementation.

In addition, there is no need to fix the values of penalty parameters. In fact, the
variations with time of penalty parameters may be advantageous. Variations such as
the cooling-schedule-like reduction of these parameters have been shown to work in
practice. These techniques with time-dependent penalty parameters belong to an active
research area of dynamic penalty function methods [10].

Furthermore, many traditional constraint-handling techniques now have been com-
bined with evolutionary algorithms, and these approaches themselves also become
evolutionary [15]. This becomes a major trend and constraint handling takes on an
evolutionary approach.

13.5 Equality with Tolerance

Sometimes it might be easier to change an equality constraint into two inequality
constraints so that we only have to deal with inequalities in the implementation [4,13].

Naïvely, h(x) = 0 is always equivalent to h(x) ≤ 0 and h(x) ≥ 0 (or −h(x) ≤ 0),
but it will not work in practice. Because the feasibility volume for h(x) = 0 is zero, a
randomly sampled solution has almost zero probability of satisfying this equality.

One remedy is to use some approximation techniques, and a widely used one is to
use a tolerance ε > 0:

|h(x)| − ε ≤ 0, (13.18)
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which is equivalent to two inequalities:

h(x)− ε ≤ 0 (13.19)

and

−h(x)− ε ≤ 0. (13.20)

Obviously, the accuracy is controlled by ε. To get better results, there is no need to fix
ε. At the begin of the iterations, a large value ε can be used, and then as the iterations
converge, a smaller ε can be used.

13.6 Feasibility Rules and Stochastic Ranking

An effective and yet popular constraint-handling technique in this category was pro-
posed by Deb [4], which is combined with genetic algorithms. In this method, three
feasible criteria are used in terms of a binary tournament selection mechanism [4,10]:

• For one feasible solution and one infeasible solution, the feasible one is chosen first.
• For two feasible solutions, the one with the better objective value is preferred.
• For two infeasible solutions, the one with the lower degree of constraint violation is

chosen first.

Within this method, the constraint violation is the penalty term, and that is

P(x) =
N∑

j=1

max
(
0, ψ j (x)

)2 +
M∑

i=1

|φi (x)|, (13.21)

which includes both inequalities and equalities.
Such feasibility-based methods have been extended and applied in many algorithms

and applications, often in combination with evolutionary algorithms. In fact, the feasi-
bility rules can be considered some sort of fitness related to the problem, and fitness-
based evolutionary methods aim to select solutions that are the fittest in the sense that
they are feasible with the lowest objective values (for minimization problems). Fea-
sibility rules can be absolute or relative, and Mezura-Montes and Coello provided a
comprehensive review of this constraint-handling topic [10].

Another constraint-handling technique is called stochastic ranking (SR), originally
developed by Runarsson and Yao in 2000 [13]. One of the advantages of this method is to
avoid the under-or overpenalty associated with the penalty methods. In stochastic rank-
ing, a user-defined parameterλu is used to control and compare infeasible solutions. The
swap conditions between two individuals in the population are based on the sum f con-
straint violation and their objective function values. Ranking of the solutions is carried
out by a bubble-sort-style process. In essence, a uniformly distributed random number
u is used to control the switch in the form of u < λu , and therefore, dynamic parameter
control methods can be used. Again, SR has been used in combination with evolutionary
algorithms such as differential evolution and ant colony optimization in the literature.
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A related approach to handling constraints is the so-called ε-constrained method,
developed by Takahama and Sakai [14]. The ε-constrained method essentially uses
two parts: the relaxation limits to consider the feasibility of solutions, in terms of
the sum of constraint violation and comparison of objective function values, and a
lexicographical ordering mechanism such that the objective minimization is preceded
by the minimization of constraint violation. Two sets of solutions x1 and x2 can be
compared and ranked by objective f (x) and constraint violation P(x) as follows:

{ f (x1), P(x1)} ≤ ε{ f (x2), P(x2)}, (13.22)

which is equivalent to
⎧⎨
⎩

f (x1) ≤ f (x2), if P(x1), P(x2) ≤ ε

f (x1) ≤ f (x2), if P(x1) = P(x2),

P(x1) ≤ P(x2), otherwise.
(13.23)

Here, ε ≥ 0 controls the level of comparison. Obviously, we have two special cases:
ε = ∞ and ε = 0. The former is equivalent to the comparison of objective function
values only, and the latter ε = 0 provides a lexicographical ordering mechanism where
the objective minimization is preceded by the minimization of the constraint violation.

It should be noted that this ε-constrained method should not be confused with the
ε-constraint method for multi-objective optimization. They are two different methods
and for different purposes.

All these methods, novel/new penalty methods and other evolutionary decoder meth-
ods, can be classified into the evolutionary approach of constraint-handling techniques.

13.7 Multi-objective Approach to Constraints

In many cases, multi-objective optimization problems can be converted into single-
objective optimization by methods such as weighted sum methods. It seems that the
multi-objective approach to constraint handling tends to do the opposite. Naïvely, one
may think it might not be a good approach; however, some studies show that such
multi-objective approaches can be highly competitive.

For example, one of the multi-objective approaches to constraint handling was the so-
called infeasibility-driven evolutionary algorithm (IDEA) proposed by Ray et al.[12],
which uses an extra objective in addition to the original objective function. This extra
objective measures the constraint violation and the ranking of solutions. If a constraint
is satisfied by a solution, a zero rank is assigned to that solution for that constraint, and
the total rank of a solution as a measure of the constraint violation is the sum of all the
ranks for all the constraints. For evolutionary algorithms, new generations of solutions
are sorted into two sets: a feasible set and infeasible set, and nondominated sorting is
applied. Results are quite competitive [12].

There are quite a few other multi-objective approaches. Furthermore, constraints
can be approximated and even dynamic constraint-handling techniques can be used. A
brief survey can be found in [10].
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13.8 Spring Design

Tensional and/or compressional springs are used widely in engineering. A standard
spring design problem has three design variables: the wire diameter w, the mean coil
diameter D, and the length (or number of coils) L .

The objective is to minimize the weight of the spring, subject to various constraints
such as maximum shear stress, minimum deflection, and geometrical limits. For detailed
description, please refer to earlier studies such as Cagnina et al.[1]. This problem can
be written compactly as

Minimize f (x) = (L + 2)w2 D, (13.24)

subject to

g1(x) = 1 − D3L

71785w4 ≤ 0,

g2(x) = 1 − 140.45w

D2L
≤ 0,

g3(x) = 2(w + D)

3
− 1 ≤ 0,

g4(x) = d(4D − w)

w3(12566D − w)
+ 1

5108w2 − 1 ≤ 0,

(13.25)

with the following limits

0.05 ≤ w ≤ 2.0, 0.25 ≤ D ≤ 1.3, 2.0 ≤ L ≤ 15.0. (13.26)

Using the cuckoo search, we obtained the same or slightly better solutions than the
best solution obtained by Cagnina et al. [1], and we have

f∗ = 0.012665 at (0.051690, 0.356750, 11.287126), (13.27)

but the cuckoo search uses significantly fewer evaluations than other algorithms.

13.9 Cuckoo Search Implementation

We just formulated the spring design problem using different notations from some
literature. Here we try to illustrate a point.

As the input to a function is a vector (either a column vector or, less often, a row
vector), we have to write

x = (
w D L

) = [x(1) x(2) x(3)]. (13.28)

With this vector, the objective becomes

Minimize f (x) = (2 + x(3)) ∗ x(1)2 ∗ x(2),

which can easily be converted to a formula in Matlab.
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Similarly, the first inequality constraint can be rewritten as

g1(x) = 1 − x(2)3 ∗ x(3)

71785 ∗ x(1)4
≤ 0. (13.29)

Other constraints can be rewritten in a similar way.
Using the pseudo code for the cuckoo search in this book and combining with the

penalty method, we can solve the preceding spring design problem using cuckoo search
in Matlab as follows:
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14 Multi-Objective Optimization

All the optimization problems we discussed so far have only a single objective. In
reality, we often have to optimize multiple objectives simultaneously. For example,
we may want to improve the performance of a product while trying to minimize the
cost at the same time. In this case, we are dealing with a multi-objective optimization
problem. Many new concepts are required for solving multi-objective optimization.
Furthermore, these multi-objectives can be conflicting, and thus some trade-offs are
needed. As a result, a set of Pareto-optimal solutions, rather than a single solution, must
be found. This often requires multiple runs of solution algorithms.

14.1 Multi-Objective Optimization

The optimization problem with a single objective that we have discussed so far can
be considered a scalar optimization problem because the objective function always
reaches a single global optimal value or a scalar. For multi-objective optimization, the
multiple-objective functions form a vector, and thus it is also called vector optimization
[3,6,9,10].

Any multi-objective optimization problem can generally be written as

Minimize
x∈�d

f (x) = [ f1(x), f2(x), . . . , fM (x)],

subject to g j (x) ≤ 0, j = 1, 2, . . . , J, (14.1)

hk(x) = 0, k = 1, 2, . . . , K , (14.2)

where x = (x1, x2, . . . , xd)T is the vector of decision variables. In some formulations
used in the optimization literature, inequalities g j ( j = 1, . . . , J ) can also include
any equalities, because an equality φ(x) = 0 can be converted into two inequalities
φ(x) ≤ 0 and φ(x) ≥ 0. However, for clarity, here we list the equalities and inequalities
separately.

The space F = �d spanned by the vectors of decision variables x is called the search
space. The space S = �M formed by all the possible values of objective functions
is called the solution space or objective space. Comparing with the single-objective
function whose solution space is (at most) �, the solution space for multi-objective
optimization is considerably larger. In addition, because we know that we are dealing
with multi-objectives f (x) = [ fi ], for simplicity we can write fi as f (x) without
causing any confusion.

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00014-2
© 2014 Elsevier Inc. All rights reserved.
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A multi-objective optimization problem, unlike a single-objective optimization prob-
lem, does not necessarily have an optimal solution that minimizes all the multi-objective
functions simultaneously. Often, objectives may conflict with each other, and the opti-
mal parameters of some objectives usually do not lead to the optimality of other objec-
tives (sometimes they even make them worse). For example, we want first-class-quality
service on our holidays, but at the same time we want to pay as little as possible. The
high-quality service (one objective) will inevitably cost much more, but this is in con-
flict with the other objective (to minimize cost).

Therefore, among these often conflicting objectives, we have to choose some trade-
off or achieve a certain balance of objectives. If none of these is possible, we must choose
a list of preferences as to which objectives should be achieved first. More important,
we have to compare different objectives and make a compromise. This usually requires
a reformulation, and one of the most popular approaches to reformulation is to find a
scalar-valued function that represents a weighted combination or preference order of all
objectives. Such a scalar function is often referred to as the preference function or utility
function. A simple way to construct this scalar function is to use the weighted sum

�( f1(x), . . . , fM (x)) =
M∑

i=1

wi fi (x), (14.3)

where wi are the weighting coefficients.
Naïvely, some may wonder what happens if we try to optimize each objective indi-

vidually so that each will achieve the best (the minimum for a minimization problem).
In this case, we have

F∗ = ( f ∗
1 , f ∗

2 , . . . , f ∗
M ), (14.4)

which is called the ideal objective vector. However, there is no solution that corresponds
to this ideal vector. That is to say, it is a nonexistent solution. The only exception is when
all the objectives correspond to the same solution, and in this case, these multi-objectives
are not conflicting, leading to the case when the Pareto front typically collapses into a
single point [4].

For multi-objective optimization, we have to introduce some new concepts related
to Pareto optimality.

