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Integrating both sides , we get

Equations (1) and (2) constitute the complete solution of the given differential equation .

3.7  CLAIRAUT EQUATION

A differential equation of the form

Y = px+£(p) @
is called Clairaut equation named after the French mathematician A.C. Clairaut (1713 ~ 1765) .
This equation is solvable for y. To solve it , we differentiate w.r.t. x to obtain

dy

=gy = Ptxp +f(p)p = [x+f (p)]p +p

or [x+f (p)]p =0

' dp .
Rejecting the factor x + f (p) which does not involve dax: e have
, dp - '
or p = C = constant ()
Eliminating p between equations (1) and (2) , we get
=Cx+f(c) (3)

which is the required solution of the Clairaut equation .
Thus it appears that to solve Clairaut equation, it is necessary only to replace p by C

NOTE: If we eliminate p between x + f ' (p) = 0 and equation (1) ,.We get a solution which does not

contain any arbitrary constant , and hence , is not a particular solution of equation (3) . Such a solution is
called singular solution .

EXAMPLE (4): Solve the following differential equations :
®  y=px+alp’+p? (if)

SOLUTION: () y=px+\aipi+b?

This equation is in standard form of Clairaut equation . Its solution can be wntten by replacing p by C-
Thus y = Cx+A/a’C’+b? is the solution of the given equation .
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This equation can be writtenas y = Px—pb+3

which is the general form of Clairaut equation .

|ts solution can be written by replacing p by C. Thus

PP U -
y=Cx-Cb+ C s the solution of the given equation .

3.8 EQUATIONS REDUCIBLE TO CLAIRAUT FORM

The equation of the form

y’=pxy+f(%) : )

can be reduced to Clairaut form by making the substitutions u = x?, and v = y?.

du d
Put u = x” then 7 = 2x, v =y" therefore d—;=2y—%=2yp

.
‘)

2

Now gy " dxdu x

Then equation (1) becomes
- B f(ﬂx)
VZU4u" "\du
which is obviously the Clairaut equation .

EXAMPLE (5): Solve the differential equation :

xlyl= px’y+ply’+pxy+9x’.

SOLUTION:  The differential equation can be written as
A T,
Py PY
yl=pxy+ Tt t? (1)

Let x2=u and y? = v, then 2xdx =du and 2ydy =dv

2
x fdv dv dv
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3

dv :
Let d_: = P, then equation (2) becomes

vV=up+(P2+P+9)

which is of Clairaut form . Thus its general solution is given by
=uC+(C*+C+9)

or yho= Xx?C+(C*+C+9)
= C(x*+C+1)+9

3.9 EQUATIONS REDUCIBLE TO CLAIRAUT FORM BY TRANSF ORMATION

EXAMPLE (6): Solve the differential equation :

ypi+x’p-xty =0,
SOLUTION: yp2+x]p-§x2y = ()
Let x27= u, and y> = v, then

(1

2xdx = du and 2ydy =dv

u (d ) d v

- —uilv

or _\/— (d \I;r '\/_
dv
or (d_v tug—v=20
. dv . A

Letting du ~ P, then the above equation becomes

P*+uP-v =0
or = uP+Pp?

which is of Clairaut equation . Thus its general solution is
v=uC+(C?

or y? =x*Cc+C?

EXAMPLE (7): Solve the differential equation :

y=3xp+6y’p?

SOLUTION: Multiply the given equation by y?, e get
y’ =3xy’p+6y'p?

(1
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: d
Umgmenmmbnann y3==U,lhm13y2~%:=gl
X
» _ du . dy
o 3Yy°P 7% since Tl
Thus equation (1) becomes |
2o (3)(3)
b= Xdx 9)\dx
_ d_u+z(d_U)2
~ *dx T3 dx
which is of Clairaut form . Thus the-solution is U==Cx+%C2

2
or )’]=Cx+‘3:C2
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CLAIRAUT EQUATION