14.2 Pareto Optimality

A vector u = (u1, .., ud)T ∈ F , is said to dominate another vector v = (v1, . . . , vd)T

if and only if ui ≤ vi for ∀i ∈ {1, . . . , d} and ∃i ∈ {1, . . . , d} : ui < vi . This
“partial-less” or component-wise relationship is denoted by

u ≺ v, (14.5)

which is equivalent to

∀i ∈ {1, . . . , d} : ui ≤ vi ∧ ∃i ∈ {1, . . . , d} : ui < vi . (14.6)



Multi-Objective Optimization 199

Here ∧ means the logical and. In other words, no component of u is larger than the
corresponding component of v, and at least one component is smaller. Similarly, we
can define another dominance relationship � by

u � v ⇐⇒ u ≺ v ∨ u = v. (14.7)

Here ∨ means or. It is worth pointing out that for maximization problems, the domi-
nance can be defined by replacing ≺ with �.

A point or a solution x∗ ∈ �d is called a Pareto-optimal solution or non-inferior solu-
tion to the optimization problem if there is no x ∈ �d satisfying fi (x) ≤ fi (x∗), (i =
1, 2, . . . , M). In other words, x∗ is Pareto-optimal if there exists no feasible vector (of
decision variables in the search space) that would decrease some objectives without
simultaneously causing an increase in at least one other objective. That is to say, optimal
solutions are solutions that are not dominated by any other solutions. When mapping
to objective vectors, they represent different trade-offs between multiple objectives.

Furthermore, a point x∗ ∈ F is called a nondominated solution if no solution can be
found that dominates it. A vector is called ideal if it contains the decision variables that
correspond to the optima of objectives when each objective is considered separately.

Unlike the single-objective optimization with often a single optimal solution, multi-
objective optimization will lead to a set of solutions, called the Pareto-optimal set P∗,
and the decision vectors x∗ for this solution set are thus called nondominated. That is
to say, the set of optimal solutions in the decision space forms the Pareto (optimal) set.
The image of this Pareto set in the objective or response space is called the Pareto front.
In the literature, the set x∗ in the decision space that corresponds to the Pareto-optimal
solutions is also called an efficient set. The set (or plot) of the objective functions
of these nondominated decision vectors in the Pareto-optimal set forms the so-called
Pareto front P or Pareto frontier.

In short, u � v means that u dominates v; that is, u is nondominated by v, or v is
dominated by u. This definition may be too theoretical. To put it in practical terms, u
is noninferior to v (i.e., u is better or no worse than v). Intuitively, when u dominates v,
we can loosely say that u is better than v. The domination concept provides a good way
to compare solutions for multi-objective optimization, and the aim of multi-objective
optimization is to find such nondominated solutions. For any two solution vectors x1 and
x2, there are only three possibilities: x1 dominates x2, or x2 dominates x1, or x1 and x2 do
not dominate each other. Among many interesting properties of domination, transitivity
still holds. That is, if x1 dominates x2, and x2 dominates x3, then x1 dominates x3.

Using this notation, the Pareto front P can be defined as the set of nondominated
solutions so that

P = {s ∈ S
∣∣∣�s′ ∈ S : s′ ≺ s}, (14.8)

or, in terms of the Pareto-optimal set in the search space,

P∗ = {x ∈ F
∣∣∣�x′ ∈ F : f (x′) ≺ f (x)}. (14.9)

All the nondominated solutions in the whole feasible search space form the so-called
globally Pareto-optimal set, which is simply referred to as the Pareto front.
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The identification of the Pareto front is not an easy task; it often requires a parametric
analysis, say, by treating all but one objective, say, fi in an M-objective optimization
problem, so that fi is a function of f1, . . . , fi−1, fi+1, . . ., and fM . By maximizing the
fi when varying the values of the other M −1 objectives, there can be enough solution
points that will trace out the Pareto front.

Example 14.1. For example, we have four Internet service providers, A, B, C , and D.
We have two objectives by which customers choose their service: (1) as cheap as
possible, and (2) higher bandwidth. The providers’ details are listed here:

IP provider Cost (£/month) Bandwidth (Mb)

A 20 80
B 25 112
C 30 56
D 40 112

From the table, we know that option C is dominated by A and B because both
objectives are improved (low cost and faster speed). Option D is dominated by B. Thus,
solution C is an inferior solution, and so is D. Both solutions A and B are noninferior
or nondominated solutions. However, deciding which solution (A or B) to choose is
not easy, since provider A outperforms B on the first objective (cheaper) whereas B
outperforms A on another objective (faster). In this case, we say these two solutions
are incomparable. The set of nondominated solutions A and B forms the Pareto front,
which is a mutually incomparable set.

For a minimization problem with two objectives, the basic concepts of the nondom-
inated set, Pareto front, and ideal vectors are shown in Figure 14.1. Obviously, if we
combine these two into a single composite objective, we can compare, for example, the
cost per unit Mb. In this case, we essentially reformulate the problem as a scalar opti-
mization problem. For choice A, each Mb costs £0.25, whereas it costs about £0.22 for
choice B. So, we should choose B. However, in reality, we usually have many incom-
parable solutions, and it is often impossible to compromise in some way. In addition,
the real choice depends on our preference and our emphasis on various objectives.

f1

f2

x

dominated set

nondominated
Pareto
front

Ideal vectors for f1

Figure 14.1 The nondominated set, Pareto front, and ideal vectors in a minimization problem
with two objectives, f1 and f2.
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It is worth pointing out that even though we have produced high-quality multiple
Pareto-optimal solutions, the final choice of a point on the Pareto front is usually up to
the decision makers, who have higher-level information or rules to make the decision.
Such higher-level information is typically nontechnical, inaccurate, highly subjective,
and often not part of the optimization problem.

Multi-objective optimization is usually difficult to solve, partly due to the lack
of efficient tools and partly due to the complexity of this type of problem. Loosely
speaking, there are three ways to deal with multi-objective problems: a direct approach,
aggregation or transformation, and Pareto-set approximation. However, the current
trends tend to be evolutionary approaches to approximating Pareto fronts [4,8].

The direct approach is difficult, especially in the case when multiple objectives
seem conflicting. Therefore, we often use aggregation or transformation by combining
multiple objectives into a single composite objective so that the standard methods for
optimization discussed in this book can be used. We focus on this approach in the rest
of this chapter. However, with this approach, the solutions typically depend on the way
we combine the objectives. A third way is to try to approximate the Pareto set so as to
obtain a set of mutually nondominated solutions.

To transform a multi-objective optimization problem into a single objective, we can
often use the method of weighted sum and utility methods. We can also choose the
most important objective of our interest as the only objective while rewriting other
objectives as constraints with imposed limits.

14.3 Weighted Sum Method

The weighted sum method combines all the multi-objective functions into one scalar,
composite objective function using the weighted sum

F(x) = w1 f1(x) + w2 f2(x) + · · · + wM fM (x). (14.10)

An issue arises in assigning the weighting coefficients w = (w1, w2, . . . , wM ), because
the solution strongly depends on the chosen weighting coefficients. Obviously, these
weights have be positive, satisfying

M∑

i=1

wi = 1, wi ∈ (0, 1). (14.11)

Let us first look at an example.

Example 14.2. The classical three-objective functions are commonly used for testing
multi-objective optimization algorithms. These functions are

f1(x, y) = x2 + (y − 1)2, (14.12)

f2(x, y) = (x − 1)2 + y2 + 2, (14.13)

f3(x, y) = x2 + (y + 1)2 + 1, (14.14)

where (x, y) ∈ [−2, 2] × [−2, 2].
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If we combine all three functions into a single function f (x, y) using the weighted
sum, we have

f (x, y) = α f1 + β f2 + γ f3, α + β + γ = 1. (14.15)

The stationary point is determined by

∂ f

∂x
= 0,

∂ f

∂ y
= 0, (14.16)

which lead to

2α + 2β(x − 1) + 2γ = 0 (14.17)

and

2α(y − 1) + 2β y + 2γ (y + 1) = 0. (14.18)

The solutions are

x∗ = β, y∗ = α − γ. (14.19)

This implies that x∗ ∈ [0, 1] and y∗ ∈ [−1, 1]. Consequently, f1 ∈ [0, 5], f2 ∈
[2, 4] and f3 ∈ [1, 6]. In addition, the solution or the optimal location varies with the
weighting coefficients α, β, and γ . In the simplest case, α = β = γ = 1/3, we have

x∗ = 1

3
, y∗ = 0. (14.20)

This location is marked with a short, thick line in Figure 14.2.

Now the original multi-objective optimization problem has been transformed into
a single-objective optimization problem. Thus, the solution methods for solving single-
objective problems are all valid. For example, we can use the particle swarm

Figure 14.2 Three functions reach the global minimum at x∗ = β, y∗ = α − γ .
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−2 −1 0 1 2
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0
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Figure 14.3 Final locations of 40 particles after five iterations. The optimal point is at (1/3, 0),
marked with ø.

optimization to find the optimal solution for given parameters α, β, and γ . Figure 14.3
shows the locations of 40 particles at t = 5 iterations. We can see that the particles
converge toward the true optimal location marked with ø. Obviously, the accuracy will
improve if we continue the iterations.

However, there is an important issue here. The combined weighted sum transforms
the optimization problem into a single objective, which is not necessarily equivalent to
the original multi-objective problem because the extra weighting coefficients could be
arbitrary, whereas the final solutions still depend on these coefficients. Furthermore,
there are so many ways to construct the weighted sum function, and there is no easy
guideline to choose which form is the best for a given problem. When there is no rule
to follow, the simplest choice obviously is to use the linear form. But there is no reason
that the weighted sum should be linear. In fact, we can use other combinations such as
the following quadratic weighted sum:

�(x) =
M∑

i=1

wi f 2
i (x) = w1 f 2

1 (x) + · · · + wM f 2
M (x) (14.21)

and the others.
Another important issue is that of how to choose the weighting coefficients, since the

solutions depend on these coefficients. Choosing weighting coefficients is essentially
for decision maker(s) to assign a preference order to the multi-objectives. This leads to
a more general concept of the utility function (or preference function) that reflects the
preference of the decision maker(s).

Ideally, a different weight vector should result in a different trade-off point on the
Pareto front; however, in reality, this is usually not the case. Different combinations
of weight coefficients can lead to the same point or points very close to each other,
and consequently the points are not uniformly distributed on the Pareto front. In fact,
a single trade-off solution on the Pareto front just represents one sampling point, and
there is no technique to ensure uniform sampling on the front. All the issues still form
an active area of research.
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Pareto front
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F = w1f1 + w2f2

Gradient= (1, −w1
w2

)

Figure 14.4 Weighted sum method for two objectives f1 and f2 and w1 + w2 = 1.

It is worth pointing out that the linear weighted sum method

�(x) =
M∑

i=1

wi fi (x),

M∑

i=1

wi = 1, wi > 0, (14.22)

only works for problems with convex Pareto fronts. As we can see from Figure 14.4,
where two objectives are combined into one for a given set of w1 + w2 = 1, the
composite function F is minimized. For any given set (w1, w2), a (dashed) line has
a gradient (1,−w1/w2) that will become tangent to the Pareto front when moving
downward to the left, and that touching point is the minimum of F . However, at the
nonconvex segment, if the aim is point C , the weighted sum method will usually lead
to either point A or point B, depending on the values of w1 (since w2 = 1 − w1).

The weighted sum method is one of the most widely used due to its simplicity.
However, it is usually difficult to generate a good set of points that are uniformly
distributed on the Pareto front. In addition, this method only works for convex Pareto
fronts. Furthermore, proper scalings or normalization of the objectives are often needed
so that the ranges/values of each objective should be comparable; otherwise, the weight
coefficients are not well distributed and thus lead to biased sampling on the Pareto front.

For more complex multi-objective optimization problems, another widely used and
yet more robust method is the ε-constraint method. Before we proceed, let us discuss
the utility methods, which can be considered the different ways of forming composite
objectives.

14.4 Utility Method

The weighted sum method is essentially a deterministic value method if we consider
the weighting coefficients as the ranking coefficients. This implicitly assumes that
the consequence of each ranking alternative can be characterized with certainty. This
method can be used to explore the implications of alternative value judgment. The
utility method, on the other hand, considers uncertainty in the criteria values for each
alternative, which is a more realistic method because there is always some degree of
uncertainty about the outcome of a particular alternative.
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Utility (or preference) functions can be associated with risk attitude or preferences.
For example, say that you are offered a choice between a guaranteed £500 and a 50/50
chance of zero or £1000. How much are you willing to pay to take the gamble? The
expected payoff of each choice is £500, and thus it is fair to pay 0.5 × 1000 + (1 −
0.5) × 0 = £500 for such a gamble. A risk-seeking decision maker would risk a lower
payoff in order to have a chance to win a higher prize, whereas a risk-averse decision
maker would be happy with the safe choice of £500.

For a risk-neutral decision maker, the choice between a guaranteed £500 and the
50/50 gamble is indifferent, since both choices have the same expected value of £500.
In reality, the risk preference can vary from person to person and may depend on the
type of problem. The utility function can have many forms, and one of the simplest is
the exponential utility (of representing preference)

u(x) = 1 − e−(x−xa)/ρ

1 − e−(xb−xa)/ρ
, (14.23)

where xa and xb are the lowest and highest levels of x , and ρ is called the risk tolerance
of the decision maker.

The utility function defines combinations of objective values f1, . . . , fM that a
decision maker finds equally acceptable or indifferent. So, the contours of the constant
utility are referred to as the indifference curves. The optimization now becomes the
maximization of the utility. For a maximization problem with two objectives f1 and
f2, the idea of the utility contours (indifference curves), the Pareto front, and the Pareto
solution with maximum utility (point A) are shown in Figure 14.5. When the utility
function touches the Pareto front in the feasible region, it then provides a maximum
utility Pareto solution (marked with A).

For two objectives f1 and f2, the utility function can be constructed in different
ways. For example, the combined product takes the following form:

U ( f1, f2) = k f α
1 f β

2 , (14.24)

where α and β are nonnegative exponents and k a scaling factor. On the other hand,
the aggregated utility function for the same two objectives can be defined as

U ( f1, f2) = α f1 + β f2 + [1 − (α + β)] f1 f2. (14.25)

A

feasible region

Pareto front Increase

Utility (U)

f1

f2

Figure 14.5 Finding the Pareto solution with maximum utility in a maximization problem with
two objectives.
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There are many other forms. The aim of a decision maker constructing utility functions
is to form a mapping U : �p �→ � so that the total utility function has monotonic
and/or convexity properties for easy analysis. It will also improve the quality of the
Pareto solution(s) with maximum utility. Let us look at a simple example.

Example 14.3. We now try to solve the simple two-objective optimization problem:

Maximize
(x,y)∈�2

f1(x, y) = x + y, f2(x, y) = x,

subject to

x + αy ≤ 5, x ≥ 0, y ≥ 0,

where 0 < α < 1. Let us use the simple utility function

U = f1 f2,

which combines the two objectives. The line connecting the two corner points (5, 0)

and (0, 5/α) forms the Pareto front (see Figure 14.6). It is easy to check that the Pareto
solution with the maximum utility is U = 25 at A(5, 0) when the utility contours touch
the Pareto front with the maximum possible utility.

The complexity of multi-objective optimization makes the construction of utility
functions a difficult task because there are many ways to construct such functions.

14.5 The �-Constraint Method

An interesting way of dealing with multi-objective optimization is to write objectives
except one as constraints. Let us try to rewrite the following unconstrained optimization
as a single-objective constrained optimization problem:

Minimize f1(x), f2(x), . . . ., fM (x).

A

B

feasible set

Pareto front

U = f1f2

Figure 14.6 The Pareto front is the line connecting A(5, 0) and B(0, 5/α). The Pareto solution
with maximum utility is U∗ = 25 at point A.
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Pareto front
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2 = δ1

2 = δ2

Figure 14.7 Slicing the objective domain in the ε-constraint method.

To achieve this goal, we often choose the most important objective of our preference,
say, fq(x), as the main objective, while imposing limits on the other objectives. That is,

Minimize fq(x),

subject to fi ≤ εi , (i = 1, 2, q − 1, q + 1, . . . , M),

where the limits εi are given. In the simplest case, we can choose q = 1. Haimes et al.
were probably the first to suggest this reformation method [7].

In principle, the problem can be solved using the standard optimization algorithms
for single-objective optimization. In essence, this is a slicing method that splits the
objective domain into different subdomains. For example, in the case of a bi-objective
problem, as shown in Figure 14.7, we take f2 as the constraint. This problem becomes

Minimize f1(x), (14.26)

subject to

f2(x) ≤ ε2, (14.27)

where ε2 is a number, not necessarily small. For any given value of ε2, the objective
domain is split into two subdomains: f2 ≤ ε2 = δ1 (feasible) and f2 > ε2 = δ1
(infeasible). The minimization of f1 in the feasible domain leads to the globally optimal
point A. Similarly, for a different value of ε2 = δ2, the minimum of f1 gives point B.

Let us look at a bi-objective optimization example, called Schaffer’s min-min
function [11]:

Minimize f1(x) = x2, f2(x) = (x − 2)2, x ∈ [−103, 103]. (14.28)

If we use f1 as the objective and f2 ≤ ε2 as the constraint, we can set ε2 ∈ [0, 4]
with 20 different values. Then we can solve it using a single-objective optimization
technique. The 20 points of approximated Pareto-optimal solutions and the true Pareto
front are shown in Figure 14.8. However, if we use f2 as the objective and f1 as the
constraint, we follow exactly the same procedure, with the results shown in Figure 14.9.
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Figure 14.8 A true Pareto front and the estimated front when setting f1 as the objective and f2
as the constraint.
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Figure 14.9 The true Pareto front and the estimated front when setting f2 as the objective and
f1 as the constraint.

As we can see from both figures, the distributions of the approximate Pareto points are
different, though they look similar.

As this example has demonstrated, the distributions of the sampling points on the
Pareto front may depend on the actual formulation and the order of choosing the main
objective.

The advantage of this method is that it works well for complex problems with
nonconvex Pareto fronts. However, it does have some disadvantages. There could be
many different formulations for choosing the main objectives and the rest of objectives
as constraints. Different formulations may lead to different computational efforts. In
addition, there is no guarantee that the points generated on the Pareto front are uniformly
distributed, as we saw in the previous example.
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Furthermore, it is difficult to impose the right range of εi . In the previous example,
if we set ε2 too small, say, ε2 → 0, there may not be a feasible solution. On the other
hand, if we set ε too high, it will be difficult to find the minimum of f1 even if it exists,
because the number of evaluations for this single-objective optimization problem may
increase. In practice, some prior knowledge is required to impose the correct limits.
Otherwise, the solutions obtained may not be the solution to the original problem.

The good news is that recent trends tend to use evolutionary approaches such as
genetic algorithms. We briefly introduce some of these metaheuristic methods in the
rest of this chapter.

14.6 Metaheuristic Approaches

So far, we have seen that finding solutions to a multi-objective optimization problem is
usually difficult, even by the simple weighted sum method and utility function. How-
ever, there are other promising methods that work well for multi-objective optimiza-
tion problems, especially metaheuristic methods such as simulated annealing, particle
swarm optimization, cuckoo search, and firefly algorithms [4,14–16,18,19].

There are many potential ways to extend the standard simulated annealing to solve
multi-objective optimization problems. A direct and yet simple extension is to modify
the acceptance probability as the joint probability

pa =
m∏

j=1

p j =
m∏

j=1

e−� f j /kTj ,

where k is Boltzmann constant, which can be taken as k = 1, and � f j = f j (xn) −
f j (xn−1) is the change of each individual objective. For details, refer to the article by
Suppapitnarm et al. [13].

In 1985, Schaffer was probably the first to use vector evaluated genetic algorithms
(VEGA) to solve multi-objective optimization, without using any composite aggre-
gation, by combining all objectives into a single objective [11]. Since then, many
metaheuristic algorithms such as PSO, SA, and F have been extended to solve multi-
objective optimization problems successfully. Interested readers can refer to the list of
more advanced literature at the end of this chapter.

The main difficulty in extending any single-objective optimization algorithm to
accommodate multiple objectives is that we have to consider the dominance of each
candidate solution set. In the standard PSO, we update the velocity

vt+1
i = θvt

i + αε1 · (g∗ − xt
i ) + βε2 · (x∗

i − xt
i ),

where g∗ is the current global optimum found so far. A possible extension is to use an
external repository or archive to store nondominated solutions at each iteration. Then
we select such a solution h∗ from this repository to replace g∗. This idea was first
proposed by Coello et al. [1].

There are many evolutionary approaches to multi-objective optimization, and many
variants and new approaches are under active research [12]. For a relative comprehen-
sive review, refer to Deb [4].
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Among many widely used methods for multi-objective optimization, we introduce
the elitist nondominated sorting genetic algorithm (NSGA-II) in the rest of this chapter.

14.7 NSGA-II

The elitist nondominated sorting genetic algorithm, or NSGA-II for short, was devel-
oped by Deb et al. [5] and has become a popular method for solving multi-objective opti-
mization problems by finding multiple Pareto solutions. Its key features include the use
of elitist, diversity-preserving mechanisms and emphasis on nondominated solutions.

The main step in NSGA-II is that the n offsprings St are created from the n parents
Pt using the standard genetic algorithms. The whole population Wt of size 2n is formed
by joining St and Pt , i.e., Wt = Pt ∪ St . Then the nondominated sorting is applied
to Wt . Then the new population is filled, one at a time, by different nondominated
solutions. Because the population of Wt is 2n, only half of it will be put into the new
population, selecting the nondominated solutions for the Pareto front with the higher
diversity while discarding the rest of the solutions.

The crowding distance Di used in the NSGA-II is essentially based on the cardi-
nality of the solution sets and their distance to the solution boundaries. The crowded
tournament selection is based on ranking and distance. In other words, if a solution xi

has a better rank than x j , we select xi . If the ranks are the same but Di > D j , we select
xi based on its crowding distance. For details, refer to Deb et al. [5]. The main steps of
NSGA-II can be summarized as follows:

1. Create a new population Wt = Pt ∪ St by combining Pt and apply nondominated
sorting.

2. Identify different fronts P Fi (i = 1, 2, . . . ).
3. Generate Pt+1 from Pt+1 = ∅ with i = 1 and fill Pt+1 = Pt+1 ∪ P Fi until size n.
4. Carry out a crowding sort using the crowd distance to sort some P Fi to Pt+1.
5. Generate new offspring St+1 from Pt+1 via crowded tournament-based genetic

operators: crossover, mutation, and selection.

There are many other methods for solving multi-objective optimization problems.
Some other evolutionary algorithms or approaches include the vector evaluated genetic
algorithm (VEGA) [11], differential evolution for multi-objective optimization
(DEMO) [2], and the strength pareto evolutionary algorithm (SPEA) [4].

Recent studies show that other methods such as multi-objective cuckoo search
(MOCS), multi-objective firefly algorithm (MOFA), and multi-objective flower pol-
lination algorithms (MOFPA) can be equally or even more effective [15–17].
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15 Other Algorithms and Hybrid
Algorithms

There are many other algorithms in the literature, but we have not covered them in detail
in this book. One of the reasons is that some of these algorithms, such as ant colony
optimization and harmony search, have extensive literature and books devoted to them,
so readers can easily find information about them elsewhere. While for some other
algorithms, such as some of the hybrid algorithms, their efficiency and performance
may be preliminary, and further research is needed to verify these results.

However, for completeness, here we briefly introduce a few other widely used algo-
rithms and briefly touch on some of the hybrid algorithms.

15.1 Ant Algorithms

15.1.1 Ant Behavior

Ants are social insects that live together in organized colonies whose population size
can range from about 2 million to 25 million. When foraging, a swarm of ants or
mobile agents interact or communicate in their local environment. Each ant can lay
scent chemicals or pheromone so as to communicate with others, and each ant is also
able to follow the route marked with pheromone laid by other ants. When ants find a
food source, they mark it with pheromone as well as marking the trails to and from
it. From the initial random foraging route, the pheromone concentration varies. The
ants follow the routes with higher pheromone concentrations, and the pheromone is
enhanced by the increasing number of ants. As more and more ants follow the same
route, it becomes the favored path. Thus, some favorite routes emerge, often the shortest
or more efficient. This is actually a positive feedback mechanism.