PROBLEM (4): Solve the following differential equations :

i sinp x cosy = cos p x siny + p
(i) (y-px)* =1+p’
i) p’(x*-a’)—2pxy+y’-bl =0
(iv) P X(x=2)+p(2y-2xy-x+2)+y’+y =0
SOLUTION: (i) sinpxcosy = cospxsiny+p
or sinpxcosy—cospxsiny = p
or sin(px—y)=p
or px—y =sin"'p
or y = px—sin~'p

which is of Clairaut equation . Hence its general solution is

y = Cx—sin~'C
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()  (y-px)’=1+p?
This equation can be written as
y=px+\l+p
Both the component equations are of Clairaut form . Thus the general solution of this equatiqn is
y = Cxx\1+C? ..
or (y-Cx)*=1+C?
) p*(x"-a?)-2pxy+yl-b? = 0
or ),'2--2pxy+p2)<2=azp-§+b2
of (y-px)? = ap+p?
o y-px=zt\alp’+b?
o y=pxt\alpitb?
Both the components equations are of Clairaut form . Thus the general solution of this equation is
y = Cx+a’cT+p?
or (y-Cx)* = a%¢2+p?
(iv)

or

PzX(X—2)+P(2y—2xy—x+2)+y2+y =0
(¥*=2pxy+p*x*)+2p(y=px)+(y—px)+2p = 0

or (y=px)’+(2p+1)(y-px)+2p = 0

or (Yy-px+2p)(y-px+1)=0

Both the component equations are of Clairaut form . Thus the general solution is
(y—Cx-I-ZC)(y—Cx+1) =0

EQUATIONS REDUCIBLE TO CLAIRAUT FORM
PROBLEM (5): Solve the differential equation :
x*(y-px) = yp?
by reducing it to Clairaut form .
SOLUTION: x*(y-px) = yp? Q)
‘Multiplying equation (1) by y and re-arranging

x*y?-px’y = y’p?

v (3]
or y' =pxy+|{ 5

y P
which is of the form y? = ny+f(T)

Let x* = u and y* = v, then 2xdx = du and 2ydy = dv
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substituting in equation (1), we ger
ﬂ dv
o[ ) - (g
u dv_u (dv
or U\[;_\/; o ‘\j\_/ (du)

dv dv
or vV-oug4a T H

- dv (dv)
or v=ug,+t{ gy

dv
Letting 3, = P, then the above equation becomes

v=uP+P?

which is of Clairaut form . Thus the solution is given by
v=uC+C?

or y?=Cx*+C?

Solve the differential equation :

(px-y)(pytx) =

PROBLEM (6):

SOLUTION: Let x2=u and y’=

or -CTEuaxdx_-\[Gp

Substituting in the given equation , we get

(s ) (o) -
(e ) (W) - 2oy

or u(——%) +(u—v——2)‘a‘;——v=0
Letting g—z' = P, then

uP?+(u-v-2)P-v =20
or v=uP2+(u-—V—2)P
or  (1+P)v=uP?+uP-2P =uP(1+P)-2P

2P
vV = uP—-1-+P

< ,-':
=

or

v, then 2xdx = du and 2ydy =

E: H<

dv
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which is of Clairaut form and has the solution

2.C .
Replacing u by x* and v by y?, we gel
2C
= 2_
CX~T%C

as the required solution .

PROBLEM (7): Solve the following diffcrential equation :

cos “ y p* + sin x cos x cos yp-sinycos’x = 0

by reducing it to Clairaut form using the transformation sinx=u, siny=v
SOLUTION: ‘ cos’y pl +\sm X COS X COS Y p — sin y cos’x = 0 | (1)
Since  sinx =y, -

siny = v, thercfore

cosx dx = du and cosy dy = dv

- dv _cosydy cosydy cosy
Then du = =

cosxdx cosx dXx  cosxP
Thus equation (1) becomes
. Cos x(dv) N cosx dv 2 - 0
os m—y qu ucosxcusycosydu—vcos X
. 2
2 (gl) o= 2 (.d_v) 2. 0
cos” x| 4, ucos x| 37, )-veos®x
Qx) dv
or du L TR

_ 4y Qx)z
ar V"udu du

Letting %‘E = P , the above equation becomes

v=uP+Pp?
which is of Clairaut form . The general solution is given by
= uC+C?

. ‘ . 2
or .siny = Csinx+C

PROBLEM (8): Solve the following differential equation :

Fp-1)+eTpl =0

by reducing it to Clairaut form using the transformation

1
el*=u and e?? = v,
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soLUT[ON: e”(p—l)+e2yp2=0
since ¢”" = u and e*Y = v, therefore

2¢’*dx =du and 2e2ydy =dv

Then -—uzmd_x=ap

dv d _
o vggvtlgu) =0
e gx,,_(d_v_)’
or vEugutlae
. dv ' "
Letting du ~ P, the above equation becomes

v=uP+p?

which is of Clairaut form . The general'solution is giveh by.

v=uC+(C?

2 X

(D
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