Emerging behavior exists in an ant colony; such emergence arises from simple
interactions among individual ants. Individual ants act according to simple and local
information (such as pheromone concentration) to carry out their activities. Although
there is no master ant overseeing the entire colony and broadcasting instructions to
the individual ants, organized behavior still emerges automatically. Therefore, such
emergent behavior can be similar to other self-organized phenomena that occur in
many processes in nature, such as the pattern formation in some animal skins (e.g.,
tiger and zebra skins).

The foraging pattern of some ant species (such as army ants) can show extraordinary
regularity. Army ants search for food along some regular routes with an angle of about
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123◦ apart. We do not know how they manage to follow such regularity, but studies
show that they could move into an area and build a bivouac and start foraging. On the
first day, they forage in a random direction, say, the north, and travel a few hundred
meters, then branch to cover a large area. The next day they will choose a different
direction, which is about 123◦ from the direction on the previous day, and so cover
another large area. On the following day, they again choose a different direction about
123◦ from the second day’s direction. In this way, they cover the whole area over about
two weeks and then move out to a different location to build a bivouac and forage in
the new region [40].

The interesting thing is that ants do not use the angle of 360◦/3 = 120◦ (this would
mean that on the fourth day, they will search the empty area already foraged on the
first day). The beauty of this 123◦ angle is that after about three days, it leaves an angle
of about 10◦ from the direction of the first day. This means the ants cover the whole
circular region in 14 days without repeating or covering a previously foraged area. This
is an amazing phenomenon.

15.1.2 Ant Colony Optimization

Based on these characteristics of ant behavior, scientists have developed a number of
powerful ant colony algorithms, with important progress made in recent years. Marco
Dorigo pioneered the research in this area in 1992 [6,7]. Many different variants have
appeared since then.

If we use only some of the features of ant behavior and add some new characteristics,
we can devise a class of new algorithms.

There are two important issues here: the probability of choosing a route and the evap-
oration rate of pheromone. There are a few ways of solving these problems, although
it is still an area of active research. Here we introduce the current best method.

For a network routing problem, the probability of ants at a particular node i to choose
the route from node i to node j is given by

pi j =
φα

i j d
β
i j∑n

i, j=1 φα
i j d

β
i j

, (15.1)

where α > 0 and β > 0 are the influence parameters, and their typical values are
α ≈ β ≈ 2. φi j is the pheromone concentration on the route between i and j , and di j

is the desirability of the same route. Some a priori knowledge about the route, such as
the distance si j , is often used so that di j ∝ 1/si j , which implies that shorter routes will
be selected due to their shorter traveling time, and thus the pheromone concentrations
on these routes are higher. This is because the traveling time is shorter, and thus less
of the pheromone has been evaporated during this period.

This probability formula reflects the fact that ants would normally follow the paths
with higher pheromone concentrations. In the simpler case when α = β = 1, the
probability of choosing a path by ants is proportional to the pheromone concentration
on the path. The denominator normalizes the probability so that it is in the range between
0 and 1.
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The pheromone concentration can change with time due to the evaporation of
pheromone. Furthermore, the advantage of pheromone evaporation is that the system
could avoid being trapped in local optima. If there is no evaporation, the path randomly
chosen by the first ants will become the preferred path due to the attraction of other
ants by their pheromone. For a constant rate γ of pheromone decay or evaporation, the
pheromone concentration usually varies with time exponentially:

φ(t) = φ0e−γ t , (15.2)

where φ0 is the initial concentration of pheromone and t is time. If γ t � 1, then we
have φ(t) ≈ (1− γ t)φ0. For the unitary time increment �t = 1, the evaporation can
be approximated by φt+1 ← (1− γ )φt . Therefore, we have the simplified pheromone
update formula:

φt+1
i j = (1− γ )φt

i j + δφt
i j , (15.3)

where γ ∈ [0, 1] is the rate of pheromone evaporation. The increment δφt
i j is the

amount of pheromone deposited at time t along route i to j when an ant travels a
distance L . Usually δφt

i j ∝ 1/L . If there are no ants on a route, then the pheromone
deposit is zero.

There are other variations on this basic procedure. A possible acceleration scheme is
to use some bounds of the pheromone concentration, and only the ants with the current
global best solution(s) are allowed to deposit pheromone. In addition, some ranking of
the solution fitness can also be used. These are still topics of active research.

Because a complex network system is always made of individual nodes, this algo-
rithm can be extended to solve complex routing problems reasonably efficiently. In fact,
ant colony optimization and its variants have been successfully applied to the Internet
routing problem, the traveling salesman problem, and other combinatorial optimization
problems.

15.1.3 Virtual Ant Algorithms

Since we know that ant colony optimization has successfully solved combinatorial
problems, it can also be extended to solve the standard optimization problems of mul-
timodal functions. The only problem now is to figure out how the ants will move on a
d-dimensional hypersurface. For simplicity, we discuss the 2D case, which can easily
be extended to higher dimensions. On a 2D landscape, ants can move in any direction,
or 0◦ ∼ 360◦, but this will cause some problems. The question is how to update the
pheromone at a particular point, since there are an infinite number of points. One solu-
tion is to track the history of each ant’s moves and record the locations consecutively,
and the other approach is to use a moving neighborhood or window. The ants “smell”
the pheromone concentration of their neighborhood at any particular location.

In addition, we can limit the number of directions the ants can move by quantizing
the directions. For example, ants are only allowed to move left and right, and up and
down (only four directions). We use this quantized approach here, which makes the
implementation much simpler. Furthermore, the objective function or landscape can
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be encoded into virtual food so that ants will move to the best locations where the best
food sources are. This will make the search process even more simpler. This simplified
algorithm, called the virtual ant algorithm (VAA) and developed by Xin-She Yang
and his colleagues in 2006 [40], that has been successfully applied to topological
optimization problems in engineering.

15.2 Bee-Inspired Algorithms

Bee algorithms form another class of algorithms that are closely related to the ant
colony optimization. Bee algorithms are inspired by the foraging behavior of honey-
bees. Several variants of bee algorithms have been formulated, including the honeybee
algorithm (HBA), the virtual bee algorithm (VBA), the artificial bee colony (ABC)
optimization, the honeybee-mating algorithm (HBMA), and others [1,19,20,29,41].

15.2.1 Honeybee Behavior

Honeybees live in constructed colonies where and they store honey they have foraged.
Honeybees can communicate by pheromone and “waggle dance.” For example, an
alarming bee may release a chemical messenger (pheromone) to stimulate an attack
response in other bees. Furthermore, when bees find a good food source and bring some
nectar back to the hive, they communicate the location of the food source by performing
the so-called waggle dances as a signal system [26]. Such signaling dances vary from
species to species, but they typically attempt to recruit more bees using directional
dancing with varying strength so as to communicate the direction and distance of the
found food resource.

For multiple food sources such as flower patches, studies show that a bee colony
seems to be able to allocate forager bees among different flower patches to maximize
their total nectar intake. To survive the winter, a bee colony typically has to collect and
store extra nectar, about 15 to 50 kg. The efficiency of nectar collection is consequently
very important from an evolutionary point of view. Various algorithms can be designed
if we learn from the natural behavior of bee colonies.

15.2.2 Bee Algorithms

Over the last decade or so, nature-inspired bee algorithms have started to emerge as
a promising and powerful tool. It is difficult to pinpoint the exact dates when the bee
algorithms were first formulated. They were developed independently by several groups
of researchers over a few years.

From the literature survey, it seems that the honeybee algorithm (HBA) was first
formulated around 2004 by Craig A. Tovey at Georgia Tech, in collaboration with
Sunil Nakrani, then at Oxford University, to study a method to allocate computers
among different clients and Web-hosting servers [29]. Later in 2004 and earlier 2005,
Xin-She Yang at Cambridge University developed a virtual bee algorithm (VBA) to
solve numerical optimization problems [41], and it can optimize both functions and
discrete problems, though only functions with two parameters were given as examples.
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Slightly later in 2005, Haddad and Afshar and their colleagues presented a honeybee-
mating optimization (HBMO) algorithm that was subsequently applied to reservoir
modelling and clustering [11]. Around the same time, D. Karaboga, in Turkey, devel-
oped an artificial bee colony (ABC) algorithm for numerical function optimization,
and a comparison study was carried out by in the same group later in 2006 and 2008.
These bee algorithms and their variants have shown some promising results [2,41].

The essence of bee algorithms is the communication or broadcasting ability of a bee
to some neighbourhood bees so that they can “know” and follow a bee to the best source,
locations, or routes to complete the optimization task. The detailed implementation will
depend on the actual algorithms, and they may differ slightly and vary with different
variants.

15.2.3 Honeybee Algorithm

In HBA, forager bees are allocated to different food sources (or flower patches) to
maximize the total nectar intake. The colony has to “optimize” the overall efficiency of
nectar collection; the allocation of the bees thus depends on many factors, such as the
nectar richness and the proximity to the hive. This problem is similar to the allocation
of Web-hosting servers on the Internet, which was in fact one of the first problems
solved using bee-inspired algorithms by Nakrani and Tovey in 2004 [29].

Let wi ( j) be the strength of the waggle dance of bee i at time step t = j . The
probability of an observer bee following the dancing bee to forage can be determined
in many ways, depending on the actual variant of algorithms. A simple way is given by

pi = w
j
i∑n f

i=1 w
j
i

, (15.4)

where n f is the number of bees in the foraging process and t is the pseudo time or
foraging expedition. The number of observer bees is N − n f when N is the total
number of bees. Alternatively, we can define an exploration probability of a Gaussian
type pe = 1− pi = exp[−w2

i /2σ 2], where σ is the volatility of the bee colony, and it
controls the exploration and diversity of the foraging sites. If there is no dancing (no
food found), then wi → 0, and pe = 1. So, all the bees explore randomly.

In other variant algorithms, when applying to discrete problems such as job schedul-
ing, a forager bee will perform the waggle dance with a duration τ = γ f p, where f p is
the profitability or the richness of the food site, and γ is a scaling factor. The profitability
should be related to the objective function.

In addition, the rating of each route is ranked dynamically, and the path with the
highest number of bees becomes the preferred path. For a routing problem, the prob-
ability of choosing a route between any two nodes can take the form similar to Eq.
(15.1). That is,

pi j =
wα

i j d
β
i j∑n

i, j=1 wα
i j d

β
i j

, (15.5)

where α > 0 and β > 0 are the influence parameters, wi j is the dance strength along
route i to j , and di j is the desirability of the same route.
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HBA, similar to the ant colony algorithms, is efficient in dealing with discrete
optimization problems such as routing and scheduling. In dealing with continuous
optimization problems, it is not straightforward, and some modifications are needed.

15.2.4 Virtual Bee Algorithm

VBA, developed by Xin-She Yang in 2005 [41], is an optimization algorithm specially
formulated for solving both discrete and continuous problems. It has some similarity to
the particle swarm optimization (PSO) discussed in this book, rather than a bee algo-
rithm. In VBA, the continuous objective function is directly encoded as virtual nectar,
and the solutions (or decision variables) are the locations of the nectar. The activities
such as the waggle dance strength (similar to the pheromone in the ant algorithms) are
combined with the nectar concentration as the “fitness” of the solutions. For a maxi-
mization problem, the objective function can be thought of as virtual nectar, whereas
for minimization, the nectar is formulated in such a way that the minimal value of the
objective function corresponds to the highest nectar concentration.

For discrete problems, the objective functions such as the shorter paths are encoded
and linked with the profitability of the nectar explorations, which is in turn linked
with the dance strength of forager bees. In this way, VBA is similar to the HBA.
However, there is a fundamental difference from other bee algorithms. That is, VBA
has a broadcasting ability of the current best. The current best location is “known” to
every bee, so this algorithm is more efficient. In this way, forager bees do not have to
come back to the hive to tell other onlooker bees via the waggle dance, thus saving
time. Similar broadcasting ability is used in PSO, especially in accelerated PSO and
other swarm algorithms.

For a mixed type of problem, when the decision variables can take both discrete and
continuous values, the encoding of the objective function into nectar should be carefully
implemented, so it can represent the objective effectively. This is still an active area of
current research.

15.2.5 Artificial Bee Colony Optimization

The ABC optimization algorithm was first developed by D. Karaboga in 2005. Since
then, Karaboga and Basturk and their colleagues have systematically studied the per-
formance of the ABC algorithm concerning unstrained optimization problems and its
extension [19,20].

In the ABC algorithm, the bees in a colony are divided into three groups: employed
bees (forager bees), onlooker bees (observer bees), and scouts. For each food source,
there is only one employed bee. That is to say, the number of employed bees is equal
to the number of food sources. The employed bee of a discarded food site is forced
to become a scout searching randomly for new food sources. Employed bees share
information with the onlooker bees in a hive so that onlooker bees can choose a food
source to forage. Unlike the honeybee algorithm, which has two groups of bees (forager
bees and observer bees), bees in ABC are more specialized.

For a given objective function f (x), it can be encoded as F(x) to represent the
amount of nectar at location x. Thus the probability Pi of an onlooker bee choosing
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to go to the preferred food source at xi can be defined by Pi = F(xi )/
∑S

j=1 F(x j ),
where S is the number of food sources.

At a particular food source, the intake efficiency is determined by F/T , where F
is the amount of nectar and T is the time spent at the food source. If a food source
is tried/foraged at a given number of explorations without improvement, then it is
abandoned, and the bee at this location will move on randomly to explore new locations.

Various applications have been carried out in the last few years, including combi-
natorial optimization, job scheduling, Web-hosting allocation, and engineering design
optimization.

15.3 Harmony Search

HS was first developed by Z. W. Geem et al. in 2001 [15,16]. Since then it has been
applied to solve many optimization problems, including function optimization, water
distribution network, groundwater modeling, energy-saving dispatch, structural design,
vehicle routing, and others. The possibility of combining HS with other algorithms such
as PSO and GA has also been investigated.

15.3.1 Harmonics and Frequencies

HS is a music-inspired metaheuristic optimization algorithm. It is inspired by the obser-
vation that the aim of music is to search for a perfect state of harmony. This harmony
in music is analogous to finding the optimality in an optimization process. The search
process in optimization can be compared to a musician’s improvisation process. This
perfectly pleasing harmony is determined by the audio aesthetic standard.

The aesthetic quality of a musical instrument is essentially determined by its pitch
(or frequency), timbre (or sound quality), and amplitude (or loudness). Timbre is largely
determined by the harmonic content, which is in turn determined by the waveforms or
modulations of the sound signal. However, the harmonics it can generate will largely
depend on the pitch or frequency range of the particular instrument.

Different notes have different frequencies. For example, the note A above middle C
(or standard concert A4) has a fundamental frequency of f0 = 440 Hz. The speed of
sound in dry air is about v= 331 + 0.6T m/s, where T is the temperature in degrees
Celsius near 0 ◦C. So, at room temperature T = 20 ◦C, and the A4 note has a wavelength
λ = v/ f0 ≈ 0.7795 m . When we adjust the pitch, we are in fact trying to change
the frequency. In music theory, pitch p in Musical Instrument Digital Interface (MID)
is often represented as a numerical scale (a linear pitch space) using the following
formula:

p = 69+ 12 log2

(
f

440 Hz

)
(15.6)

or

f = 440× 2(p−69)/12, (15.7)
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Figure 15.1 Harmony of two notes with a frequency ratio of 2:3 and their waveform.

Figure 15.2 Random music notes.

which means that the A4 note has a pitch number 69. On this scale, octaves correspond
to size 12 and semitone corresponds to size 1. Furthermore, the ratio of frequencies
of two notes that are an octave apart is 2:1. Thus, the frequency of a note is doubled
(or halved) when it raised (or lowered) an octave. For example, A2 has a frequency of
110 Hz, whereas A5 has a frequency of 880 Hz.

The measurement of harmony when different pitches occur simultaneously, like
any aesthetic quality, is somewhat subjective. However, it is possible to use some
standard estimation for harmony. The frequency ratio, pioneered by ancient Greek
mathematician Pythagoras, is a good method for such estimations. For example, the
octave with a ratio of 1:2 sounds pleasant when played together, and so are the notes
with a ratio of 2:3 (see Figure 15.1). However, it is unlikely for any random notes such
as those shown in Figure 15.2 to produce a pleasant harmony.

15.3.2 Harmony Search

HS can be explained in more detail with the aid of a discussion of a musician’s impro-
visation process [15]. When a musician is improvising, he or she has three possible
choices: (1) play any famous piece of music (a series of pitches in harmony) exactly
from memory; (2) play something similar to a known piece (thus adjusting the pitch
slightly); or (3) compose new or random notes. If we formalize these three options for
optimization, we have three corresponding components: usage of harmony memory,
pitch adjusting, and randomization.

The use of harmony memory is important because it is similar to choosing the best-
fit individuals in genetic algorithms. This will ensure that the best harmonies will be
carried over to the new harmony memory. To use this memory more effectively, we can
assign a parameter raccept ∈ [0, 1], called harmony memory accepting or considering
rate. If this rate is too low, only a few best harmonies are selected, and it may converge
too slowly. If this rate is extremely high (near 1), almost all the harmonies are used
in the harmony memory, but then other harmonies are not explored well, leading to
potentially wrong solutions. Therefore, typically, raccept = 0.7 ∼ 0.95.
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To adjust the pitch slightly in the second component, we have to use a method such
that it can adjust the frequency efficiently. In theory, pitch can be adjusted linearly or
nonlinearly, but in practice, linear adjustment is used. If xold is the current solution (or
pitch), the new solution (pitch) xnew is generated by

xnew = xold + bp (2 rand− 1), (15.8)

where rand is a random number drawn from a uniform distribution [0, 1]. Here bp is
the bandwidth, which controls the local range of pitch adjustment. In fact, we can see
that the pitch adjustment (15.8) is a random walk.

Pitch adjustment is similar to the mutation operator in genetic algorithms. We can
assign a pitch-adjusting rate (rpa) to control the degree of the adjustment. If rpa is too
low, there is rarely any change. If it is too high, the algorithm may not converge at all.
Thus, we usually use rpa = 0.1 ∼ 0.5 in most simulations.

The third component is the randomization, which is to increase the diversity of the
solutions. Although adjusting pitch has a similar role, it is limited to certain local pitch
adjustment and thus corresponds to a local search. The use of randomization can drive
the system further, to explore various regions with a high solution diversity so as to
increase the probability of finding the global optimality [42]. So, we have

pa = plowerlimit + prange ∗ rand, (15.9)

where prange = pupperlimit − plowerlimit. Here rand is a random number generator in
the range of 0 and 1.

The three components in HS can be summarized as the pseudo code shown in
Figure 15.3, where we can see that the probability of true randomization is

Prandom = 1− raccept (15.10)

Harmony Search

Objective function f(x), x = (x1, ..., xd)T

Generate initial harmonics (real number arrays)
Define pitch adjusting rate (rpa) and pitch limits
Define harmony memory accepting rate (raccept)
while (t <Max number of iterations)

Generate new harmonics by accepting best harmonics
Adjust pitch to get new harmonics (solutions)
if (rand> raccept),

Choose an existing harmonic randomly
else if (rand> rpa),

Adjust the pitch randomly within a bandwidth (15.8)
else

Generate new harmonics via randomization (15.9)
end if
Accept the new harmonics (solutions) if better

end while
Find the current best estimates

Figure 15.3 Pseudo code of a harmony search.
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and the actual probability of pitch adjusting is

Ppitch = raccept ∗ rpa. (15.11)

HS has been used in many applications, and a good summary can be found in Geem’s
book [16].

15.4 Hybrid Algorithms

Hybrid algorithms have been developed by combining two or more algorithms to
improve or enhance overall search efficiency. Researchers often try to use the advan-
tages of individual algorithms for the common good; at least that is the intention in
principle. In practice, whether a hybrid can really achieve better performance is another
matter, and finding ways to combine different algorithms to develop new algorithms is
still an open problem.

15.4.1 Other Algorithms

There are more than 40 other algorithms in the literature as reviewed in recent surveys
[3,12,13,44], and more algorithms are appearing. Therefore, we do not attempt to
provide a full list of algorithms here. Rather, we provide a subset of these algorithms so
that readers can see their diversity. Here we put these other algorithms into two broad
categories: swarm intelligence (SI)-based and non SI-based.

SI-based algorithms that are not covered in this book:

• Cat swarm (Chu et al. [4])
• Dolphin echolocation (Kaveh and Farhoudi [21])
• Eagle strategy (Yang and Deb [43])
• Egyptian vulture (Sur et al. [36])
• Fish swarm/school (Li et al. [24])
• Great salmon run (Mozaffari [27])
• Group search optimizer (He et al. [18])
• Glowworm swarm optimization (Krishnanand and Ghose [23])
• Krill Herd (Gandomi and Alavi [14])
• Monkey search (Mucherino and Seref [28])
• Shuffled frog-leaping algorithm (Eusuff and Lansey [10])
• Wolf search (Tang et al. [38])

Non-SI-based algorithms and others that are not covered in this book:

• Bacterial foraging algorithm (Passino [31])
• Big bang, big crunch (Erol and Eksin [8])
• Biogeography-based optimization (Simon [35])
• Black-hole algorithm (Hatamlou [17])
• Charged system search (Kaveh and Talatahari [22])
• Differential search algorithm (Civicioglu [5])
• Ecology-inspired evolutionary algorithm (Parpinelli and Lopes [30])
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• Galaxy-based search algorithm (Shah-Hosseini [33])
• Gravitational search (Rashedi et al. [32])
• Intelligent water drop (Shah-Hosseini [34])
• Invasive weed optimization (Mehrabian and Lucas [25])
• Self-propelled particles (Vicsek [39])
• Spiral optimization (Tamura and Yasuda [37])
• Water-cycle algorithm (Eskandar et al. [9])

It is worth pointing out that some algorithms may perform well and provide very
competitive results, but other algorithms are not so efficient. Overall, mixed results and
performance exist in the literature.

It seems that there is a serious problem in the research community in that some
research activities have gone astray, to a certain degree. We urge that researchers to
place more emphasis on the following important topics and challenging issues:

• Mathematical analyses, such as convergence, stability, and time complexity of meta-
heursitic algorithms, so as to gain key insight

• Performance comparisons and statistical measures of different algorithms
• Parameter tuning and control of metaheuristic algorithms so as to maximize their

performance
• Applicability and scalability of metaheuristic algorithms in large-scale, real-world

applications
• Development of truly intelligent, adaptive, and self-evolving optimization algorithms

15.4.2 Ways to Hybridize

By and large, hybrid algorithms are formulated by trial and error. Therefore, hybridiza-
tion itself is an evolutionary metaheuristic approach. A naïve way of hybridization is to
randomly select two algorithms from a list of algorithms (both conventional and new)
to form a new one. For example, if there is a list of algorithms such as BA, PSO, DE,
ACO, ABC, CS, HS, FA, FPA, SA, and hill climbing, one can formulate hybrid algo-
rithms such as ABC-HS, DE-PSO, SA-PSO, and many others. But the performance of
a hybrid can be mixed; some can improve, but some may become worse if such a naïve
approach is used.

Developing better hybrids requires insight and understanding of the basic algorithm
components. However, this largely relies on the expertise and experience of an algorithm
developer. If we can analyze the algorithms as we have done in the first two chapters
of this book, we can identify the key algorithm operators such as crossover, mutation,
elitism, random walks, Lévy flights, chaos, and gradients. Then it is possible to enhance
an algorithm by adding one component or more. So, some researchers produce PSO
with chaos, genetic algorithms with chaos, and so on and so forth.

Look at these basic components more closely. We can separate them into four
categories:

• Genetic operators. Crossover or recombination, mutation, selection, or elitism.
• Randomization. Random walks, Lévy flights, probability distributions (such as

Gaussian).
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• Chaotic. Chaos, iterative maps.
• Attraction and repulsion. Attraction between agents based on distance or similar-

ity, including light intensity, attractiveness, gravity, electromagnetism, and others.
Repulsion based on dissimilarity, predator, opposition, and diversity/variance.

Each category can have a different role in terms of exploration and exploitation capabil-
ity, and effectiveness also varies greatly among categories. In principle, we can select
one component from two or more different categories based on their roles or properties
to form a hybrid with combined components. This may be more likely to produce better
algorithms than a random or blind combination of any two different algorithms.

15.5 Final Remarks

Nature has provided a vast source of inspiration, especially biological systems. This
again can be used for developing new algorithms, as we see from the references listed
at the end of each chapter in this book.

Obviously, there are other ways to form and develop new hybrid algorithms. How-
ever, it is worth pointing out that we are not encouraging researchers in the optimization
community to randomly develop new algorithms. It should not be encouraged to pro-
duce any grass algorithm, dolphin algorithm, ocean current algorithm, dove navigation
algorithm, human swarm algorithm, or chaotic grass algorithm, chaotic/turbulent flow
algorithm, dolphin attraction algorithm, or artificial grass algorithm.

As we have highlighted in this book, truly novel algorithms should provide new ways
of thinking, truly efficient new tools, and greater insight into the working mechanisms
of efficient optimization methodologies. More important, new algorithms should allow
sufficient simplicity, flexibility, and high efficiency so that they can solve a wider range
of large-scale, real-world problems in science, engineering, and industry. Important
challenges such as theoretical analysis of nature-inspired algorithms, parameter tun-
ing, and parameter control should be addressed. All these should be the main driving
force for researchers to develop new techniques and applications in the future in this
exciting area.
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A Test Function Benchmarks for Global
Optimization

Though there are many test functions in the literature, there is no agreed-on list of
standard test functions. Various attempts to summarize these functions have been carried
out Readers can find more details in [1,3,4,12,6–11], and some online collections also
exist and relatively comprehensive [5,2,10]. The current collection in this appendix is
largely based on the comprehensive review by Jamil and Yang [12].

The diversity of various functions and their properties can be classified according to
their characteristics such as modality, separability, basins and valleys, and dimension-
ality. For details, refer to Floudas et al. [4] and Jamil and Yang [12]. Here we provide
a list of 100 well-selected test functions for unconstrained global optimization.

The parameter D is the dimensionality of the test function under consideration;
f (x∗) is the optimal objective value that corresponds to the optimal solution x∗.

1. Ackley’s Function

f (x) = −20e−0.02
√

1
D

∑D
i=1 x2

i − e
1
D

∑D
i=1 cos (2πxi ) + 20 + e

subject to −35 ≤ xi ≤ 35. The global minimum is located at origin x∗ =
(0, . . . , 0) with f (x∗) = 0.

2. Alpine Function

f (x) =
D∑

i=1

∣∣∣xi sin(xi ) + 0.1xi

∣∣∣
subject to −10 ≤ xi ≤ 10. The global minimum is located at origin x∗ =
(0, . . . , 0) with f (x∗) = 0.

3. Bartels Conn Function

f (x) = ∣∣x2
1 + x2

2 + x1x2
∣∣ + ∣∣sin(x1)

∣∣ + ∣∣cos(x2)
∣∣

subject to −500 ≤ xi ≤ 500. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 1.

4. Beale Function

f (x) = (1.5 − x1 + x1x2)
2 +

(
2.25 − x1 + x1x2

2

)2

+
(

2.625 − x1 + x1x3
2

)2

Nature-Inspired Optimization Algorithms. http://dx.doi.org/10.1016/B978-0-12-416743-8.00021-X
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subject to −4.5 ≤ xi ≤ 4.5. The global minimum is located at x∗ = (3, 0.5) with
f (x∗) = 0.

5. Bird Function

f (x) = sin(x1)e
(1−cos(x2))

2 + cos(x2)e
(1−sin(x1))

2 + (x1 − x2)
2

subject to −2π ≤ xi ≤ 2π . Two global minima are located at x∗ = (4.70104,

3.15294) and (−1.58214,−3.13024) with f (x∗) = −106.764537.
6. Bohachevsky Function

f (x) = x2
1 + 2x2

2 − 0.3cos(3πx1) − 0.4cos(4πx2) + 0.7

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

7. Booth Function

f (x) = (x1 + 2x2 − 7)2 + (2x1 + x2 − 5)2

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (1, 3) with
f (x∗) = 0.

8. Box-Betts Quadratic Sum Function

f (x) =
D−1∑
i=0

g(xi )
2,

g(x) = e−0.1(i+1)x1 − e−0.1(i+1)x2 − e[(−0.1(i+1))−e−(i+1)]x3

subject to 0.9 ≤ x1 ≤ 1.2, 9 ≤ x2 ≤ 11.2, 0.9 ≤ x2 ≤ 1.2. The global minimum
is located at x∗ = (1, 10, 1) with f (x∗) = 0.

9. Branin RCOS Function

f (x) =
(

x2 − 5.1x2
1

4π2 + 5x1

π
− 6

)2

+10

(
1 − 1

8π

)
cos (x1) + 10

with domain −5 ≤ x1 ≤ 10, 0 ≤ x1 ≤ 15. It has three global minima at
x∗ = ({−π, 12.275}, {π, 2.275}, {3π, 2.425}) with f (x∗) = 0.3978873.

10. Brent Function

f (x) = (
x1 + 10

)2 + (
x2 + 10

)2 + e−x2
1−x2

2 (A.1)

with domain −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.
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11. Brown Function

f (x) =
D−1∑
i=1

(
x2

i

)(x2
i+1+1) +

(
x2

i+1

)(x2
i +1)

subject to −1 ≤ xi ≤ 4. The global minimum is located at x∗ = (0, . . . , 0) with
f (x∗) = 0.

12. Bukin Function

f (x) = 100
(

x2 − 0.01x2
1 + 1

)
+ 0.01(x1 + 10)2

subject to −15 ≤ x1 ≤ −5 and −3 ≤ x2 ≤ −3. The global minimum is located
at x∗ = (−10, 0) with f (x∗) = 0.

13. Camel Function – Three Humps

f (x) = 2x2
1 − 1.05x4

1 + x6
1/6 + x1x2 + x2

2

subject to −5 ≤ xi ≤ 5. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

14. Camel Function – Six Humps

f (x) =
(

4 − 2.1x2
1 + x4

1

3

)
x2

1 + x1x2 +
(

4x2
2 − 4

)
x2

2

subject to −5 ≤ xi ≤ 5. The two global minima are located at x∗ = f ({−0.0898,

0.7126}, {0.0898,−0.7126, 0}) with f (x∗) = −1.0316.
15. Chichinadze Function

f (x) = x2
1 − 12x1 + 11 + 10cos(πx1/2) + 8sin(5πx1/2)

− (1/5)0.5 exp (−0.5(x2 − 0.5)2)

subject to −30 ≤ xi ≤ 30. The global minimum is located at x∗ = (5.90133, 0.5)

with f (x∗) = −43.3159.
16. Cola Function

The 17-dimensional function computes indirectly the formula (D, u) by setting
x0 = y0, x1 = u0, xi = u2(i−2), yi = u2(i−2)+1:

f (x) = h(x, y) =
∑
j<i

(ri, j − di, j )
2

where ri, j is given by

ri, j = [(xi − x j )
2 + (yi − y j )

2]1/2
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and d is a symmetric matrix given by

d = [di j ] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.27
1.69 1.43
2.04 2.35 2.43
3.09 3.18 3.26 2.85
3.20 3.22 3.27 2.88 1.55
2.86 2.56 2.58 2.59 3.12 3.06
3.17 3.18 3.18 3.12 1.31 1.64 3.00
3.21 3.18 3.18 3.17 1.70 1.36 2.95 1.32
2.38 2.31 2.42 1.94 2.85 2.81 2.56 2.91 2.97

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

This function has bounds 0 ≤ x0 ≤ 4 and −4 ≤ xi ≤ 4 for i = 1 . . . D − 1. It
has a global minimum of f (x∗) = 11.7464.

17. Colville Function

f (x) = 100(x1 − x2
2 )2 + (1 − x1)

2 + 90(x4 − x2
3 )2 + (1 − x3)

2

+ 10.1((x2 − 1)2 + (x4 − 1)2) + 19.8(x2 − 1)(x4 − 1)

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (1, . . . , 1)

with f (x∗) = 0.
18. Corana Function

f (x) =
{

0.15
(

zi − 0.05sgn
(
zi
)2
)

di if |vi | < A

di x2
i otherwise

where

vi = |xi − zi | , A = 0.05

zi = 0.2
⌊∣∣∣ xi

0.2

∣∣∣ + 0.49999
⌋

sgn
(
xi
)

di = (1, 1000, 10, 100) (A.2)

subject to −500 ≤ xi ≤ 500. The global minimum is located at x∗ = (0, 0, 0, 0)

with f (x∗) = 0.
19. Cosine Mixture Function

f (x) = −0.1
D∑

i=1

cos(5πxi ) −
D∑

i=1

x2
i

subject to −1 ≤ xi ≤ 1. The global minimum is located at x∗ = (0, 0), f (x∗) =
0.2 for D = 2.
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20. Csendes Function

f (x) =
D∑

i=1

x6
i

(
2 + sin

1

xi

)

subject to −1 ≤ xi ≤ 1. The global minimum is located at x∗ = (0, . . . , 0) with
f (x∗) = 0.

21. Cube Function

f (x) = 100
(

x2 − x3
1

)2 + (1 − x1)
2

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (−1, 1) with
f (x∗) = 0.

22. Damavandi Function

f (x) =
[

1 −
∣∣∣∣ sin[π(x1 − 2)]sin[π(x2 − 2)]

π2(x1 − 2)(x2 − 2)

∣∣∣∣
5
]

[
2 + (x1 − 7)2 + 2(x2 − 7)2

]
subject to 0 ≤ xi ≤ 14. The global minimum is located at x∗ = (2, 2) with
f (x∗) = 0.

23. Deb Function

f (x) = − 1

D

D∑
i=1

sin6(5πxi )

subject to −1 ≤ xi ≤ 1. The number of global minima is 5D that are evenly
spaced in the function landscape.

24. Deckkers-Aarts Function

f (x) = 105x2
1 + x2

2 −
(

x2
1 + x2

2

)2 + 10−5
(

x2
1 + x2

2

)4

subject to −20 ≤ xi ≤ 20. The two global minima are located at x∗ = (0,±15)

with f (x∗) = −24777.
25. Dixon and Price Function

f (x) = (x1 − 1)2 +
D∑

i=2

i
(

2x2
i − xi−1

)2

subject to −10 ≤ xi ≤ 10. The global minimum are located at x∗ = [
2( 2i −2

2i ), i =
1, . . . , D

]
with f (x∗) = 0.
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26. Dolan Function

f (x) = (x1 + 1.7x2)sin(x1) − 1.5x3 − 0.1x4cos(x4 + x5 − x1)

+ 0.2x2
5 − x2 − 1

subject to −100 ≤ xi ≤ 100. The global minimum is f (x∗) = 0.
27. Easom Function

f (x) = −cos(x1)cos(x2) exp[−(x1 − π)2

−(x2 − π)2]
subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (π, π) with
f (x∗) = −1.

28. Egg Crate Function

f (x) = x2
1 + x2

2 + 25(sin2(x1) + sin2(x2))

subject to −5 ≤ xi ≤ 5. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

29. Egg Holder Function

f (x) =
m−1∑
i=1

[
−(xi+1 + 47)sin

√|xi+1 + xi/2 + 47|

−xi sin
√|xi − (xi+1 + 47)|

]
subject to −512 ≤ xi ≤ 512. The global minimum is located at x∗ = (512,

404.2319) with f (x∗) ≈ 959.64.
30. Exponential Function

f (x) = − exp

(
−0.5

D∑
i=1

x2
i

)

subject to −1 ≤ xi ≤ 1. The global minimum is located at x = (0, . . . , 0) with
f (x∗) = 1.

31. Goldstein Price Function

f (x) = [1 + (x1 + x2 + 1)2(19 − 14x1

+3x2
1 − 14x2 + 6x1x2 + 3x2

2 )]
×[30 + (2x1 − 3x2)

2

(18 − 32x1 + 12x2
1 + 48x2 − 36x1x2 + 27x2

2 )]
subject to −2 ≤ xi ≤ 2. The global minimum is located at x∗ = (0,−1) with
f (x∗) = 3.
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32. Griewank Function

f (x) =
D∑

i=1

x2
i

4000
−
∏

cos

(
xi√

i

)
+ 1

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
33. Gulf Research Function

f (x) =
99∑

i=1

[
exp

(
−
(
ui − x2

)x3

xi

)
− 0.01i

]2

where ui = 25+[−50 ln (0.01i)]1/1.5 subject to 0.1 ≤ x1 ≤ 100, 0 ≤ x2 ≤ 25.6
and 0 ≤ x1 ≤ 5. The global minimum is located at x∗ = (50, 25, 1.5) with
f (x∗) = 0.

34. Hansen Function

f (x) =
4∑
i

(i + 1)cos(i x1 + i + 1)

4∑
j=0

( j + 1)cos(( j + 2)x2 + j + 1)

subject to −10 ≤ xi ≤ 10. The multiple global minima are located at

x∗ = ({−7.589893,−7.708314}, {−7.589893,−1.425128},
{−7.589893, 4.858057}, {−1.306708,−7.708314},
{−1.306708, 4.858057}, {4.976478, 4.858057}.
{4.976478,−1.425128}, {4.976478,−7.708314}),

35. Helical Valley

f (x) = 100

[
(x2 − 10θ)2 +

(√
x2

1 + x2
2 − 1

)]
+ x2

3 ,

where

θ =
⎧⎨
⎩

1
2π

tan−1
(

x1
x2

)
, if x1 ≥ 0,

1
2π

tan−1
(

x1
x2

+ 0.5
)

, if x1 < 0,

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (1, 0, 0) with
f (x∗) = 0.
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36. Himmelblau Function

f (x) =
(

x2
1 + x2 − 11

)2 +
(

x1 + x2
2 − 7

)2

subject to −5 ≤ xi ≤ 5. The global minimum is located at x∗ = f (3, 2) with
f (x∗) = 0.

37. Hosaki Function

f (x) =
(

1 − 8x1 + 7x2
1 − 7/3x3

1 + 1/4x4
1

)
x2

2 e−x2

subject to 0 ≤ x1 ≤ 5 and 0 ≤ x2 ≤ 6. The global minimum is located at
x∗ = (4, 2) with f (x∗) ≈ −2.3458.

38. Jennrich-Sampson Function

f (x) =
10∑

i=1

(
2 + 2i −

(
ei x1 + eix2

))2

subject to −1 ≤ xi ≤ 1. The global minimum is located at x∗ = (0.257825,

0.257825) with f (x∗) = 124.3612.
39. Langerman Function

f (x) = −
m∑

i=1

ci e
− 1

π

∑D
j=1 (x j −ai j )

2
cos

⎛
⎝π

D∑
j=1

(x j − ai j )
2

⎞
⎠

subject to 0 ≤ x j ≤ 10, where j ∈ [0, D−1] and m = 5. It has a global minimum
value of f (x∗) = −1.4. The matrix A and column vector c are given as

A =

⎡
⎢⎢⎢⎢⎣

9.681 0.667 4.783 9.095 3.517 9.325 6.544 0.211 5.122 2.020
9.400 2.041 3.788 7.931 2.882 2.672 3.568 1.284 7.033 7.374
8.025 9.152 5.114 7.621 4.564 4.711 2.996 6.126 0.734 4.982
2.196 0.415 5.649 6.979 9.510 9.166 6.304 6.054 9.377 1.426
8.074 8.777 3.467 1.863 6.708 6.349 4.534 0.276 7.633 1.567

⎤
⎥⎥⎥⎥⎦

c = ci =

⎡
⎢⎢⎢⎢⎣

0.806
0.517

1.5
0.908
0.965

⎤
⎥⎥⎥⎥⎦

40. Keane Function

f (x) = sin2(x1 − x2)sin2(x1 + x2)√
x2

1 + x2
2

subject to 0 ≤ xi ≤ 10.
The multiple global minima are located at x∗ = ({0, 1.39325}, {1.39325, 0}) with
f (x∗) = −0.673668.
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41. Leon Function

f (x) = 100

(
x2 − x2

1

)2

+ (1 − x1)
2

subject to −1.2 ≤ xi ≤ 1.2. The global minimum is located at x∗ = (1, 1) with
f (x∗) = 0.

42. Matyas Function

f (x) = 0.26

(
x2

1 + x2
2

)
− 0.48x1x2

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

43. McCormick Function

f (x) = sin (x1 + x2) + (x1 − x2)
2 − (3/2)x1 + (5/2)x2 + 1

subject to −1.5 ≤ x1 ≤ 4 and −3 ≤ x2 ≤ 3. The global minimum is located at
x∗ = (−0.547,−1.547) with f (x∗) ≈ −1.9133.

44. Miele Cantrell Function

f (x) = (e−x1 − x2)
4 + 100(x2 − x3)

6 + (tan (x3 − x4))
4 + x8

1

subject to −1 ≤ xi ≤ 1. The global minimum is located at x∗ = (0, 1, 1, 1) with
f (x∗) = 0.

45. Mishra Zero-Sum Function

f (x) =
(

10000
∣∣∣ D∑

i=1

xi

∣∣∣
)0.5

(A.3)

subject to −10 ≤ xi ≤ 10. The global minimum is f (x∗) = 0.
46. Parsopoulos Function

f (x) = cos (x1)
2 + sin (x2)

2

subject to −5 ≤ xi ≤ 5, where (x1, x2) ∈ �2. This function has a large number
of global minima in �2, at points (κ π

2 , λπ), where κ = ±1,±3, . . . and λ =
0,±1,±2, . . .. In the given domain problem, the function has 12 global minima,
all equal to zero.

47. Pen Holder Function

f (x) = − exp[|cos(x1)cos(x2)e
|1−[(x2

1+x2
2 )]0.5/π ||−1]

subject to−11 ≤ xi ≤ 11. The four global minima are located at x∗ = (±9.646168,

±9.646168) with f (x∗) = −0.96354.
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48. Pathological Function

f (x) =
D−1∑
i=1

⎛
⎝0.5 +

sin2
√

100x2
i + x2

i+1 − 0.5

1 + 0.001(x2
i − 2xi xi+1 + x2

i+1)
2

⎞
⎠

subject to −100 ≤ xi ≤ 100. The global minimum is located x∗ = (0, . . . , 0)

with f (x∗) = 0.
49. Paviani Function

f (x) =
10∑

i=1

[(
ln
(
xi − 2

))2 + (
ln
(
10 − xi

))2
]

−
(

10∏
i=1

xi

)0.2

subject to 2.0001 ≤ xi ≤ 10, i ∈ 1, 2, . . . , 10. The global minimum is located at
x∗ ≈ (9.351, . . . , 9.351) with f (x∗) ≈ −45.778.

50. Pintér Function

f (x) =
D∑

i=1

i x2
i +

D∑
i=1

20isin2 A+
D∑

i=1

i log10

(
1 + i B2

)

where

A = (
xi−1 sin xi + sin xi+1

)
B =

(
x2

i−1 − 2xi + 3xi+1 − cos xi + 1
)

where x0 = xD and xD+1 = x1, subject to −10 ≤ xi ≤ 10. The global minimum
is located at x∗ = (0, . . . , 0) with f (x∗) = 0.

51. Periodic Function

f (x) = 1 + sin2(x1) + sin2(x2) − 0.1e−(x2
1+x2

2 )

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.9.

52. Powell’s First Singular Function

f (x) =
D/4∑
i=1

(
x4i−3 + 10x4i−2

)2

+5
(
x4i−1 − x4i

)2 + (
x4i−2 − x4i−1

)4

+10
(
x4i−3 − x4i

)4

subject to −4 ≤ xi ≤ 5. The global minimum is located at x∗ = (3,−1, 0, 1, . . . ,

3,−1, 0, 1) with f (x∗) = 0.
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53. Powell’s Second Singular Function

f (x) =
D−2∑
i=1

(
xi−1 + 10xi

)2

+5
(
xi+1 − xi+2

)2 + (
xi − 2xi+1

)4

+10
(
xi−1 − xi+2

)4

subject to −4 ≤ xi ≤ 5. The global minimum is f (x∗) = 0.
54. Powell Sum Function

f (x) =
D∑

i=1

∣∣∣xi

∣∣∣i+1

subject to −1 ≤ xi ≤ 1. The global minimum is f (x∗) = 0.
55. Price Function

f (x) = (|x1| − 5)2 + (|x2| − 5)2

subject to −500 ≤ xi ≤ 500. The global minima are located at x∗ = ({−5,−5},
{−5, 5}, {5,−5}, {5, 5}) with f (x∗) = 0.

56. Quadratic Function

f (x) = −3803.84 − 138.08x1 − 232.92x2

+128.08x2
1 + 203.64x2

2 + 182.25x1x2

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (0.19388,

0.48513) with f (x∗) = −3873.7243.
57. Quartic Function

f (x) =
D∑

i=1

i x4
i + random[0, 1)

subject to −1.28 ≤ xi ≤ 1.28. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
58. Quintic Function

f (x) =
D∑

i=1

|x5
i − 3x4

i + 4x3
i + 2x2

i − 10xi − 4|

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (−1 or 2),

f (x∗) = 0.
59. Ripple Function

f (x) =
2∑

i=1

−e
−2 ln2

(
xi −0.1

0.8

)2

(sin6(5πxi ) + 0.1cos2(500πxi ))
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subject to 0 ≤ xi ≤ 1. It has one global minimum and 252,004 local minima.
The global form of the function consists of 25 holes, which form a 5 × 5 regular
grid. Additionally, the whole function landscape is full of small ripples caused
by a high-frequency cosine function that creates a large number of local minima.

60. Rosenbrock’s Function

f (x) =
D−1∑
i=1

[
100

(
xi+1 − x2

i

)2 + (xi − 1)2
]

subject to −30 ≤ xi ≤ 30. The global minimum is located at x∗ = f (1, . . . , 1),

f (x∗) = 0.
61. Rosenbrock’s Modified Function

f (x) = 74 + 100

(
x2 − x2

1

)2

+ (1 − x)2

−400e− (x1+1)2+(x2+1)2

0.1

subject to −2 ≤ xi ≤ 2. In this function, a Gaussian bump at (−1, 1) is added,
causing a local minimum at (1, 1), and the global minimum is located at x∗ =
f (−1,−1), f (x∗) = 0. This modification makes it difficult to optimize because
the local minimum basin is larger than the global minimum basin.

62. Rosenbrock and Yang’s Function

f (x) =
D−1∑
i=1

[
100εi

(
xi+1 − x2

i

)2 + (xi − 1)2
]

subject to −30 ≤ xi ≤ 30. The random variables εi are all drawn from a uni-
form distribution U (0, 1). The global minimum is located at x∗ = (1, . . . , 1),

f (x∗) = 0.
63. Rotated Ellipse Function

f (x) = 7x2
1 − 6

√
3x1x2 + 13x2

2

subject to −500 ≤ xi ≤ 500. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

64. Rump Function

f (x) =
(

333.75 − x2
1

)
x6

2 + x2
1

(
11x2

1 x2
2 − 121x4

2 − 2
)

+ 5.5x8
2 + x1

2x2

subject to −500 ≤ xi ≤ 500. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

65. Salomon Function

f (x) = 1 − cos

⎛
⎝2π

√√√√ D∑
i=1

x2
i

⎞
⎠ + 0.1

√√√√ D∑
i=1

x2
i
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subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

66. Sargan Function

f (x) =
∑
i=1

D

⎛
⎝x2

i + 0.4
∑
j 	=1

xi x j

⎞
⎠

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
67. Schaffer’s First Function

f (x) = 0.5 + sin2(x2
1 + x2

2 )2 − 0.5

1 + 0.001(x2
1 + x2

2 )2

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

68. Schaffer’s Second Function

f (x) = 0.5 + sin2(x2
1 − x2

2 )2 − 0.5

1 + 0.001(x2
1 + x2

2 )2

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, 0) with
f (x∗) = 0.

69. Schaffer Third Function

f (x) = 0.5 +
sin2

(
cos

∣∣∣x2
1 − x2

2

∣∣∣) − 0.5

1 + 0.001(x2
1 + x2

2 )2

subject to−100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, 1.253115)

with f (x∗) = 0.00156685.
70. Schmidt Vetters Function

f (x) = 1

1 + (x1 − x2)2 + sin
(πx2 + x3

2

)
+ e

(
x1+x2

x2
−2

)2

The global minimum is located at x∗ = (0.78547, 0.78547, 0.78547) with
f (x∗) = 3.

71. Schumer Steiglitz Function

f (x) =
D∑

i=1

x4
i

The global minimum is located at x∗ = (0, . . . , 0) with f (x∗) = 0.
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72. Schwefel Function

f (x) =
(

D∑
i=1

x2
i

)α

where α ≥ 0, subject to −100 ≤ xi ≤ 100. The global minimum is located at
x∗ = (0, . . . , 0) with f (x∗) = 0.

73. Shubert Function

f133(x) =
n∏

i=1

⎛
⎝ 5∑

j=1

cos(( j + 1)xi + j)

⎞
⎠

subject to −10 ≤ xi ≤ 10, i ∈ 1, 2, . . . , n. The 18 global minima are located at

x∗ = ({−7.0835, 4.8580}, {−7.0835,−7.7083},
{−1.4251,−7.0835}, { 5.4828, 4.8580},
{−1.4251,−0.8003}, { 4.8580, 5.4828},
{−7.7083,−7.0835}, {−7.0835,−1.4251},
{−7.7083,−0.8003}, {−7.7083, 5.4828},
{−0.8003,−7.7083}, {−0.8003,−1.4251},
{−0.8003, 4.8580}, {−1.4251, 5.4828},
{ 5.4828,−7.7083}, { 4.8580,−7.0835},
{ 5.4828,−1.4251}, { 4.8580,−0.8003}),

with f (x∗) 
 −186.7309.
74. Schaffer Function

f (x) =
D∑

i=1

0.5 +
sin2

√
x2

i + x2
i+1 − 0.5[

1 + 0.001(x2
i + x2

i+1)
]2

subject to −100 ≤ xi ≤ 100. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
75. Sphere Function

f (x) =
D∑

i=1

x2
i

subject to 0 ≤ xi ≤ 10. The global minimum is located x∗ = (0, . . . , 0) with
f (x∗) = 0.

76. Step Function

f (x) =
D∑

i=1

(�|xi |�
)
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subject to −100 ≤ xi ≤ 100. The global minimum is located x∗ = (0, . . . , 0) = 0
with f (x∗) = 0.

77. Stepint Function

f (x) = 25 +
D∑

i=1

(�xi�
)

subject to −5.12 ≤ xi ≤ 5.12. The global minimum is located x∗ = (0, . . . , 0)

with f (x∗) = 0.
78. Stretched V Sine Wave Function

f (x) =
D−1∑
i=1

(
x2

i+1 + x2
i

)0.25 [
sin2

{
50
(

x2
i+1 + x2

i

)0.1
}

+ 0.1
]

subject to −10 ≤ xi ≤ 10. The global minimum is located x∗ = (0, 0) with
f (x∗) = 0.

79. Sum Squares Function

f (x) =
D∑

i=1

i x2
i

subject to −10 ≤ xi ≤ 10. The global minimum is located x∗ = (0, . . . , 0) with
f (x∗) = 0.

80. Styblinski-Tang Function

f (x) = 1

2

n∑
i=1

(
x4

i − 16x2
i + 5xi

)

subject to −5 ≤ xi ≤ 5. The global minimum is located x∗ = (−2.903534,

−2.903534) with f (x∗) = −78.332.
81. First Holder Table Function

f (x) = −|cos(x1)cos(x2)e
|1−(x1+x2)

0.5/π ||
subject to −10 ≤ xi ≤ 10. The four global minima are located at x∗ =
(±9.646168,±9.646168) with f (x∗) = −26.920336.

82. Second Holder Table Function

f (x) = −|sin(x1)cos(x2)e
|1−(x1+x2)

0.5/π ||
subject to −10 ≤ xi ≤ 10.
The four global minima are located at x∗ = (±8.055023472141116,

±9.664590028909654) with f (x∗) = −19.20850.
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83. Carrom Table Function

f (x) = −
[(

cos(x1)cos(x2)

exp

∣∣∣∣1 −
[(

x2
1 + x2

2

)0.5
]/

π

∣∣∣∣
)2

]/
30

subject to −10 ≤ xi ≤ 10.
The four global minima are located at x∗ = (±9.646157266348881,

±9.646134286497169) with f (x∗) = −24.1568155.
84. TestTube Holder Function

f (x) = −4
[
(sin(x1)cos(x2)

e|cos[(x2
1+x2

2 )/200]|)
]

subject to −10 ≤ xi ≤ 10. The two global minima are located at x∗ = (±π/2, 0)

with f (x∗) = −10.872300.
85. Trecanni Function

f (x) = x4
1 − 4x3

1 + 4x1 + x2
2

subject to−5 ≤ xi ≤ 5. The two global minima are located at x∗ = ({0, 0}, {−2, 0})
with f (x∗) = 0.

86. Trid Function

f (x) =
D∑

i=1

(
xi − 1

)2 −
D∑

i=1

xi xi−1

subject to −62 ≤ xi ≤ 62. The global minimum is located at f (x∗) = −50.
87. Trefethen Function

f (x) = esin(50x1) + sin(60ex2)

+sin(70sin(x1)) + sin(sin(80x2))

−sin(10(x1 + x2)) + 1

4
(x2

1 + x2
2 )

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (−0.024403,

0.210612) with f (x∗) = −3.30686865.
88. Trigonometric Function

f (x) =
D∑

i=1

⎡
⎣D −

D∑
j=1

cos x j + i(1 − cos (xi ) − sin (xi ))

⎤
⎦

2

subject to 0 ≤ xi ≤ pi . The global minimum is located at x∗ = (0, . . . , 0) with
f (x∗) = 0.
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89. Tripod Function

f (x) = p(x2)(1 + p(x1))

+|x1 + 50p(x2)(1 − 2p(x1))|
+|x2 + 50(1 − 2p(x2))|

subject to −100 ≤ xi ≤ 100, where p(x) = 1 for x ≥ 0. The global minimum
is located at x∗ = f (0,−50), f (x∗) = 0.

90. Ursem Function

f (x) = −sin(2x1 − 0.5π) − 3cos(x2) − 0.5x1

subject to −2.5 ≤ x1 ≤ 3 and −2 ≤ x2 ≤ 2 and has a single global optimum.
91. Ursem Waves Function

f (x) = −0.9x2
1 + (x2

2 − 4.5x2
2 )x1x2

+4.7cos(3x1 − x2
2 (2 + x1))sin(2.5πx1)

subject to −0.9 ≤ x1 ≤ 1.2 and −1.2 ≤ x2 ≤ 1.2 and has a single global
minimum and nine irregularly spaced local minima in the search space.

92. Watson Function

f (x) =
29∑

i=0

⎧⎪⎨
⎪⎩

4∑
j=0

(
( j − 1)a j

i x j+1

)
−
⎡
⎣ 5∑

j=0

a j
i x j+1

⎤
⎦

2

− 1

⎫⎪⎬
⎪⎭

2

+ x2
1

subject to |xi | ≤ 10, where the coefficient ai = i/29.0. The global mini-
mum is located at x∗ = (−0.0158, 1.012,−0.2329, 1.260,−1.513, 0.9928) with
f (x∗) = 0.002288.

93. Weierstrass Function

f (x) =
D∑

i=1

[
Kmax∑
k=0

akcos(2πbk(xi + 0.5))

−D
Kmax∑
k=0

akcos(πbk)

]

subject to −0.5 ≤ xi ≤ 0.5. Kmax should be large enough and can be set as
Kmax = 100. The global minimum is located at x∗ = (0, . . . , 0) with f (x∗) = 0.

94. Whitley Function

f (x) =
D∑

i=1

D∑
j=1

[
(100(x2

i − x j )
2 + (1 − x j )

2)
2

4000

− cos
(

100(x2
i − x j )

2 + (1 − x j )
2 + 1

)]
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combines a very steep overall slope with a highly multimodal area around the
global minimum located at xi = 1 where i = 1, . . . , D.

95. Xin-She Yang First Function This is a generic stochastic and non-smooth func-
tion proposed in [10,11].

f (x) =
D∑

i=1

εi |xi |i

subject to −5 ≤ xi ≤ 5. The variable εi (i = 1, 2, . . . , D) is a random variable
uniformly distributed in [0, 1]. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
96. Xin-She Yang Second Function

f (x) =
(

D∑
i=1

|xi |
)

exp

[
−

D∑
i=1

sin(x2
i )

]

subject to −2π ≤ xi ≤ 2π . The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = 0.
97. Xin-She Yang Third Function

f (x) =
[

e−∑D
i=1 (xi /β)2m − 2e−∑D

i=1 (xi )
2
.

D∏
i=1

cos2 (xi )

]

subject to −20 ≤ xi ≤ 20. The global minimum for m = 5 and β = 15 is located
at x∗ = (0, . . . , 0) with f (x∗) = −1.

98. Xin-She Yang Fourth Function

f (x) =
[

D∑
i=1

sin2 (xi ) − e−∑D
i=1 x2

i

]
.e−∑D

i=1 sin2 √|xi |

subject to −10 ≤ xi ≤ 10. The global minimum is located at x∗ = (0, . . . , 0)

with f (x∗) = −1.
99. Xin-She Yang Fifth Function

f (x) =
∣∣∣∣∣1 − exp

[
−

D∑
i=1

(εi x2
i )

]∣∣∣∣∣ +
D∑

i=1

εi sin2 (2Dπxi ),

subject to −10π ≤ xi ≤ 10π . Here, all the random variables εi are drawn from
a uniform distribution in [0, 1]. The global minimum f (x∗) = 0 is located at
x∗ = (0, . . . , 0).

100. Zakharov Function

f (x) =
D∑

i=1

x2
i +

(
1

2

D∑
i=1

i xi

)2

+
(

1

2

D∑
i=1

i xi

)4

subject to −5 ≤ xi ≤ 10. The global minimum is located at x∗ = (0, . . . , 0) with
f (x∗) = 0.
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B Matlab Programs

The following codes intend to demonstrate how each algorithm works, so they are
relatively simple and we do not intend to optimize them. They are not for general-
purpose optimization, because there are much better programs out there, both free and
commercial, for that task. These codes should work using Matlab.1 For Octave,2 slight
modifications may be needed.

B.1 Simulated Annealing

1Matlab, www.mathworks.com.
2J. W. Eaton, GNU Octave Manual. Network Theory Ltd., 2002, www.gnu.org/software/octave.
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B.2 Particle Swarm Optimization
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B.3 Differential Evolution
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B.4 Firefly Algorithm
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B.5 Cuckoo Search



Matlab Programs 257



258 Nature-Inspired Optimization Algorithms



Matlab Programs 259

B.6 Bat Algorithm
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B.7 Flower Pollination Algorithm
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